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PREFACE 


Faraday^s experimental investigationB on electricity and magnetism 
and Clerk-Maxweirs electromagnetic theory were the basis of the 
classical experiments of Heinrich Hertz. Strange as it may seem, 
Faraday, without being a mathematician, was responsible for some of the 
crowning assumptions used for the derivations of the Maxwellian field 
equations, and Maxwell, without being an experimenter, laid the founda- 
tion for the successful laboratory demonstrations of his predictions at 
Karlsruhe. Hertz was both a philosophical experimenter and a mathe- 
matical thinker — an unusual combination, which brought about the 
discovery of electromagnetic waves. Additional mathematical specula- 
tions by H. Hertz, and especially by H. A. Lorentz, gave the Maxwellian 
electromagnetic theory the reputation which it still holds today, in spite 
of the many radical changes with respect to concepts in modern physics. 
Thus, A. Sommerfeld, by means of Maxwellian thinking, could create a 
theory which tells us how to distinguish between space and surface waves. 
It also gives us the Sommerfeldian numerical distance by means of which 
it is possible, for instance, to compute attenuation losses of electro- 
magnetic waves sent out from broadcast stations. By means of the 
Lorentzian modification of MaxwelFs theory, it is possible to explain wave 
propagation through the ionized layer of the upper atmosphere. It is 
also possible to account for certain oscillations in vacuum tubes. An 
almost forgotten classical theory by W. Voigt on static piezoelectricity 
recently arose again into prominence, when quartz and other crystals 
found application in the high- as well as in the audio-frequency field. 
Here also experimenters, namely, the Curie brothers, laid the foundation 
for the extended theoretical speculations of W. Voigt and his associates. 
It is the law of evaporation which was basic to the theoretical contribu- 
tions of 0. W. Richardson, which play such an important part in applied 
electronics of the highifrequency field. The experiments of Hertz, 
Hallwachs, and Geitel give us the photoelectric devices of today, and the 
contribution of A. Einstein gives us the well-known law for photoelectric 
effects, utilizing Planck’s quantum. It was H. A. Lorentz as well as 
A. Einstein who applied relativistic views to electron motions, which play 
an important part in electron tubes excited at high voltages. — In short, 
the cooperation between experimenters and theoretical thinkers led to 
most of the invaluable devices used in high-frequency systems today, and 
it will probably be the same combination of workers that will lead on ifi 
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the field. A book combining both experimental and theoretical reasonings 
should, therefore, be in order. 

Inasmuch as th^ title of this book is ‘‘Phenomena in High-frequency 
Systems,^' not only high-frequency phenomena are dealt with, but also 
phenomena within parts of apparatus and systems which are used in the 
radio-frequency as well as in the communication field. It was the aim to 
give a thorough up-to-date discussion of phenomena occurring in high- 
frequency systems with many applications to problems arising in com- 
munication engineering. Phenomena and actions in tubes are discussed 
with respect to basic principles, without too much stress on tube design, 
which may change from time to time. Phenomena in filament — as well 
as filament-less — tubes are dealt with in detail. A discussion of piezo- 
electric phenomena correlating the pioneer work of Voigt with present-day 
findings and applications is presented. Ionic and electronic oscillations 
within tubes as well as in the ionized regions of the upper atmosphere are 
discussed in detail. A brief review of classical experience and theory 
precedes many of the discussions so that it should not be necessary to 
consult other texts in order to understand difl&cult descriptions given in 
this book. Inasmuch as phenomena dealing with modulation are dealt 
with in detail in the book “High-frequency Measurements,'^ the subject 
is omitted in this publication. 

As in the author's book “High-frequency Measurements," the 
nomenclature recognized by the Standardization Committee of the 
Institute of Radio Engineers is followed. Since many branches of 
science are here dealt with, duplication of symbols occurs in some cases. 
However, duplication is never found in any one formula. Thus, with 
magnetic phenomena, n is the conventional symbol for the magnetic 
permeability, and with electron tubes the same letter is found for the con- 
ventional amplification factor. Since the letter e is used to denote the 
instantaneous value of a voltage, it could not be employed to express 
the charge of an electron; therefore q is used. 8, a large script epsilon, 
is used for the electric-field intensity so that it will not be confused 
with the voltage E which corresponds to it. There should be no confusion 
between e used for the base of the natural logarithm and the quantity 6. 
Since e is used for 2.7183, the letter k is employed for the dielectric 
constant. #c, is used for the effective dielectric constant, since in some 
cases, for instance for the ionized layer of the upper atmosphere and the 
earth crust, one has to deal with a complex value of the effective dielectric 
constant. The symbol k is also used for the coupling factor. In a similar 
way T is used with oscillators and the like for the period of oscillation, and 
in places dealing with physics for the absolute temperature. 

The author has attempted to give references to reliable papers pub- 
lished in various countries and to present the subject matter in combina- 
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tion with bis experience. Most of the references given in the footnotes 
are added to enable the reader to refer to other details. For this reason 
the author of each article referred to is listed in the Index with a brief 
description of the contents of the article. 

The author is much indebted to his wife and to Miss Eunice LeMelle 
for their assistance in the preparation of the manuscript and in proof- 
reading. He is also indebted to Mr. J. W. McRae of the California 
Institute of Technology, who was kind enough to read the entire 
manuscript with respect to exposition. 

The author welcomes any corrections or suggestions for improvement. 

Atjgust Hund. 

Lob Anoblbb, Calif., 

Vecmber, 1935. 




CONTENTS 


Paob 

Preface vii 

CHAPTER I 

A(^tions and Effects in Space-discharge Devices 1 

Thermionic Emission — Richardson, Space Charge (Child, Langmuir and 
Schottky) and Emission (Current Equation for Very Low Positive and 
Negative Cold-el(‘ctrodc Potentials — ^Losses in Thermionic Tubes — Anode 
Effect on the Hot Cathode — Emission Ability and Electron Affinity — 
Customary (^athode Materials — Emission in Three-element Thermionic 
Tubes — Electronic and Tonic Oscillations, and Ionic To-and-fro Motions in 
Thermionic Tubes — Sc'condary Emission in Three-electrode Thermionic 
Tubes — Thermionic Emission in Double-plate Tubes — Thermionic Emission 
in Double-grid Tubes — Action in a Triple-grid Tube. (Pentode) — Effect 
of a Magnetic Field on l^^lectrons in Thermionic Tubes — Magnetron Effect in 
Thermionic Tubes — Thermionic Tubes with Positive Ionization — Ionization 
in CVld-electrod(‘ Tubes — Spark and Arc — The Paschen Law — Hertz, 
Hallwachs, Elster and Geitel Effects, Photoelectric Tubes and Kerr Cell. 

CHAPTER II 

High-frequency Generators 66 

Frequency Spectrum — Notes on the Generation of Commercial High- 
frequency (Currents — Notes on Alternators — Notes on Electron-tube 
Oscillators — Building up of Self-excited Tube Oscillations — Important Tube 
Relations for Three-edement Electron Tubes — The Ixiaded Plate Circuit of a 
Three-element Tube — Theory of the Tuned-grid Oscillator — Theory of the 
A. Meissner Oscillator— Theory of the Tuned-plate Oscillator — ^Vector 
Diagram of a Tuned-plate Oscillator — Amplitude and Phase of Oscillations 
in a Tuned-plate Generator — Efficiency of the Tuned-plate Oscillator — 
Oscillation Characteristics — Effect of the Load in the External Plate Circuit 
on the Inlernal Impedance across the Grid and Filament — Tube Oscillator 
with Interelcctrode Back Feed — Theory of the Hartley Oscillator — ^Effect 
of Grid Current in Tube Oscillators — Stability of Frequency in Tube 
Generators — Gradual and Abrupt Frequency Changes in Tube Oscillators — 
Synchronization of Tube Generators — Notes on Harmonics in Tube Gener- 
ators — Notes on Tube Generators of Great Frequency Constancy — Piezo- 
electric Oscillator — Magneto-striction Oscillator — Dynatron Oscillator — 
Special Tube Generators — Tube Oscillators for Very High Voltages and 
Oscillators for Very I^arge Currents — Oscillators for Very High Frequency. 

CHAPTER III 

Voltage and Current Changers 141 

Tesla^s Transformer f<^ Obtaining High Voltages of Discrete Wave Trains — 
Resonance Transformer for Obtaining High Voltages of Sustained High- 
frequency Currents — Current Changers Using Shunts, 

xi 



xii 


CONTENTS 


Pam 


CHAPTER rV 

Phase Chanqbbs 143 

Phase Changers by means of Reactance and Bosistance — The Revolving- 
field Phase Changer and Phase Multiplier — ^Phase Changers and Phase 
Multipliers by Means of Out-of-phase Currents — Phase Changers by Means 
of a Recurrent Network — Phase Changers by Means of Tube Circuits — 
Phase and Corresponding Frequency Change. 


CHAPTER V 

Frequency Changers 160 

Triple Frequency by Means of thp Alternating-current Arc (Zenneck) — 
Double Frequency by Means of Unsyminetrical Magnetization (Arco) — 
Triple Frequency by Means of Transformers Which Are Magnetized to a 
Different Degree (Epstein, Joly) — Double Frequency by Means of Rectified 
Half Waves — Frequency Multiplier by K. Schmidt — Six-fold Frequency by 
Means of a Full-wave Kenotron Rectifier Which Employs Temperature and 
Space-charge Effects — Frequency Multiplication by Means of Current 
Impulses — Two-element Tubes as Frequency Multiplier — Three-element 
Tube as a Frequency Multiplier — Magnetron as Frequency Doubler — 
Cathode-ray Tube for Frequency Multiplication — Temperature Effect of a 
Hot Cathode as Frequency Doubler. 

CHAPTER VI 

Rectification and Inversion of Currents 169 

Basic Characteristics of Rectifiers — Form Factor, Peak (Amplitude) 
Factor, and Useful Portion of a Rectified Current — Direct-current Reading 
in Comparison with the Effective Value of the Second Harmonic — Voltage, 
Current, and Power in a Rectified Circuit — Derivation of the Rectification 
Law — Notes on the Application of Rectifier and Inverter Circuits — Practical 
Rectifiers — Electrolytic and Contact Rectifiers — Electrostatic Relay as a 
Rectifier — Cuprox Rectifier — The Two-electrode (Anode and Hot-cathode) 
Thermionic Rectifier — Mercury-arc Rectifier — Hot-cathode Mercury-vapor 
Rectifier — The Tungar Rectifier — Rectification Action in an Ordinary 
Three-element Thermionic Tube When Used as a Demodulator — Rectifica- 
tion* by Means of Cold-electrode Tubes — Rectifiers for Obtaining B and 
Other Voltages for Tube Circuits. 

CHAPTER VII 

Vdx/TAGE, Current, and Power Amplifiers 186 

Magnetic Amplifiers — The Ordinary Triode as an Amplifier — Special 
Remarks on Voltage and Power Amplification — Estimation of Power Out- 
put and Amount of Second-harmonic Distortion — Plate-current Grid-voltage 
Characteristic and Grid Bias for Loaded Plate Circuits — Uses of Lumped 
Characteristics — ^Effect of Interelectrode Capacitance and Grid Resistance 
on the Amplification — Resistance- and Resistance-capacitance-coupled 
Amplifiers— Supply Voltages for Resistanoe-coupled ^Amplifiers — ^Effect of 
Capadtance-resistance Coupling and Grid-plate Interelectrode Capacitance 
on the Frequency Characteristic of an Amplifier — Special Remarks on the 
Design of Resistance-capacitanee-coupled Amplifiers— Design Formulas for 



CONTENTS 


Paob 

Resistance-coupled Amplifiers and Width of Pass Band — The Transformer- 
coupled Amplifier — Remarks on the Design of Transformer-coupled Ampli- 
fiers — Tuned Amplifier — The Amplifier with Choke-capacitance Coupling- 
Regenerative Amplifiers — Notes on Practical Regenerative Amplifiers — 
Superregenerative Circuits — Self-oscillations in Cascade Amplifiers and 
Their Prevention — Notes on Frequency Limitation and Tube and Other 
Noises in Amplifiers — Notes on Push-pull Amplifiers — Notes on Amplifiers 
Using Tubes with Several Grids — Amplifiers Utilizing Devices with Negative 
Resistance — Notes on Special Grid T^bes — Glow-tube Amplifiers — Trigger 
Circuits — Thermal Amplifiers — Notes on Telephone Receivers and Their 
Amplification Action. 


CHAPTER VIII 

Thboby op Elbctrostriction with Special Rbpbrencb to Piezo ELBCTRiciry 

IN Quartz 284 

Experimental Evidence — Relation of Curie and Lippmann Effects to the 
Ny Tsi Ze Saturation Phenomenon — Static Theory of Piezo Electricity — 
Notes on Dynamic Piezo Electricity — Design Formulas for Curie-cut 
Quartz Elements Producing Longitudinal Vibrations — Design Formulas for 
the 30-deg.-cut Crystal — Temperature Coefficients of Curie-cut and 30-deg.- 
cut Quartz Elements — Air-gap and Pressiiie Effect on Frequency — Total 
Values of Polarization, Displacement Current, and Charge for Mounted 
Quartz Elements — Theory of the Vibrating Quartz Rod and Its Equivalent 
Electric Circuit — Longitudinal, Transverse, and Torsional Quartz Oscil- 
lations — Surface and Space Charges. 

• 

CHAPTER IX 

Electromagnetic Theory 324 

Gauss’ Theorem — Application of Poisson’s Equation — Ampere’s Law — 
Maxwell’s Displacement Current — First Field Equation for the Ionized 
Medium — Faraday’s Induction T^aw — Field Equations for the Dielectric and 
for Conductors (Stationary Bodies) — Application of the Field Equations 
to the Case of Penetration into a Conductor — Propagation of Electromagnetic 
Waves — Scalar and Vector Potentials — Spherical, Cylindrical and Beam 
Wave Propagation — Magnitude and Direction of the Electric and Magnetic 
Field of a Current Element and Radiation Resistance — Radiation Resist- 
ance of Commercial Antennas — Derivation of the Formulas for the Electric- 
and Magnetic-field Intensity Due to a Sender Antenna (Induction and 
Radiation Fields, and Received Current) — Notes on Wave Propagation 
with Respect to Wave Length and Distance — Sommerfeld’s Surface and 
Space Waves and Numerical Distance. 

CHAPTER X 

Theory of the Ionized Layer (Heavibide-Kbnnblly Layer) 367 

Causes of Abnormal Field Intensities an<i the Ionization of the Upper 
Atmosphere — Direct and Indirect Rays, Their Phase Difference and Dead 
Zones — Effective Dielectric Consent of the Ionized Medium — Phase 
Velocity, Group Velocity of Propagation, Index of Refraction, and Critical 
Frequency — Dispersive Properties of the Ionized Layer — Notes on the 
Physics of the Atmosphere and Selective Absorption — ^Bending and Path 



xiv 


CONTENTS 


Pacoi 

of the Rays — Effect of the Earth's Magnetic Field on the Path of Trans- 
mission and Selective Absorption Due to Electron Motions — Polarization 
of the Received Electromagnetic Waves and Fading — Long-time-interval 
Echo Effects. 


CHAPTER XI 

Lines op Long and Short Electrical Length with Special Reference to 

Antenna Problems 406 

Formation of Progressive and Standing Waves along an Electrical Line and 
Impedance at the Generator End — Time and Space Functions, Velocity of 
Propagation, and Propagation Constant — Current and Voltage Distribu- 
tions along Lines and Antennas and Possible Modes — Effective Antenna 
Reactance for the Loaded and Unloaded Antenna — Apparent Effective and 
True Effective Antenna Constants — Transmission-line and High-frequency 
Equation — Theory for the Experimental Detennination of the PropagatiCn 
Constant and Surge Impedance of a Line — Theory of the Lecher System 
When Excited with a Harmonic E.M.F. 

CHAPTER XII 

Directive Systems 464 

Theory of the Wave Antenna (Beverage Antenna) — Sommerfeld-Pfrang 
Reciprocity Theorem, the Carson Theorem, the Lorentz Theorem, and 
Ballantine's Combined Loren tz-Carson Theorem — The Theory of the Loop 
Antenna as a Receiver with Special Reference to Field-intensity Measure- 
ments and the Determination of FJffective Height — The Loop Aerial as 
Transmitter and Its Radiation Energy Compared with That of an Open 
Antenna — Directional Effects of Linear and Coil Antennas — Antenna 
Effect, Width Effect, and One-sided Loop System — Space Characteristics of 
Antennas and Loops and Effective Height in Any Din^ction — Application 
to Airplane and Airship Guiding — The Goniometer (Inclined Double-loop 
Antenna) — Theory of the Double-loop and the Adcock System — Direct and 
Indirect Waves, Bearing Error with Loops, and Goniometer Systems — Day 
and Night Effects on Vertical Antennas and Loops When Used as a Receiver 
and Austin's Barrage Circuit Method — Directive Antenna Arrays — Elemen- 
tary and Group Characteristics — Space Radiation by Means of Higher 
Modes of Distributions along Aerials. 

CHAPTER XIII 

Theory of Recurrent Networks 631 

Artificial lines — Application of Artificial Lines for the Determination of 
Amplification and the Measurement of Small Currents (Theory of the 
Attenuation Box) — Theory of Filters with T and ir Sections — Recurrent 
Network in a Circuit — Equations for any Alternating-current Network — 
Filter Impedance and Effective Voltages at the End of a Recurrent Net- 
work — Propagation Constant and Characteristic (Surge) Impedance of a 
Recurrent Network — Action of Parallel and Series Impedances in Networks — 
Theory of the Low-pass Filter with Inductance along and Capacitance across 
the Section — Design of a Low-pass Filter — Design of a Low-pass Filter 
Which Also Completely Suppresses Currents of a Definite Frequency — ‘ 
Theory of the High-pass TOter with Capacitance along and Inductance 



CONTENTS 


XV 
Paqb 

across the Section — Notes on Symmetrical Recurrent Networks Which Use 
Capacitance and Inductance Combinations along and across a Section 
(Band-pass and Band-suppression Filters) — Theory and Design Formulas of 
Uniform Band-pas^ Filters — The Coupled-circuit Filter — Characteristic 
Impedance of Coupled-circuit Filter — Filter Impedance and Effective 
Voltages at the End of a Coupled-circuit Filter — Design of a Band-pass 
Filter Consisting of Coupled Circuits — Notes on a Couplcd-circuit Filter with 
Coil Losses — Filters with Unequal Sections (Composite Networks) — Theory 
of Zobel’s Comi)osite Filters— Design Formulas for Derived-type Filter 
Sections — Notes on Coils and Condensers Used in Filter Circuits— Trans- 
former as a Matching Device in Filter Circuits — The Three-element Electron 
Tube as an Unsyinmetrical Network — Notes on Coupling Devices Employ- 
ing Recurrent Networks. 


APPENDIX 


Useful Relations and Tables 696 

Index 611 




PHENOMENA IN HIGH-FREQUENCY 

SYSTEMS 


Foundation of present-day physics has mostly to do with electrical phe- 
nomena. Many of these phenomena play an important part in high-fre- 
quency systems. A thorough understanding of physical principles and a 
mastery of theoretical speculations were what led Heinrich Hertz to his 
far-reaching discoveries. The applied field is still an open territory, and a 
thorough knowledge of underlying principles and theoretical analysis no 
doubt will give rise to further progress. 

CHAPTER I 

ACTIONS AND EFFECTS IN SPACE-DISCHARGE DEVICES 

In vacuum tubes, the electrons can be conveniently produced by 
means of thermionic emission for which comparatively low positive poten- 
tials are sufficient to cause a current flow toward the anode. The 
current can then be readily varied within certain limits by changing the 
temperature of the cathode, the anode potential, or both. 

There are also tubes where the cathode emission is produced by 
bombardment of the cathode with positive ions. Much higher voltages 
are then needed in order to pull the electrons out of the cathode surface 
and the current flow cannot be varied as smoothly and readily as in the 
case of thermionic tubes. The original Braun cathode-ray tube is an 
example. On the other hand, when the pressure and the kind of gas are 
properly chosen, discharges of this type can take place for comparatively 
low voltages. The glow-discharge tubes used as rectifiers, voltage 
regulators, and recently also as amplifiers are examples. 

When both the thermionic effect and the effect due to positive ioniza- 
tion are combined, considerable space currents can be obtained for 
relatively low anode potentials since the positive ionization neutralizes 
the electron space charge and thus reduces the anode potential necessary 
for a given space current. The tungar and mercury-vapor rectifiers are 
examples. 

Space currents can also be produced by exposing an electrode to 
light as in the case of photoelectric cells, 

1. Thermionic Emission* — The simplest kind of thermionic tube 
consists of two electrodes, one more or less incandescent, as shown in 

1 
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Fig. 1. When the vacuum is very high, a pure electron current flows 
between the electrodes when the hot electrode is at a negative potential 
with respect to the cold electrode. When a negative potential (except 
for comparatively low values) is applied to the cold electrode with respect 
to the other electrode, there is no current flow. 

This effect was noticed by Thomas A. Edison in 1883 while he was 
working with, his carbon-filament lamps, and it was at first investigated by 
J. A. Fleming,^ J. J. Thomson, and A. Wehnelt. It was J. A. Fleming 

who applied the Edison effect to an 
apparatus for rectifying high-fre- 
quency currents (Fleming valve). 
Other important developments are the 
three-element tube, invented by Lee 
De Forest (1907) who interposed a 
third electrode between the hot 
cathode and the anode, and the dou- 
ble-grid tube (four electrodes). 2 With 
Fig. 1.— Showing that the negative the three-element tube it is possible 
than the positive side. to rectify, amplify, and generate cur- 

rents. It is possible to check space 
charge and to reduce internal tube capacities with the double grid. 

The tubes of Fleming, De Forest, and Wehnelt originally operated 
not as a result of pure electron discharge but as a result of both electron 
emission and positive ionization. Credit is due I. Langmuir* for the 
introduction of tubes in which there existed a pure electron discharge. 
Pure electron emission is also used in tlje Coolidge X-ray tube. 

Electrons attracted to the positive electrode maintained at a potential 
of e volts with respect to the cathode attain a velocity v cm/sec, according 
to 



qe = 0,bm[v^ — Vo^] 


( 1 ) 


‘Fleming, J. A., Phil, Mag,, 42, 52, 1896; Proc, Roy. Soc. {London), 47, 118, 
1890; 14, 187, 1896; 74, 476, 1905; London Electrician, 66 , 303, 1905; Electrician, 
61, 843, 1908; Jahrb, dr, Td., 1, 96, 1908; J. J. Thomson, Phil, Mag,, 48, 1899; 
A. Wehnelt, Physik, Z., 6, 680, 1904; Ann, Physik, 14, 426, 1904; Ann, Physik, 19, 
188, 1906. 

* ScHOTTKY, W., Arch. Elektrotech., 8, 299, 1919; A. W. Hull and N. H. Williams, 
Phys. Rev,, 27, 433, 1926. I. Langmuir seems to be the first one to suggest a special 
grid to remove space charge (1913) and W. Schottky to suggest a special grid for 
screening; I. Langmuib, Phys, Rev., 2, 460, 1913; Physik. Z., 16, 348, 1914; 
W. ScHOTTXY, Physik. Z., 12, 872, 1914; 16, 626, 624, 1914; 20, 220, 1919. 

* Langmuir, I., Phys. Rev,, 84, 401, 1913; Physik. Z,, 16, 348, 616, 1914; W. 
Schottky, Physik. Z., 16, 526, 624, 1914; Ann. Physik, 44, 1011, 1914; Z, f, Physik, 
14, 63, 1923. 
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where 

q =» 1.692 X coulomb 
m « 0.902 X 10“*^ gram 

and Vo is the initial velocity of the electrons. 

For the normal components of these initial velocities, the Maxwellian 
velocity-distribution law holds. The electrons leave the hot cathode 
with a mean velocity Vo which for tungsten is about as great as though 
they had already passed through a distance corresponding to volt. 
For oxide cathodes, the volt velocity is somewhat smaller. This explains 
why a small current still flows toward the cold electrode for c = 0 and 
for small negative values of e (Fig. 3). When the positive potential e 
of the cold electrode is kept constant (Fig. 1), and the absolute tempera- 



T Kelvin degrees^ (Limitation on account 
( Limitation of possible temperature effect ) 
electron current on 
account of space charge 
effect) 


Fig. 2. — Space-current curves. 


ture {T = 273® + centigrade temperature) is gradually raised, curves as 
shown in Fig. 2 are obtained. When the temperature is kept constant 
and the positive potential e of the cold electrode is varied, we have the 
other s(^t of curves shown in tliis figure. In each case the electron current 
U passing toward the anode is compensated by an equal and opposite 
current % (Fig. 1) taken from the B battery which supplies the positive 
potential to pull the electrons toward the cold electrode. This current 
passes back to the B source through the filament. That is, one side 

of the filament carries a current (-i) and the other side a current 

In most tubes ia is much larger than the emission current so 

that the difference is hardly noticeable, but in certain circuits precau- 
tions must be taken so that the negative end of the filament which gives 
off more electrons will not become dangerously overloaded. Therefore a 
jUamerd meter should always be inserted at the negative end of the filament, 
in order to indicate the maximum current flow. 

From the constant-voltage and constant-temperature characteristics 
of Fig, 2, it can be seen that saturation due either to space charge or to 



4 


PHENOMENA IN HIGH-FREQUENCY SYSTEMS 


temperature effect can take place. The first kind of current limitation 
is due to the fact that the electrons that escape from the surface of the 
hot cathode do not all pass toward the anode. A portion of the emitted 
electrons forms an electron cloud around the cathode and repels new 
electrons. Many of the electric lines of force coming from the anode 
will then end on electrons in space and some of the electrons close to the 
filament are even pulled back to the less negative surface of the cathode 
because of the image effect. In other words, a potential minimum exists 
somewhere between the hot cathode and the anode, and only electrons 
with sufficient initial velocity can overcome this potential minimum 
and reach the anode. When e ^ that is, when the anode potential e 
is at least equal to the saturation potential e«, the potential minimum has 
withdrawn to the surface of the hot cathode and all the emitted electrons, 
even the slowest, reach the anode. For values of e smaller than e„ the 
potential minimum moves out into the space between the cathode and the 
anode, and for a certain negative value — Cmin reaches the cold electrode.^ 

As to the temperature limitation of the anode current (Fig. 2), the 
number of electrons emitted from the hot cathode depends upon its 
temperature and the electron aflinity* of its emitting surface. This 
affinity has been found to depend upon the material of the cathode. 
For materials with smaller electron affinity the electrons can be pulled 
out more easily. 

Alkali oxides on the surface of platinum (Wehnelt) produce a pro- 
nounced space current even though the cathode is heated only to a dull 
red, whereas, for tungsten and molybdenum cathodes, higher tempera- 
tures are needed in order to free sufficient electrons. For a given filament 
material the temperature of the hot cathode determines the life of the 
tube. The temperature is usually chosen so that the life can be guar- 
anteed from 1000 to 2000 working hours. At normal operating tempera- 
tures, 1 watt of power expended in heating the cathode gives a total 
emission current from 2 to about 6 ma for tungsten filament, 10 to 40 ma 
for thoriated tungsten, and 20 to 80 ma for oxide filaments. 

For a cathode of a pven material and at a certain temperature, only . 
a definite number of electrons are emitted and can reach the anode. 

^ This is the small negative potential which must be applied to the anode of a 
tube to just make the anode space current vanish (Fig. 3). When a tube is to be 
used as a rectifier, as an indicator of small high-frequency currents, or as a two- 
electrode tube voltmeter, it is necessary that no space current should flow before the 
high-frequency potential is applied. The steady anode potential must therefore 
be made equal to — emiB. This is usually done by means of a potentiometer connected 
across the filament supply (Fig. 118 on p. 175). 

* A. Wehnelt (foe. cU,) appears to have investigated dectron affinity first. See 
also O. W. I^ichardson, ^^The Emission of Electricity from Hot Bodies,*' Longmans, 
Green A Company, London. P. Debije (Ann. Phyeik, M, 1910) shows that an electron 
cannot detach itself so readily from a smpoth surface as from sharp edges and coruers 
of irregular surfaces. 
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If, then, the saturt^^tion potential (e « e,) is applied to the anode, all 
the electrons are brought to the anode by means of the electric field. A 
still higher anode potential can then give an increase in space current 
only when the temperature of the cathode is increased. 

2. Richardsoni Space-charge (Childt Langmuir, and Schottky) and 
Current Equation for Very Low Positive and Negative Cold -electrode 
Potentials. — Richardson’s original equation 

^ 

= aS\/f€ ^ milliamperes (2) 

gives an expression for the saturation space current i». The quantity 
T denotes the absolute temperature in Kelvin degrees and S the area of 
the cathode in square centimeters. The quantities a and b depend 
upon the material of the cathode and have values as given in Table 1. 
Equation (2) is based on the laws of the kinetic gas theory (electron 


Table I 


Material of hot cathode 


a 


b 


Tungsten . . . 
Molybdenum 
Thorium .... 
Oxide 


2.36 X 10“ 
2.1 X 10“ 
20 X 10“ 

2 to 24 X 10^ 


5.25 X 10^ 

6 X 10^ 

3.8 X 10< 

1.9 to 2.4 X 10* 


evaporation) and utilizes the Clausius-Clapeyron formula for the rate of 
evaporation of a liquid. W. Schottky^ gives a more accurate emission 
formula and, if the modifications of Dushman and von Raschevsky® are 
employed, we have for the saturation current in milliamperes 

i, = SA T^t (modified Richardson equation) (3) 

where S denotes the area of the cathode in square centimeters, A a 
factor,^ equal to 60;200 ma/(cm deg)^, T tlie absolute temperature, e 
the base of the system of natural logarithms. The other factors 
denote the electronic charge q = 1.592 X 10“^® coulomb, the Boltzmann 

1 Cam6. Phil. Proc., 11, 286, 1901; Phil. Trans. ^ 201, 616, 1903; Phil. Mag.^ 18, 
695, 1909; 28, 633, 1914; Proc. Ray. Soc. {London), A91, 530, 1915. 

* Schottky, W., Verh. Phys. Oea., 21, 529, 1919. This formula is based upon the 
M. von Laue law for electron evaporation (Jahrb. Radiodki., Elektranik, 16, 257, 
1918). 

» Dushman, S., Phys. Rev., 20, 109, 1922; 21, 623, 1923; 28, 156, 1924; S. Dushman, 
H. N. Rowe, J. Ewald, and O. A. Kidnsr, Phys. Rev., 26, 338, 1926; N. von Ras- 
CHBVSKT, Z. Phyaik, 82, 746; 38, 606, 1925; 86, 905; 86, 628, 1926. 

♦Above value holds for carbon, calcium, molybdenum, platinum, tantalum, 
thorium, and tungsten. It is, however, 162,000 for caesium; 26,800 for nickel and 
generally much lower for oxydes coated on platinum, for instance 16,200 for AssOy 
and only 570 for ThOt. 
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constant h = 1.372 X 10~‘® erg/deg, and $ = 8.62 X 10“‘ B volt is 
the volt equivalent of the work necessary to free an electron from the 
cathode. The quantity B is known as the “electron affinity” of the 
cathode material. The quantity 4> is also known as “ Richardson’s work 
function ** and as a rule its value is smaller the larger the atomic number, 
as can be seen from Table II. 


Table II 


Material of hot cathode 

Electron 

affinity 

B 

Richardson's 
work function 
volts 

Tungsten 

52.6 X 10® 

50 X 10® 

4.53 

Molybdenum 

4.31 

Thorium 

34.1 X 10® 

2.94 

Platinum 

62.7 X 10® 

5.4 




For anode potentials e which are smaller than the value e,, which 
just produces the saturation current i*, the space charge due to the cloud 
of electrons limits the electron current flowing to the anode. This 
space current, according to Child, ^ Langmuir, and Schottky, follows a 
three-halves-power law which may be written in the form 

i = milliamperes (theoretical space-charge current) (4) 

which is true for electrodes of any form. The voltage e between the 
cathode and the anode is expressed in volts and ki is the geometrical form 
factor of the electrodes. This relation assumes that the electrons have 
no initial velocity. The derivation for plane electrodes is given on page 
326 and the current for each square centimeter of surface is, then, 

gl.6 

i — 2.33 X 10"”*-^ milliamperes (Langmuir) , (5) 

if d is the distance in centimeters between the electrodes. The theoretical 
formula . 


i = 29.3 X 10”“^ ® milliamperes (Langmuir) (6) 

a 

holds for a cylindrical anode of length I and diameter d, with the hot 
cathode a straight filament stretched along the axis of the cylinder. 

The current-voltage curves of customary electron tubes approximate 
the shape indicated in Fig. 2. There are portions which are more or less 

1 Child, C. D., Phys, Rev,f 82, 492, 1911; I. Langmxtib, Phya, Rev., 2, 460, 1913; 
W. ScHOTTKYj Phyaik, Z.y 15, 626, 624, 1914; P. S. Epstein, VerL Phya, Gea,, 21^ >86, 
1919. 
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curved, and portions for which Ohm^s law holds, that is, for which 
linearity exists. The formula 

i « Ke^ (7) 


expresses, therefore, the characteristic for any portion. The quantity n 
is about 2 for the lower portion and is unity for the straight middle 
portion. For the upper portion of the characteristic of certain tubes 
n = 1.5, if the effect of the saturation is neglected. The internal stcUic 



sure for region ab. 

The dynamic resistance is therefore 

smaller than the static (direct-current) resistance as long as n > 1. 

From Fig. 3, an experimental curve, it can be seen that for the 
potential (e = 0) at the cold electrode a small space current still flows, 
and that a small space current exists even for small negative potentials 
(curve ab). The reason for this is that the electron evaporation from 
the surface of the hot cathode follows the Maxwellian velocity-distribu- 
tion law. Hence electrons with a temperature velocity greater than 


the velocity v 



due to the applied electric field —e/d reach 


the cold electrode and constitute a space current it = —i. The current 
for the branch db then follows the equation 


qe e 

i = = io€ 8.6xio-»r miUiamperes 

(emission current for a negative potential e on the cold electrode) (10) 


In this equation, q = 1.692 X 10“*^® coulomb and the Boltzmann con- 
stant k ^ 1.372 X 10“'« erg/deg = 1.372 X lO”"'® X lO”*’ watt. The 
quantity io denotes the current for zero plate potential in miUiamperes, 
$^n^ T is the absolute temperature. The absolute temperature for hpt 



8 


PHENOMENA IN HIGH-FREQUENCY SYSTEMS 


cathodes of tungsten is about T = 2300®K. Hence c 8.6xio-»x28oo jg 
the decay term for negative plate potentials of e volts and (10) yields 

i = (10a) 

If the total emission current is 22.5 ma, then for a negative plate potential 
e = 2 volts, this relation shows that 

22 5 

i = ~ milliamperes 

or 1 /xa of space current. From this it is evident that only small negative 
cold-electrode potentials can produce a measurable current. This 
relation also holds in some measure for very small positive anode poten- 
tials, since then the electron motion is mostly due to the temperature 
velocity. This is true for positive potentials lower than 1 volt. The 
space-charge law [Eq. (4)] no longer holds. Since, for tungsten, the 
electrons leave the cathode with a mean velocity corresponding to % volt, 
a cylindrical anode of diameter d and length I such that l/d = 3.4 gives, 
according to (6), for zero anode potential (e = 0), a space current 

to = 29.3 X X 3.4 X (0.2)^ ® = 10~H0.2)^‘® milliamperes 

which shows that for a cylindrical thermionic tube of the foregoing 
dimensions the space current is very small. 

3« Losses in Thermionic Tubes. — The foregoing consideration of 
Eq. (10) shows that a thermionic tube passes practically no current for 
negative potentials on the cold electrode. The two-element thermionic 
tube is therefore a rectifier. When pure electron discharge prevails 
and e denotes the positive potential effective at the cold electrode and 4 
the corresponding current delivered by the B battery (Fig. 1), practically 
all the power lost within the tube due to this current is that due to the 
kinetic energy N{\mv^) given up at the anode when the electrons are 
suddenly stopped at this electrode. With N denoting the number of 
electrons emitted by the hot cathode per unit time and unit area, the 
anode loss is 

Wa = N{\)mtP‘ = Nqe = c4 = (11) 

since, according to (7), 4 « Jfe”, which for the case of a kenotron rectifier, 
for n = 1.6, gives 

Wa = ( 12 ) 

The energy lost in heating the cathode is 

Wc « ia^R (13) 

if R denotes the effective resistance of the cathode. This loss can also 
be found from the relation 
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We = kihS{T*‘ - Ti*] = 12.54j^j^ j ' 8 watts/cm* (13o) 

where T denotes the absolute temperature of the cathode and Ti that of 
the neighboring space. The first part is the Stefan-Boltzmann approxi- 
mation expression for the radiation energy per second. The most exact 
total radiation energy is 5.7 X 10~®(7’^ — Ti*) erg/cm®/sec. The 
factor ki stands for the radiated energy of a black body per square cen- 
timeter for T = 1 Kelvin degree, where Ti is equal to absolute zero. The 
quantity h is Planck’s constant and 8 the area in square centimeters. The 
last relation in (13o) is of greatest importance and, according to Langmuir, ‘ 
holds for tungsten. 

The percentage efiSciency of the thermionic rectifier is therefore 

, = m i - . I . ^ +Z£]lOO (14) 

input 

The following is an application of this expression using data furnished 
by experiments of S. Dushman.^ A high-voltage rectifier (kenotron) 
was connected through a load resistance so that the saturation current I a 
existed. The voltage drop in the tube was JB = 145 volts in comparison 
with the total voltage of 15,000 volts applied to the series combination 
of thermionic tube and load resistance. All other data and calculations 
are as follows: 

Anode: Molybdenum cylinder 7.62 cm long, diameter 2.54 cm. 

Cathode: Axial tungsten filament (10 mil). 

Temperature of filament: 2560®K, 

Maximum thermionic current: About I = 400 ma. 

Voltage drop in tube: E = ^ = 145^ volts. 

Anode loss [Eq. (11)]: Wa — El ^ 145 X 0.4 = 58 watts. 

Cathode loss: Wo = 72 watts. 

Total loss: Wa + Wc = 0.13 kw. 

Rectified energy: Input = 15,000 X 0.4 = 6 kw. 

K ft7 

Efficiency [Eq. (14)]: ri = -~100 = 97.8%. 

4. Anode Effect on the Hot Cathode. — The heat developed in the 
anode also radiates against the hot cathode and increases the electron 
emission. This becomes more true as the anode potential is chosen 
higher, since then the electrons bombard the anode with greater velocity. 
Normally, for receiver tubes, this effect is of small importance, since 
the back radiation on the cathode occurs, according to Eq. (13a), with 

^Phys. Rev., 84, 1912. 

*Oen. Elec. Rev., March, 1915. 
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the fourth power of the absolute temperature, and the anode operates at 
quite a low temperature. But when the heat developed in the anode is 
appreciable (overloaded kenotrons, transmitter tubes, etc.), the radiation 
effect on the cathode may give rise to the disintegration of the filament 
used as the hot cathode. For tungsten electrodes, an anode temperature 
of 1000° produces about 3.5 per cent increase of the temperature of the 
hot cathode, which increases the emission current by about one-fifth. 
Since hot oxide cathodes are dull emitters, it takes much less temperature 
increase at the anode (about 150°) to produce the same percentage 
increase in temperature of the hot cathode. It sometimes happens that 
for a constant anode potential the emission current keeps on increasing 
and in the end burns out the filament. 

With respect to the emission current, it has been brought out that 
the negative end of the filament carries more emission current and there- 
fore heats up more than the positive end (Fig. 1). When a high resistance 
is inserted in the negative end of the cathode source, the B-battery cur- 
rent flows through the positive end and thus reduces the filament-heating 
current. When the cathode is heated by alternating current, this 
\mequal heating, due to the space current, is avoided. In any case, 
when the tube is not worked with full saturation current (i« = /«), 
little difficulty arises. This is true for many amplifier and oscillator 
circuits, since the average value of the space current is only about 
i./2. 

6. Emission Ability and Electron Affinity. — The modified Richardson 
equation (3), for the total emission per square centimeter of a hot 
cathode, becomes, when written in the logarithmic form, 

logioi. = logjoA + 21og,or - 0.4343^ 

and since = 11,600^? where T denotes again the absolute temperature 

of the hot cathode and O Richardson's work function in volts (Table II 
on page 6), we have 

logioi, = logioA + 21ogio!r - 5040^ ' (15) 

which can be solved graphically by plotting the sloping T lines for a 
fixed absolute temperature against the work function (given in Table II) 
since, for certain conditions, A = 60.2 amp/cm^ deg* and log A = 1.7792. 

For tungsten filaments, the total emission current u ** — for 
normal filament temperatures, T ~ 2300, 2400, 2500, and 2600°K, is 
about 138, 365, 891, and 2044 ma/cm* of the cathode surface. In this 
ran^, an increase of 6 per cent in the filament current about doubles the 
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emission current. The emission below 2100®K is very small (only about 
4.2 ma/cm^ at 2000°) and of no practical value. At a temperature of 
2800°K the melting point of tungsten is reached. For oxide filaments 
the emission is about 0.8, 38, and 588 ma/cm^ for T »= 1000, 1200, and 
1400°K, respectively. 

From Table II it can be seen that thorium requires the least work for 
emitting the electrons, that is, the lowest temperature, while a platinum 
cathode requires a high temperature for the same emission. The con- 
stant B in the table is known as the electron affinity and is likewise smaller 
for a better thermionic emitter since 

B = 11,600<I> Kelvin degrees (16) 

According to L. R. Koller and K. H. Kingdon,^ the constant A in Eq. (15) 
does not have the value A = 60,200 ma/cm‘^ deg^ for oxide, but for a 
mixture of barium oxide and strontium oxide while burning A = 1.07. 
For a thoriated tungsten cathode it is A = 7000 ma/cm® deg^. The 
electron affinity B of these two cases Ls 12,100 and 31,200°K. 

It is not easy to measure the temperature' of the hot cathode. There- 
fore, it is customary to express the w^att input of a filament in terms of 
the corresponding total emission current which is also known as the 
saturation (iurrent.^^ 

6. Customary Cathode Materials. — The values given above for B 
show that oxide-coated filaments at about 1300°K are good emitters. 
This had already been found years ago by Wchnelt who experimented 
with calcium oxide and found that wires covered with it liberated elec- 
trons freely at comparatively low temperatures. Today barium oxide 
and strontium oxide are more often used. A mixture of these oxides, 
with paraffin as a binder, is brushed on platinum iridium or other wire. 
The paraffin is then burned off, leaving the oxide coating behind. 

Another type of low-temperature emitter can be secured by mixing 
thorium oxide with tungsten and drawing the mixture to form a wire. 
When such a wire filament is heated, oxygen is given off and, after con- 
tinued heating, thorium evaporation toward the surface of the wire 
causes a monatomic layer of thorium to form on the surface.^ This kind 
of filament is a generous emitter. 

If the vacuum is not sufficiently good, the emission becomes much 
smaller. For this reason a getter’’ of magnesium is provided inside the 
bulb of the tube. On being raised to a high temperature, the magnesium 
burns and takes up the remaining gases, at the same time absorbing the 
oxygen of the original thorium oxide. If too many electrons are drawn 

1 Koller, L. R., Phya, Rev,, 26 , 246 , 671 , 1926 ; K. H. Kingdon, Phys, Rev., 28 , 
774 , 1924 ; 24 , 610 , 1924 . 

* Langmttir, 1914 . 
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from the filament, the emission practically disappears since all the 
thorium will be evaporated from the surface of the filament. The 
filament can then be reactivated by raising the filament temperature- 
above normal without drawing off any electrons (zero anode potential). 
Monatomic thorium is thus forced to the surface of the filament. A reac- 
tivation of this kind is, of course, only possible as long as traces of 
thorium oxide are still contained within the filament. Two reactivations 
are as a rule about all that can be expected. It is therefore essential not 
to overload such tubes. Their life is then prolonged. Tantalum, cal- 
cium, and caesium with work functions as low as 4.12, 2.24, and 1.38 volts 
are likewise good emitters. 

Filament (hot cathock) 


Eg 


Fig. 4. — Display in a threo-oloment thermionic tube. 

7. Emission in Three-element Thermionic Tubes. — The ordinary 
three-element tube is as shown in Fig. 4. The Lee DeForest grid is inter- 
posed between a hot cathode which emits electrons and an anode called 
the plate which receives them. 

1. When a grid is added to a two-element tube without a potential impressed on 
it, the current Ip passing to the plate will be somewhat smaller than without a grid. 
The reason for this is that the insulated grid attracts some of the electrons and becomes 
negatively charged. It then reduces the field in the neighborhood of the filament. 
In other words, the grid acts as a screen, and the space current flowing between the 
plate and filament is reduced. 

2. If a negative potential Epj with respect to the negative end of the hot cathode, 
is impressed on the grid, the effect just mentioned is still more pronounced and for a 
proper choice of the negative potential the plate current Ip can be stopped altogether. 
This means that all the electrons emitted at the hot cathode turn around in the 
immediate neighborhood of the grid and return to the cathode. 

3. A certain positive potential applied to the grid neutralises the negative 
charge of the floating grid and causes a current flow as though the grid did not exist. 

4. When a larger positive potential -^rEg is applied, the electron current is in- 
creased, provided that a sufficient number of electrons are available at the hot cathode. 
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The purpose of the grid is, therefore, to change the field distribution 
between the cathode and the plate, that is, to change the space-charge 
distribution. It will be most effective when mounted close to the fila- 
ment, since the emission current depends upon the magnitude of the 
potential minimum (near the cathode) which is due to the space-charge 
effect, and also on how great an effect the positive plate potential Ep has 
on the elect ic field near the surface of the hot cathode. Further, the 
finer the grid mesh, the greater will be its effect. The effect of the grid 
potential can be determined by the interelectrode capacities indicated in 
Fig. 4. A charge Q exists on the cathode which is 

Q = CpfEp + CgfEg 

= C,^E, + j 

= CE 


where C denotes the equivalent capacitance. If the potentials Ep and Eg 
are increased or decreased simultaneously by a small amount dE, then E 
is changed by this amount or 


E + 8E = ^^[Eo + &E] + ^[E^ + 5B]| 
Subtracting from this 

® 

yields 

jE - %'[i + 


or 


C 

C./ 



Putting CastCpf *= fi, we have 


E = 


1 \Ep 


+ Eg 




(16a) 


where m is known as the '^amplification factor^’ of a three-element tube; 
from this it can be seen that for a large amplification factor 



( 166 ) 
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From this result it is evident that the grid does not completely screen 
off all lines of force due to the positive plate potential Ep. The resultant 
or lumped potential E acting at the plane of the grid is partly due to the 
actual grid potential E„ plus the portion Ep/ii of the plate potential Ep 
which grips through the grid meshes. The through grip is expressed by 
the reciprocal of the amplification factor which is discussed in detail in 
the chapter on amplifiers. Since, according to (16o), the three-element 
tube acts as though a potential E attracted the electrons from the hot 
cathode, the space-charge relation of Eq. (7) gives for the total electron 
current (— t, = /» -f- Ip) 

Ip + Ip = kE’' = -t- EpJ 

= K[^E„ + EpY (17) 

where K = is the lumped conductivity of the tube. For negligible 
grid current,^ the basic equation for the amplifier becomes 

h = X\pE, -h EpY = If? .(18) 

txp Jitp 


where Ip is the current delivered by the B battery, Ei the lumped plate 
voltage, and Rp the static internal plate resistance of the tube. This 
resistance depends upon the material and dimensions of the hot cathode, 
its temperature, and the location of the grid with respect to the hot 
cathode and the plate. The exponent n depends upon the portion of 
the characteristic. It is usually about 2 near the zero value of Ip, 
becomes about 1 for the middle portion, and for the upper knee, not 
including the saturation region, is about 1.5. When variable potentials 
act on the electrodes, the dynamic resistance Vp of the plate is given by 



if ep and ip stand for the variable plate potential and current, respectively. 
If denotes the variable grid potential producing the variations ip and 
ep, respectively, the dynamic mutual conductance over the grid (mutual 
plate conductance) is 



( 20 ) 


1 The grid current disappears for tungsten cathodes for about Eg ^ —1.6 volts, 
for thorium filaments at about — volt, and for oxide filaments at about -f2 volts. 
The concept of lumped voltage Ei « fiEg -f- Ep was introduced by W. H. Kocles 
Continuous Wave Wireless Telegraphy I,” Wireless Press, Ltd., London, 1921). 
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while its static value according to Fig. 4 is 

G„ = ( 21 ) 

From (19) and (20) we obtain 

gmTp = M (22) 

which is a basic relation for amplifier measurements. The quantity 
denotes the steepness of the dynamic grid-potential plate-current charac- 
teristic, and the amplification factor /*, according to (22), is that quantity 
which when multiplied by the change in grid potential produces the same 
effect in the plate current ip as the corresponding change in the plate 



Fig. 6. — Space currents in a three-element tube. 

voltage. This can also be seen from Eq. (18), holding for the static 
characteristic shown in Fig. 4, Putting Ip = 0 yields 



The negative sign indicates that the corresponding variation in the plate 
potential is of opposite polarity to that in the grid potential. For no 
reactive external plate load, the plate-current variation is therefore in 
phase with the potential variation on the grid causing it. 

When a grid current flows, the total emission current, according to 
Fig. 5, is 

— =»/(,+ /p (23) 

The flat portion of the total space current i* indicates that all electrons 
liberated at the hot cathode constitute the resultant current flow. When 
the grid becomes too positive, it will attract enough electrons to diminish 
the actual anode (plate) current. Use of this is made in certain sensitive 
tube galvanometers.^ For most work, the grid current should be kept 

' “High Frequency Measurements,” McGraw-Hill Book Company, Inc., 
New York, 1933. 
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as small as possible, since the steepness of the grid-potential plate- 
current characteristic will decrease if grid currents flow at the expense 
of the plate current. Also a current flow in the grid circuit uses energy and 
may decrease the voltage to be amplified. 

According to (6) and (16a) for a cylindrical anode, a coaxial grid, and a 
filament along the axis of the cylinders, the total space current is 

t, “ S'®* * milhamperes (24) 


iotE 


1 + 11 «■ J 


The quantity d now denotes the diameter of 


E 

the grid cylinder since the resultant potential + Eg acts at this 

electrode. The quantity p* depends upon the ratio of the diameter of 
the filament to d and for thin filaments is about unity. This expression 
does not hold in the saturation region and assumes, as in the Child space- 
change relation, that the initial velocity of the electrons is negligible. 

8. Electronic and Ionic Oscillations and Ionic to^-and-fro Motions in 
Thermionic Tubes. — In the theory of the ionised layer (Chap. X), 
it is shown that electromagnetic waves passing through an ionised space 
cause ions to vibrate according to the frequency of the exciting current 
which produces the waves. If the effect of the earth's magnetic or any 
other magnetic field is neglected, the effective dielectric constant k, 
of an ionised layer is smaller than for a perfect vacuum. If a)/2ir is 
the frequency of the exciting current producing the electromagnetic 
waves, N the number of ions per cubic centimeter, q the charge, and m the 
mass of an ion, for the effective dielectric constant in the e.s.c.g.s. system, 
we obtain 


«« «* 1 


mw* 


(25) 


if no collisions take place. If the ions collide v times per second, this 
constant becomes 


1 - 


^Nq^ 


fruay/ w* + 


(26) 


if all collisions are assumed inelastic. In the same chapter it is proved 
that the group velocity with which the energy of the wave is transmitted 
through an ionised gas is 

=5 cVeffective dielectric constant (27) 

which means that it becomes sero when the value of effective dielectric 
constant vanishes. The quantity c » 3 X 10'® cm/seo is the velocity of 
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electromagnetic waves in free space. For k, » 0, the ionized gas will not 
transmit the electromagnetic wave, since the ions are excited with their 
natural frequency and attain maximum amplitude of vibration. Under 
such conditions they will collide with molecules and give up the energy 
obtained from the electromagnetic wave. 

Since the electrons are much lighter than other ions, it will be per' 
missible to assume that they vibrate, leaving the heavier ions at rest. 
Then, if there are no collisions, we find that for «» = 0 the resonance 
frequency is 

/o = g 

which for N = 10® electrons/cc gives 2840 kc/sec. This is the same 
formula as that found by.Tonks and Langmuir (page 21) for plasma- 
electron oscillations in tubes. From this formula, when the frequency /o 
has been found by means of the selective absorption of the corresponding 
electromagnetic wave, the number of electrons per cubic centimeter can 
be computed. When a magnetic field of H gauss also acts, assuming that 
the magnetic field of the wave is negligible in comparison with it, the 
resonance frequency is 

/o = 63 X 10-‘»H^ kc/sec (29) 

where the charge q of the ion is expressed in e.s.c.g.s. units and its mass in 
grams. For an electromagnetic wave passing through an ionized gas of 
hydrogen ions and a field strength of H * 0.5 gauss, this would corre- 
spond to a resonance frequency of the ions of only 775 cycles/sec and, for 
electrons having a mass about 1800 times lighter, to 1.395 X 10® kc/sec. 

In dealing with motions of electrons in vacuum tubes, conditions may 
occur at very high frequencies / for which the time of transit of electrons 
from the hot cathode to the anode is no longer negligible with the duration 
of the period 1// of the variable electrode potentials. This will give rise 
to phase effects^ and electron lags.® Both play a part in amplifiers and 
oscillators operating in the range of very high frequencies, since only 
those electrons and ions which have time to pass from the cathode to 
the anode during half the period ( « 0.5//) can contribute to the alternating 
component of the plate current. The phase effect can become so pro- 
nounced that energy regeneration (feedback), and therefore self-oscilla- 
tion due to external circuit elements, is impossible, the phase relation 
between the alternating potentials of grid and plate being no longer cor- 

^ See p. 66 under footnote 1. 

* For details see ^^Higli-frequency Measurements/' McGraw-Hill Book Company 
Inc., New York, 1083, p. 32. 


A— 8980\/]Y cycles/sec 
\mir 


(28) 
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rect. It can then happen that, for positive grid potentials and negative 
or zero plate potentials, electronic and ionic oscillations can occur within 
the tube, with frequencies determined by the electrode spacing and the 
potential distribution between the electrodes. 

If a tube with oscillating ions within it is connected to a suitable 
resonator system, it may happen that variable potentials may be reflected 
back on the electrodes and produce regeneration within the tube. Such 
regeneration can be of two kinds. One may increase the power of the 
oscillating ions, that is, increase the amplitude of vibration. This occurs 


+ 



Fig. 6. — Eloctron display in a tube with cylindrical electrodes for Barkhausen-Kurr 

oscillations. 

only to a small degree in the ultrahigh-frequency range. The other is a 
regeneration of the frequency and is made noticeable by an increase of 
the frequency of the original ionic oscillation. 

The Barkhausen-Kurz generator (page 132) due to electron dance,'^ 
the Whiddington, and the Gill and Morrell ionic generators are examples.^ 
In the Barkhausen-Kurz circuit, a thermionic tube with cylindrical anode 
and grid and axial filament are used. The grid is at a positive potential 
Eg and the plate at a negative potential {'-Ep) which is normally smaller 
in magnitude than Eg, Both potentials are with respect to the hot 
cathode as indicated in Fig. 6. Assuming the outer cylinder and the 
hot cathode to be at the same negative potential, the electrons that are 
emitted at the hot cathode and fall through the mesh of the grid vibrate 
between the cathode and the outside cylinder of diameter D. If the 
electrons move with the velocity c » 3 X 10^® cm/sec, the wave length 

* Barkhaxtsen, H., and K. Kurz, Physik. Z.<, 21, 1, 1920; R. W. Whiddington, 
Radio Rev,, 1, 53, 1919; E. W. B. Gild and J. H. Morrell, Phil. Mag., 6, 44, 161, 
1922; W. H. Moore, Proc. I.R.E., 22 , 1021, 1934, describea electron oscillations 
without tuned circuits; F. Hamburoer, Proc. LR.E., 22 , 79, 1934 (electron oscilla- 
tions with A triple-grid tube). 



ACTIONS AND EFFECTS IN SFACE-^DISCHARGE DEVICES 19 


would be about equal to D since this is about the path of the electron 
for a complete to-and-fro vibration (strictly, twice the distance of cylinder 
to surface of cathode). But the velocity is actually smaller and equal to 

V = = 6 X cm/sec (30) 


The wave length must be larger, according to the ratio c/vi, because one 
must take the average velocity Vi of the vibrating electron. Since the 
electron reverses its direction at the surface of the filament and at the 
inner surface of the exterior cylinder, and since maximum velocity occurs 
at the grid, we have V\ = v/2. Hence 


and from X/ = c 

*' 2D 



V 


3 X 


2)co“*) 


kc/sec 


(31) 


When plate and cathode potential are unequal, for instance, where 
Ep is negative with respect to the negative end of the hot cathode, and 
the grid is at a positive potential, we have for the diameters D and d of the 
plate and grid cylinders (Fig. 6) the accelerating electric field 


Si 


d/2 


between cathode and grid, and between grid and plate the decelerating 
field. 

t> _ Eg — Ep 

~ D/2 ~ d/2 

An electron emitted at the surface of the hot cathode experiences there- 
fore the constant acceleration 


Si^ _ ^Elg • q 
m m ' d 


and reaches the grid, when starting with zero velocity, after 



m • d 


seconds 


The electron after falling through the grid plane experiences a negative 
acceleration 
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— ~ 

* m [D — d]m 


and comes to rest after 


d\E, 


1 = 

o* [B, - Bp]\/§'V« - 


V TO 
g • B 


seconds 


The time Ti + T* corresponds to one-half the period of the electronic 
to-and-fro oscillation between the filament and the place near the plate 

where the electron turns around. Then ^ 


which gives 
. \m' 


2[Ti + T,] 


is the frequency, 


Ea 


E, - B„ 


3 X iq*Ve,-, 


E„ - E„ 


kc/sec (32) 



Fio. 


ionic 


where the potentials are again expressed in volts and the respective 
diameters in centimeters. 

When ionic oscillations are produced, the circuit is as shown in Fig. 7. 

The tube then contains small traces of mercury 
vapor, hydrogen, or other gases. The grid is 
a fine mesh and acts more or less as a screen, 

’ taking most of the electric lines of force com- 
ing from the positive plate and terminating 
them on it. The frequency is again for prac- 
tical purposes dependent only on the grid 
potential Eg and on the relative location of the 
electrodes. The positive grid potential in the 
Whiddington experiments was about 1 volt. 
If the initial velocity of the electrons is neg- 
lected, they will arrive at the grid with a speed of t; == 6 X 10^ cm/sec, 
while ions of charge q and mass m will arrive with a velocity v = y/2qjm 
cm/sec, for unity positive grid potential. The electrons that have fallen 
through the meshes of the grid will be greatly accelerated because of the 
positive plate potential Ep which now acts on them, and they will collide 
with molecules, thus producing positive and negative ions which pass back 
to the filament and on to the plate, respectively. The positive ions, arriv- 
ing at spots of powerful electronic emission, will give rise to a new exces- 
sive electron emission and sustain the oscillation. For a grid cylinder 6 
mm in diameter, monatomic hydrogen ions give a frequency of 1 X 10’ 
cycles/sec, and monatomic mercury ions 6.6 X 10® cycles/sec, since 
qjm * 10,000 and 60, respectively. For multiatomic mercury ions the 
frequency of singly charged ions consisting of 2, 3, and 4 atoms, respec- 
tively, is then l/-\/2i 1/V^# and 1/V^ times 6*6 X 10* cycles/seo. 


7. — Circuit for 
oscillations. 
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Both electronic (Barkhausen) and ionic (Whiddington) oscillations 
give a frequency which is proportional to the square root of the grid 
potential. 

In some cases very high-frequency currents obtained from thermionic 
tubes can also be explained by means of the ordinary Thomson formula 
T = 2ir\/CL where L denotes the inductance of the short external con- 
nection, and C the capacitance of the grid-plate condenser. The capaci- 
tance is smaller than that expected from the dimensions, since the effective 
dielectric constant is less than unity, because of the ionization. 

According to L. Tonks and I. Langmuir,^ plasma-electron and plasma- 
^on oscillations can take place in ionized gases. For instance, in one tube 
fche pressure of the mercury vapor could be varied by means of the 
temperature. Two hot electrodes were used in the tifbe in order to 
change the number of electrons per cubic centimeter. By means of 
different voltages between the hot electrodes and the cold anode, the 
velocity of the electrops could be varied. It was found that oscillations 
existed between 10* and 10® kc/sec. 

In the case of plasma-electron oscillations, a certain impact sets the 
electrons into such rapid vibration that the positive ions with their 
large mass cannot follow their motion and can be considered to be at 
rest. If the equilibrium is disturbed along the X direction, the disturb- 
ance being the same everywhere in the YZ plane, we need consider one 
dimension only, and we obtain for the displacement of the electron and 
the electron concentration N (number of electrons per cubic centimeter) 

sn.nP 

dx 

If 8 denotes the electric-field intensity due to the displacement of the 
electrons, 8 = 0 before the displacement took place, and, according to 
the Poisson equation, 

- = 4^qSN 


where g is the charge of one electron. Eliminating 8N gives 


or 


dS . 

to - *'«"to 


8 = ifirqNi 


From the equation of motion, we have 


^Phy9. Rev., 88 , 195, 1929. 
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m 




dt^ 


qS 


= —4vq^N^ 


where m is the mass of one electron. 

Hence the frequency of plasma-electron oscillation becomes 



which is the same expression as that found in connection with the ionized 
layer of the atmosphere [page 382, and formula (28) on page 17]. In 
the experiments mentioned above, N = 10^^^ electrons/cc, and / = 
9 X 10® kc/sec. It is to be understood, however, that only slow electrons, 
which remain during at least one period in the space of the oscillations, 
contribute to the electron density N. Hence the effective electron con- 
centration N depends on the frequency of the oscillations; but the latter 
is also dependent on N. The explanation is therefore not quite so simple 
as indicated above and the oscillation cannot be propagated from the 
place of disturbance directly in form of waves since we do not obtain the 
equation for a progressive wave. 

As far as the plasma-ion oscillations are concerned, they must occur 
at a considerably lower frequency, sii»ce the mass of a positive ion is 
comparatively large. Hence for the rapidly movable electrons each 
phase of this oscillation may be considered a condition of equilibrium. 
Now, according to the Boltzmann equation, with the Boltzmann con- 
stant fc, we have for the electrons 

m = nIA - i] 

if S is the potential of the electric field and T the absolute temperature 
corresponding to the average kinetic energy of the electrons. Now, if 
N' denotes the number of positive ions per cubic centimeter and to' 
the mass of one positive ion, according to Poisson’s equation, we have 

— = -^q[SN' - 6N] 


and the equation of motion becomes 


dE ,d^ 


For the case qE/kT < < 1 

d'E 

9x* 


4acNq 


Idx ^ kT] 
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If a plane wave of form { = V* \) ^ found to be the solution of this 
equation, then the frequency becomes 


/ = 


4 


q^N 




For rapid oscillations q^NX^/vkT < < 1 which for the limiting cases 
gives 



For mercury ions, the limiting frequency is about 600 times smaller than 
for electron oscillations; that is, f„^ = 1.5 X 10^ kc/sec. 

For slow oscillations we have about the case which corresponds to 
sound waves in gases. Since q^N\^/wkT > > 1 we have, for the limiting 
case, a velocity of propagation 


c' = 



= 3.9 X 10^ 



If r as 10^ deg, c' = 6.6 X 10^ cm/sec since for mercury \/ m / *= 1/600. 

Now let us consider the case of a simple glow tube, that is, a tube 
with two plane parallel electrodes perpendicular to the or-axis. In this 
case both electrons and positive ions exist. Suppose a high-frequency 
field 6 sin o)t acts. Then an ion of mass m and charge q will vibrate 
along the direction of the 8 field — along the x direction — and we have 
the equation of motion 

d^x 

= g8 sm utt 


The ion has, therefore, the velocity 

„ = ^ = -?i[l - cos urf] + C 
dt (am 


where the integration constant C represents the velocity of the ion along 
the X direction when the electric-field intensity is just passing through 
zero. Consequently, the displacement x of the ion from the point where 
it was when the field intensity just passed through its zero value is 

X r.2§. (j\ — ^ gin 

\_(am j 

uniform drift of to-and-fro oeciilation 
mid-point of oscillation abont mid-point 
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Since the uniform velocity of the mid-point about which the ion oscillates 
decreases with increasing m, and since there is also a decrease in the 
amplitude of the oscillation with an inereasenof the mass of the ion, it may 
be assumed that the much lighter free electrons transfer most of the 
power due to the exciting field S sin o>L This was borne out recently 
when it was found to be possible to use such tubes for amplifier and 
oscillator work even though comparatively high gas pressures were used. 

From the foregoing it is also clear why it is easier to excite glows with 
high-frequency fields. Even with tnternal electrodes it may happen that 
no electrons will be collected by the electrodes, although there may exist a 
sort of convection current some'where between the electrodes due to the 
vibrating ions. Such a condition will exist if the distance traveled by the 
much lighter electrons, during one-half cycle of the oscillating field 
6 sin 2irfty is not sufficient to take the oscillating electrons to one of the 
electrodes. No charge can then be given to the electrodes. The elec- 
trons remain in the space between the electrodes and cause more ioni- 
zation due to collision. If the frequency is sufficiently high, there can be 
no permanent separation of the charges, just as many electrons vibrating 
in one direction as in the other. There can then be no effective space 
charge to destroy the field. Instead, we have a neutral cloud consisting 
of both types of charges. For this reason, only a low potential is required 
to cause glow excitation when high-frequency fields excite the ions. 

9. S«)Condary Emission in Three-electrode Thermionic Tubes. — 
An electron bombarding a metal surface with sufficient energy can pro- 
duce secondary-electron emission. The minimum volt energy needed for 
such an action on customary electrode materials is above 10 volts. 
Secondary emission is more easily produced when the exciting electrons 
arrive at the electrode surface with a large tangential component of 
velocity. For a perpendicular arrival they usually pierce Iheir way into 
the electrode and simply produce heat. The average emission velocity 
of the secondary electrons is smaller than the velocity of the exciting 
primary electrons. It is about 10 volts for a positive plate potential of 
500 volts. 

Secondary-electron emission does not play a great part in ordinary 
two-element^ tubes but is of importance in three-clement thermionic 

1 When electrons hit a target with very great speed, they produce X-rays, an 
electromagnetic radiation, just as successive bullets hitting a target send off sound 
waves from the target, that is, an entirely different form of energy. X-rays can also 
be produced by the impact of positively charged ions, or atoms that have lost an 
electron, on a metal target. This was proved by W. M. Coates and E. O. Lawrence, 
who stepped up mercury positive ions to 1,000,000 volts and, on having them strike 
targets of various elements, observed that X-rays are given off. The process is, of 
course, not very e^cient since a 1,000,000-volt positive ion will produce only about 
the quantity of X-rays as a 10,000-volt electron It tak 09 tPO much voltltge 
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tubes. In the latter case, secondary emission from the grid may also 
take place. Then the static characteristic curves are as shown in Fig. 8, 
if it is assumed that the grid does not attain any appreciable temperature 
and thus acts as an emitter of primary electrons, and that the vacuum is 



Fig. 8. — Showing condition for which secondary electrons are generated. 


very high, no gases being driven out at the plate by electronic bombard- 
ment. The shape of the portion bed of the characteristic is a desirable 
feature since it shows that any positive grid currents are counteracted. 
This characteristic can be used to advantage in amplifiers. Also, the 
negative characteristic abc can be used to produce oscillations of very 
high frequency. A still more desirable form of operation is that obtained 
when the plate of a three-element thermionic tube is made to emit 
secondary electrons. Then the characteristics are those of a tube known 
as ^^HulPs dynatron.^^^ In this apparatus the grid is a perforated plate 
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Fig. 9. — Explaining dynatron action. 


SO that high-speed electrons can fall through it and bombard the other 
plate, which, for normal operation, is at a smaller positive potential than 
that of the grid, both potentials being measured from the negative end 
of the hot cathode. Figure 9 shows the display. The electrons that fall 


to bombard the heavy masses associated with positive ions as compared with the 
very small mass of an electron. 

^ HtTLL, A. W., Proc. I.R»E.y 6, 6, 1918; O. Austin and H. Stabkjs, Sekund&re Elek- 
tronenemission (Secondary Electron Emission), Ann. Physik, 9, 271, 1902; H. Staskb 
and M. Baltruschat, Physik. Z., 28, 403, 1922; H. Lange, Z. Hochfreq.y 26, 38, 1926 
(with many references). For applications of the dynatron effect see “High-fre- 
quency Measurements,’^ McGraw-Hill Book Company, Inc., New York, 1933, pp. 28. 
174, 176, 828-329. 
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through the grid produce, by impact at the plate, secondary electrons 
which move backward toward the more positive grid. The current due to 
the secondary electrons is to be subtracted from the plate current Ip and 
added to the grid current Ig, The number of the secondary electrons 
depends upon the number and velocity of the arriving primary electrons, 
their angle of incidence, and the work function of the material of the 
plate. The number of the primary electrons depends upon Eg and the 
temperature of the hot cathode. The superimposed weaker potential 
Ep has little effect on the emission of the primary electrons, as long as 
Ep < Eg, When Ep is comparatively small, corresponding to portion 
AB of the typical dynatron characteristic only a small number of primary 
electrons pass through the openings of the grid. They come from the 
most negative portion of the hot cathode and have comparatively small 
velocities when arriving at the plate. The current (—Ip) compensating 
the arriving electron flow is then as for any ordinary three-electrode tube. 
But, as the potential Ep is increased, many primary electrons arrive with 
sufficient speed to produce secondary electrons. This effect can be so 
pronounced that one primary electron gives rise to as many as 20 second- 
ary electrons which then flow backward toward the more positive grid. 
An inverse current flow ( — Ip) sets in since 

2 primary electrons + 2 secondary electrons 

becomes a negative quantity. At point D this sum is exactly zero. 

It is evident Jlhat, for a considerable region, such an apparatxis has 
a falling volt-ampere characteristic; that is, it acts as a negative resistance 
( — r) and we have 

^ ^ (33) 

where the constant K may be made zero by the application of the proper 
fixed positive potential E to the plate. In such a circuit the grid branch 
only supplies the energy; that is, it accelerates the primary and receives 
the secondary electrons. Only the differential effect gives an energy 
flow in the exterior plate branch. 

10. Thermionic Emission in Double-plate Tubes. — The arrangement 
indicated in Fig. 10 leads to another apparatus which acts as a negative 
resistance and is known as the ^^negatron.''^ The anode potentials Ep^ 
and Ep^ are chosen so that the total space current / for the significant 
portion of the characteristic (for negative resistance) is equivalent to all 
of the available electrons given off at the hot cathode. The plate Pi acts 
as a deflection anode while P 2 acts in the usual way. The negative 


» ISIcott-Taggart, I., Radio Rev., 2, 598, 1921; London Electrician^ 97, 386, 1921 
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resistance ( — r) is then produced by the plate resistance of anode Pi 
with respect to the hot cathode. 

11. Thermionic Emission in Double-grid Tubes. — Double-grid tubes 
can be used either in the space-charge connection or in the shield-grid 
connection. In the former, the space charge near the filament is partially 
or entirely removed and a steep work characteristic is secured, while in 
the latter the effective capacitance between plate and control grid is 
adjusted to a negligible amount (cut down to about 1 ])er cent of the 
geometrical value). 




Fio. 10. — Four-olomeiit tube with Pi aa doflection anode, Pi as customary anode, and grid 

between Pi and hot cathode. 

Consider first a single-grid tube (Fig. 5), in wliich the plate potential 
Ep is assumed to be zero and the grid potential Ey is made positive to 
several volts, for example, to 20 volts. Then the electrons emitted by 
the hot cathode pass with a comparatively low velocity toward the grid. 
Some of them fall through the grid openings into the space between the 
grid and the plate, and some of these return again to the grid. There- 
fore, the negative space charge in the neighborhood of the hot cathode 
is greatly reduced, and only a comparatively low positive plate potential 
is needed to attract the accelerated electrons to it. Thus, when the 
positive grid potential is not high enough to give rise to grid current 
at the expense of the plate current, the tube characteristic is steeper. 
However, this three-electrode arrangement is not desirable, since, for an 
effective removal of the space charge, the grid, which also acts as the 
control grid, must draw appreciable current and thus loses the character 
of a true potential device. An additional grid is therefore necessary. 

Figure 11 shows the circuit of a double-grid tube in the space-charge 
connection. The grid next to the hot cathode is brought to a positive 
potential of about Eg^ = 20 volts so that a saturation emission current 
flows. It serves as a space-charge ^transplanter since it acts like the 
grid of a single-grid tube with such a positive potential. The mesh of 
the first grid is usually rather open so that a comparatively small plate 
potential Ep is sufficient to attract the electrons. The control grid, 
which is to be a potential device rather than a current-absorbing electrode, 



28 


PHENOMENA IN HIGH-PREQVENCY SYSTEMS 


is inserted between the space-charge grid and the plate. The space- 
charge grid may be regarded as the source of electrons, since, for the 
particular case shown in the figure, electrons fall through its openings 
with an- average velocity of t; = 6 X 10’-\/22.5 = 2850 km/sec, which, 
for a negative potential Eg^ = — 1.5 volt on the control grid, becomes zero 
at places close to this grid. Any positive control-grid variations will 
then effectively pass on the electrons toward the positive plate. The 
control grid, which generally has a fine mesh, therefore acts exactly 
as in the single-grid tube and the law given in Eq. (16a) can be applied 
when the amplification factor is introduced to account for the action 



of the control grid of potential Eg^. The tube can be imagined as though 
no plate and hot cathode existed at all, but only a space-charge grid 
which apparently emits the electrons and a fictitious plate at the plane 
of the control grid, with a potential 

+ (34) 

/12 * 

The part Ep//X 2 is the portion of the actual plate potential Ep which acts 
through the control grid on the electrons flying through the space-charge 
grid. Hence, for zero and negative values of the resultant potential 
E 2 f no electrons are attracted either to the control grid or to the plate 
and the space-charge grid takes up the entire emission current (Fig. 12), 
But for positive values of E 2 the resultant current Ip + Ig^ increases 
rapidly at the expense of the space-grid current Ig^. The Ip + Ig^ 
curve is now the characteristic curve of the tube and, with a properly 
designed space-charge circuit, is much steeper than the space-charge 
curve I « KE^'^ of an ordinary single-grid tube.^ 

The quantity 62 is about the maximum resultant positive-voltage 
swing that the tube can handle without distortion. The smaller this 

1 E denotes the eqiiivalent anode voltage {iiEg + E^) compare Eq. (17) on p. 
14. 
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value is, the steeper the effective characteristic of Ip + Ig^ and the more 
amplification is obtained. It is about 

62 = 1.5 + voltage drop along the hot cathode (35) 

where 1.5 volts is the voltage against which the electrons can just not 
pass. For an indirectly heated cathode the steepness of the characteristic 
is increased since the second portion of (35) disappears. If all electrons 
should start out with zero velocity, the steepness would become infinite. 
The increased steepness of the characteristic with space-charge tubes 
means that the plate current Ip also varies according to a steep curve, 
since th(‘ control grid is usually at a negative potential and should not 
draw appreciable current. The term Ep/ix 2 for a steep characteristic 



is small compared with the value Ep/y of a single-grid tube. Hence, 
for one and the same positive plate potential Ep the amplification factor 
of the double-grid tube is higher. Therefore, if only amplifications of 
the same order as those obtained with single-grid tubes are required, 
the anode potential Ep can be chosen much lower for space-charge tubes. 
Unlike that for single-grid tubes, the characteristic is all the steeper the 
higher the saturation current, that is, the higher the temperature of the 
hot cathode, since then the saturation potential Eg^ is smaller. 

The screen-grid connection shown in Fig. 11 employs the grid next 
to the hot cathode as the control grid. The purpose of the fine-mesh 
grid next to the plate is merely to cause most of the lines of electric force, 
originating at the more positive plate, to terminate on it, so that no 
appreciable displacement currents, resulting from variations in plate 
potentials, can take place between the plate and the control electrode. 
On the other hand, the control grid has a fairly open mesh; consequently 
the plate current Ip and steepness of the characteristic are both high. 
The screening effect due to the screen-^grid potential Eg is particularly 
important in connection with amplifiers, where it is desirable to reduce 
the effect on the control-grid circuit of variations occurring in the plate 
circuit. These can be made negligible by means of the effect of the 
screen grid, even though the amplification factor of the tube is relatively 
large. 
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As in the case of the space-charge tube, the grid next to the plate 
can be imagined as having a potential 

M2 * 

With this substitution, the screen-grid tube consists of a hot cathode, a 
control grid, and a fictitious plate of potential in the plane of the screen 
grid of the actual tube. Applying again the results of Eq. (16a) to this 
fictitious tube, and calling mi the amplification factor due to the actual 
control grid, we J^ave a fictitious two-clement tube, consisting of the 
actual cathode and a plate of potential 

+ £ (36) 

Ml 


in the plane of the control grid of the actual tube. Substituting the value 
of E 2 j we have^ 

El = -^ + + E, (36a) 

MiM2 Ml ' 

showing that the effective potential at the control grid includes, in addi- 
tion to the applied potential Eg^ of this grid, a portion of the plate 
potential and a portion of the screen-grid potential. The resultant 
current Ig^ + Ig^ + Ip which is equal and opposite to the space electron 
emission (— flowing away from the hot cathode is therefore a function 
of the effective potential Ei. If this function is u = kE^ and if 
R = [miM 2 ]”/^, we obtain the relation 


U = ^[MlM2Eg^ + M2Eg^ + EpY 

"" R 


(37) 


where Ei denotes the effective lumped plate potential imagined in the 
plane of the control grid and R the fictitious static internal plate 
resistance. Since (36a) can also be written in the form 


Ei = -\^ + eA + E. = -is, -f S, 

Ml L ‘ JUi 


(366) 


(37o) 


we see that, for Rp' = Mi/k, (37) can be expressed by 

it =• 

* Eq. 36a requires that and m> ^ !• The first condition is seldom fulfilled 

since most screen tubes have values of m between 2 and 10. The exact formula is: 

J? „ Ml r \ Mi I m I 

‘ 1 -HmiLi 1 + Mt Ml **J 
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This expression is similar to that of a single-grid tube with the amplifica- 
tion factor Ml and plate potential Es. The displacement of the charac- 
teristic is therefore given by the factor fiiEg^. The back action on the 
grid circuit, due to the plate potential, is given by the term 
which can be made small without making the displacement potential 
small, since it depends mostly upon Eg^ and Since the control grid 
has a rather open mesh, mi is not high; it may be equal to 3. Then the 
screen-grid potential Eg^ need not be so high. The fine mesh of the 
screen grid produces a high amplification factor, about 25. According 
to Eq. (37), the amplification factor of the control gri^ over the entire 
electrode system is then mjM 2 = 75, even though only normal plate 
potentials are employed. The screen grid takes current since Eg^ is 
positive. This (*urrent effect is made less pronounced when Ep is chosen 
correspondingly high. The screen-grid arrangement gives high amplifi- 
cation with plate potentials between 120 and 150 volts. To obtain the 
same degree of amplification, a single-grid tube would require at least 
500 volts. Because of the shielding effect of the screen grid, the emission 
current is kept constant, while for single-gnd tubes the fictitious plate 
potential [{Ep/ix) -f- £,] at the plane of the actual grid affects the plate 
potential which in turn acts back on Ip, 

A disadvantage of the shield-grid tube is its high internal plate 
resistance. This can be understood from the following derivation. 
Any current variation 5/* in the emission current flowing partially to the 
plate and partially to the screen grid produces corresponding potential 
variations bEg^ and which, for a straight portion (n = 1) of the equiv- 
alent characteristic Eq. (37) having a steepness k = M 1 M 2 /-B, yields 


where 


8i. = k 8E, + — ” 

‘ M1M2. 


= kbEg bEp 

^ M1M2 


= kbEg -|- 


bEp 


Tp = 


M1M2 

k 


(38) 

(39) 


represents the internal plate resistance of the tube. Equation (39) when 
written as 

krp = M 1 M 2 = M (39a) 

has the same form as Eq. (22) for single-grid tubes, since k is actually 
the mutual conductance of the equivalent three-element tube. Hence, 
for equal mutual conductance, the internal plate resistance is increased 
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as the amplification factor n = nii^t becomes larger, and is therefore 
much higher for a screen-grid tube than for a single-grid tube, since 
Hifii is high. 

Another type of double-grid tube is due to N. E. Wunderlich’s work. 
The second grid is wound between the meshes of the customary grid. 
By means of such a tube, it is possible to obtain full-wave grid rectification 
in a balanced circuit in which negligible high-frequency current flows in 
the plate branch. This tube was developed for grid-leak power detection . 
The modulated high-frequency voltage is applied between the two grids 
with a center ta^ to the cathode through a grid-leak and grid-condenser 

arrangement. 

12. Action in a Triple-grid Tube 
(Pentode). — If the current flowing 
through a properly adjusted control 
grid of the triple-grid tube indicated 
in Fig. 13 is neglected, the total emis- 
sion current is equal to Ip + + To,- 

The first grid again acts as space- 
charge transplanter and the third grid 
as a screen grid. Therefore a tube 
Fig. 13.— Triple-grid tube. type combines the features 

of the space-charge and the shield-grid types; that is, it has a high 
amplification factor with comparatively low plate potentials. The 
internal resistance of the pentode is comparatively low as in the case for 
single-grid tubes. 

13. Effect of a Magnetic Field on Electrons in Thermionic Tubes. — 

It can be shown ^ that a magnetic field H causes a projected charged 
particle to move along an orbit which is a helix. The radius of curvature 
of the helix is p = mv/Hq sin^, if the charged particle of mass m and 
charge q is projected with a velocity v at an angle d with respect to H, 

^ ^'High-frequency Measurements,” McGraw-Hill Book Company, Inc., New York, 
1933, p. 30. The general action of magnetic and electric forces on charged particles 
has been treated by G. Stokes, PhU. Mag,, 2, 359, 1876, and by J. J. Thomson in his 
book “Conduction of Electricity throuph Gases,” Cambridge University Press, 1903. 
p. 81. The application to thermionic tubes is due to H. Gterdien, D.R*P., 276628, 
1910; 0. W. Richardson, Proc, Roy. Soc. {London), 90 , 174, 1914; A. W. Hull (1913) 
through his well-known magnetron, Phy9. Rev., 17 , 639, 1921 ; 18 , 31, 1921 .E.E., 

40, 715, 1921. Other early experimenters were P. C. Hewitt, F. K. Vreeland, and 
R. von Lieben. E. Habann, Jah b. dr. Tel., 24 , 115, 136, 1924, developed a short- 
wave generator based on a negative resistance (see p. 138). A generator of this kind 
was also used by H. Yttgi, Proc. J.R.E., 16 , 715, 1922, and K. Okabe, Proc. I.R.E., 
17 , 662, 1929. For W‘etifi<‘ation where a magne ic field produces ionization in cold- 
electrode tubes, y. Push and C. G. Smith, Proc. I.R.E., 10 , 41, 1922. Leigh Page, 
Phys. Rev., 10 , 68, 1921, gives the theory of motion of electrons between coaxial 
cylinders which takes into account the variation of mass with velocity. 
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The axis of the cylindrical helix is parallel to the lines of magnetic force. 
Hence, if the particle is projected in a direction perpendicular to the lines 
of force, the helix shrinks into a circle of radius mvIHq, 

Suppose we have two plane parallel electrodes as shown in Fig. 14. 
The cathode gives off electrons. The magnetic field of the heating 
current of the cathode will be at first neglected. The lines of magnetic 
force act along the X direction and a homogeneous electric field 6 =» £7/d 
acts along the Z direction. The path of an electron in the ZY plane is 
then as indicated. When no magnetic field is applied, the electron 
travels along OA, which is a line of electric force; but when a certain 



Hagnelic 

H-ftefd 


Cathode^ 

Fig. 14. — Electron path when electric field Eld and magnetic field H act for plane parallel 

electrodes. 


magnetic field intensity H is applied, the path of the electron will be 
curved, as indicated by 0J5, which is a part of a cycloid. When the 
magnetic field H has a certain critical value He, the path OCD just touches 
the anode. If the field H is less than He, then for a very large anode the 
space current from the hot cathode to the anode would be the same after 
the stationary state is reached, although the time of travel from 0 to C is 
longer than for the direct path OA. In fact, the only change introduced 
by a field of strength H ^ He would be an increase in the time taken to 
reach the steady-state condition, after a constant anode potential has 
been suddenly applied. But for fields larger than He the electrons miss 
the anode and no space current is possible, unless other conditions such 
as oscillations are produced in a capacity-inductance circuit connected 
between the cathode and the anode (Habann generator. Fig. 15). The 
magnetic field H > He is then a magnetic space-charge transplanter, 
since electron clouds will be produced near the anode and cathode. 

For the combined action of the electric field 8 = H/d and magnetic 
field H on one electron of mass m and charge g, we obtain 


d^z 


tiv 


d^y 

dt» 


Hq 
„ dz 


dt 


(40) 


showing that the electron travels along a cycloid. Integrating the second 
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expression we obtain 


Hqz = = mv 


( 41 ) 


Hence, for the critical field He which produces the tangential path OCD, 
we find from the energy relation for an electron of zero initial velocity 
that 

= qE 


Combining this with (41) we obtain, for z = d, 

He = 


\2E 

ylq/m 


or 


3.35 


He - ^VE (critical magnetic field for two plane parallel electrodes) (42) 
a 


where He is in gauss, E in volts, and d in centimeters. 



Fig. 15. — Habann generator {ah corresponds to region for which oscillations occur). 

The anode in practical tubes is usually cylindrical, as in Figs. 15 and 
16. The path of the electron is then somewhat different, since the electric 
lines of force are radii and the field is no longer uniform as in the case of 
Figs. 14 and 17. The equations given in Fig. 17 are the solution of 
Eq. (40). From the relation 

2 = p[l — cos $] 

it can be seen that in case of « =« d for which the electron just hits the 
anode and gives up its charge, d = 2p — 2mZlqH% confirms solution (42) 
since the circle producing the cycloid path is tangent to either the cathode 
or the anode plane. According to the assumptions made, the application 
of the critical field He should cause a sudden cessation of the space cur- 
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rent. Actually, since the electrons have various initial velocities, this 
is not exactly true. 

The operation of tubes with cylindrical electrodes is essentially the 
same as that with the plane parallel electrodes, but the electric field is 
no longer uniform. When the magnetizing current / = 0, the electrons 
will be projected along radii, that is, along paths as OA. For small 
magnetizing currents, the path becomes bent as indicated by OB) for the 





H + ll 

H field 



Fig. 16. — Electron path for cylindrical electrodes. 

critical magnetization, the electron just hits the anode in a tangential 
direction as shown by OC; and for fields much stronger than this the 
electron turns completely around, as indicated by the heart-shaped orbit. 
For magnetic-field strengths near the critical value and above it, where 
quite a rapid decrease in the plate current Ip is noted, the characteristic 
curves are as indicated in Fig. 18. This portion is useful for amplification 
and oscillator work as is described on page 138. 

It can be seen from the electron path of the cylindrical electrodes 
(Fig. 16) or the plane parallel electrodes (Fig. 14) that something similar 
to the Barkhausen-Kurz electron oscillations must take place with 
magnetic fields just a little stronger than those required to produce the 
electron path OC, which is tangential to the anode surface. In this case, 
the electron will turn around near the anode and sweep back again toward 
the hot cathode from which it came. At points where this reversal occurs 
(Fig. 16 for end of radius vector n), there must be zero velocity along the 
direction n, and, with fields just slightly greater He, vectpr rg is almost 
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equal to the radius D/2 of the anode cylinder. It can be assumed that 
there miist be a dense negative space charge near this electrode. Also 
there must be a similar space charge near the hot cathode, for in this 
region new electrons are being given off constantly, and others are return- 


ya p C e - sin 0] 
e=a;t = -^ t 
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z*p[l - cos 63 

+ E volts 



Fig. 17. — Cycloid electron path. 


ing along the dotted path (Fig. 16). Hence, if there were charge col- 
lectors at these places, electronic oscillations would occur. Since the 
time <0 taken by the electron to pass from the hot cathode toward its 
maximum displacement near the anode corresponds to about half a period, 
the frequency is 


/o = 


2to 


cycles/sec 


(43) 


if <0 is expressed in seconds. The frequency of oscillation therefore de- 



Magnetizing — 
current amps 

Fio. 18. — Magnetron characteristics. 

pends upon the strength of the magnetic field H, since this field determines 
the length of the path and consequently the time taken to traverse it. 

If the diameter of the filament is neglected in comparison with the ' 
radius D/2 qf the anode cylinder in Fig. 16, the path of the electron that 
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comes from the hot cathode is affected by both the electric field 8 and the 
magnetic field H, The electric field 6 due to the positive potential E on 
the cylindrical anode has a tendency to pull the electron along a radius 
to the anode, while the magnetic force which acts perpendicular to such a 
radius has a tendency to whirl the electron around the radius. The two 
fields, acting together, produce the resultant path, the projections of 
which on the plane of the paper arc curved lines OB, OC, etc. We have, 
therefore, for the radml component 

= + roiHq (44) 

rnechanica! fone due to mechanical force due to 
potential B producing magnetic field // 

electric ncld € 

= qE consists of the velocity contribution 
along the electric field, that is, the velocity dr/dt and the contribution 
parallel to the anode surface which is rw. Hence the energy relation 
gives 


m 


dP 


mro)^ 


mass times 
acceleration 


centrifugal 

force 


The energy relation ^mv'^ 


which, for the vclocily contribution due to the electric field, gives 


dt 



(46) 


This portion, because it is along the radius, becomes zero at iioints where 
the electron just begins to turn around (corresponding to the extremity 
of radius vector ro in Fig. 16), that is, for r = ro. Hence 

is the remaining velocity component at j^laces of maximum electronic 
displacement from the hot cathode for applied magnetic-field intensities 
H equal to and smaller than the critical value He for which the electron 
orbit just touches the anode. Also 

^ \/2qElm ^ 6 >O OS^ ^ ggg ^ lQ*Ty/E (48) 

0 ) « 


denotes the radius vector bringing the electron nearest to the anode while 
describing any closed path in T sec. The quantity E is in volts and ro 
in centimeters. The value of w can be found from the tangential com- 
ponents of the equation of electronic motion, which gives 


(a « 


2m 


(49) 
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for cylindrical electrodes or half of the value obtained for two plane 
parallel electrodes (Fig. 14). This may be demonstrated as follows: 
Upon differentiation of the first expression in (40) and by substituting 
the value of d^yfdf^ from the second equation, we have 


d^z Tj dz 

”” ^dt^ m dt 


or 


which has a solution 


dh ^ 


dz 
m dt 


5? 


= V, = 


for the velocity Vg along a line of electric force 8, where Z = denotes 

the complex amplitude which contains both amplitude 2max and phase (p. 
Hence the acceleration dhjdt^ = jo>Vgy and dh/dt^ = give when 

introduced in* the foregoing result 




—nm^Vg + 


mq 

m 


Vg = 0 


or 



(50) 


for plane parallel electrodes. 

Substituting the value co = qHI2m in (48) gives 

\/SmE/q %,ly/E i - , i * j x /cin 

Tq = fj = — jr — (ior cylindrical electrodes) (51) 

H H 

where ro is in centimeters, E in volts, and H in gauss. The critical mag- 
netic-field strength H He will cause the electron orbit just to touch the 
anode, and ro becomes equal to the radius D/2 of the anode cylinder. 
Hence 

13 4\/^ 

He = — (critical magnetic-field strength for cylindrical electrodes) (52) 

By comparing this result with that for plane parallel electrodes (Eq. 42), 
it is noted that thermionic tubes with cylindrical electrodes require twice 
as strong a magnetic field for the same anode-potential and anode- 
cathode spacing in order that the electron following its curved orbit may 
just miss the anode and pass back again toward the hot cathode. 

Now, the magnetron (Habann generator, page 34) consists either of 
a lumped or of a distributed (parallel-wire system) tank circuit connected 
and th^ hot cathode. Oscillations are observed in the 
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external resonator system when the anode current is about to fall off to a 
zero value (theoretically when the anode current suddenly stops), that is, 
when the critical magnetic-field intensity is applied. Accor^g to Eq. 
(46), we have 


dr - ' 

for A = 2qElm,. Hence the time t in seconds to move an electron along 
the curved path to a position corresponding to the extremity of radius 
vector r becomes 


since 



-I 


dr 1 . , o) . r 

A — rW A 


= sin“^ 1; a = and 
a 


S 


dr 


\/ A — (rco)2 


(54) 


1 f 

wj ‘\/a^ — r^ 


Inserting the value for w from Eq. (49), wo have 


^(seo) ^ 



r 

ro 


1132 X 10-i« . r 


(55) 


Hence the time elapsed to bring the electron to a position of maximum 
displacement from the cathode, that is, nearest to the anode, becomes, 
since r = ro, 


. _ 178 X 10“® 

qH 


(56) 


Twice this time, or T = 2^o, represents approximately the full period of 
the oscillations observed in the exterior resonator circuit, because U is the 
time taken by the electrons to bring their negative charges nearest to the 
anode. The theoretical frequency of oscillation is 


/o = = 2.81^^**^^ megacycles/sec 

Mq 


(57) 


The energy of the negative space-charge oscillations is greatest when H is 
in the neighborhood of the critical intensity Hr since then electrons sweep 
very close to the surface of the anode. According to measurements by 
K. Okabe,‘ the experimental wave-length formula is 




13 X 10» 


(58) 


^Loc. cU. 
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which would correspond to a constant 2.3 instead of the value 2.81 in the 
theoretical frequency formula. 

14. Magnetron Effect in Thermionic Tubes. — A. W. HulF shows 
that there is a limit to the diameter of filament in thermionic tubes 
because of the deflection of electrons by the magnetic field of the filament 
current lay which also tends to carry the electrons along spiral orbits 
instead of along lines of electric forces. Hence for any filament current 
there must be a certain anode potential below which the electrons cannot 
reach the anode. According to A. W. Hull, the electrons only reach a 
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Fio. 19. — Magnetron eilect for a large cylindrical hot cathode. 


cylindrical anode of diameter when the anode potential E is equal to or 
greater than the critical value 


= 2?, 


l; (volte) ^ 2 

m 


= 188 X 


(59) 


where la denotes the heating current of the cylindrical cathode, of diame- 
ter Dj, in amperes. For a tungsten filament operating at a temperature 
of 2500®K and for the diameters expressed in centimeters the critical 
voltage is 


= 441 X 10*Z),»|^log,o (59a) 

With an anode diameter = 5 cm and a cathode diameter Di *= 
0.0025 cm, the critical voltage would be very low, namely, 0.0075 volt, 
while for Di = 2.5 cm the tube would have to operate above Ec = 62,300 
volts to produce a space current. For tungsten filaments operating at 
2500®K appreciable magnetron effects occur for cathode currents of 50 amp 
and higher. The simplified theory is briefly as follows: Assume in the 
diagram of Fig. 19 that the spacing {D% — Di)/2 « d is small compared 
* liQC* cU. 
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with either diameter. Then the electric-field strength along the Z-axis 
can be taken as homogeneous and equal to E/d, The magnetic lines of 
flux are circles around the cathode since the current la flows along the 
cylinder and H acts along the X-axis. Hence Eqs. (40) are again the 
expressions for the electron motion. Using the derivation leading to 
Eq, (50), we find for the change in acceleration along the electric vector 


with a solution 



Vg A \ sin cat + cos cat 


(60) 


Introducing the value of <a obtained in Eq. (50) gives 


= A 1 —t + A cos 

7/1 



(61) 


Differentiating the second equation of (40) and substituting the value 
dH/dt^ from the first equation gives for the rate of change of the accelera- 
tion along the F-axis 


with a solution 




^ = iVf, _ I'hh., 

dv m in 


. Hq , . . Hq , 8 

-A 1 cos —H + A 2 sin — t -h -fj 
m m H 


(62) 

(63) 


when the initial velocity of the electrons is neglected. Hence, for time 
^ = 0, Vy = t;, = 0, wc find that = — 8/H and A^ == 0, also, 


Vg 

Vy 


8 . qH. 
= — ^ sin 2 — t 
FI m 


* _4i 

HI 


COS 



which gives for the 2 - and ^-components of the orbit of the electron 


= ^ Vy dt — 


mZ 


1 — cos - — t 
m 


] 

\qH^ . qH^'\[ 
- — t — sm ~ — t I 
m ^ J/ 


(64) 


the same results as previously given in the equations of Fig. 17. The 
coordinate system of Fig. 19 is chosen so that the cycloid of Fig. 17 shows 
the path of the electron for the effect on the magnetic field H of the fila- 
ment current. Hence the electron orbit will just strike the anode when 
r, ■= 2|> = d (Dj — Di)/2. But p = nn&fqH^, Hence 

_ 2mS 
~ gH* 


d 


(65) 
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is the condition for which space current can just flow across the tube and 
for d > 2mB>lqH^ theoretically no current is possible. Since 6 = E/d 
and for an average diameter (Di + = jD, the magnetic intensity 

// == la/vD^ the critical anode potential, below which no thermionic 
space current toward the anode can flow, is 



16. Thermionic Tubes with Positive Ionization.— The original 
thermionic tubes (DeForcst, von Lieben) as well as the tungar rectifier 
and the thyratron are devices whose operation is partially due to positive 
ionization. For tubes with pure electron emission, the negative space 
charge limits the current flow, unless a sufficiently h gh anode potential 
is applied. But when a certain number of gas molecules are introduced 
into the tube, so that the mean free path is less than the distance between 
the electrodes, a larger space current can be obtained for a given anode 
potential. Some of the electrons given off at the hot cathode will then 
collide with these molecules and produce positive ions and electrons 
through collision. The positive ions will partially or entirely neutralize 
the negative space charges and therefore increase the current flow toward 
the anode. At the same time, the positive ions move toward ihv hot 
cathode and may, because of their speed and comparatively large mass 
(mv-momentum) give rise to a disintegration of this electrode. However, 
if the anode potential is not too high, and if the pressure of the gas is 
properly chosen (1 to 10 mm of mercury), the momentum can be made 
small enough so that the cathode will have a long life. Argon gas is one 
of the few gases which is suitable for this class of work. 

16. Ionization in Cold -electrode Tubes. — G(‘issler tubes, neon, 
helium, and similar tubes (Fig. 20) are representatives of this class. The 
cold electrodes are situated in a gaseous mixture such as helium and neon 
at about 1 to 20 mm mercury pressure. The negative glow is responsible 
for a portion of the luminosity noted in such tubes. When the pressure 
is decreased, the layer of this glow becomes thicker until for still lower 
pressures it disappears altogether. For commercial tubes the pressure 
is so chosen that the luminous layer at the cathode is about 2 mm thick. 
Though many other gases give rise to ionization, neon is preferred because 
the cathode drop of potential for metals is then low. This means that a 
comparatively low voltage (about 90 volts) is sufficient to start ioniza- 
tion, After the gas becomes ionized, a smaller voltage can sustain a flow 
of current. Thus one can distingi*ish between a lower and higher critical 
voltage. The higher voltage is that for which the internal resistance of 
the tube suddenly changes from an infinite to a finite value and space 
current suddenly begins to flow. The lower voltage is that below which 
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no ionization is possible under any condition. Experiments show that, 
for any gas in a tube, the potential necessary to start a current flow 
depends upon the gas, its pressure and the shape and the material of the 
electrodes. 

The distribution of ionization between two electrodes depends on the 
pr(‘ssure of the gas. At atmospheric pressure the mean free path is 
exceedingly small and the degree of ionization is about the same in the 
vicinity of either electrode. But as the pressure is decreased the degree 
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Fio. 20. — Glow discharge for about 1 mm of mercury column (for small anodes there may 

exist also an anode glow) 


of ionization becomes more pronounced near the positive electrode, since 
some of the electrons repelled at the cathode, and accelerated toward the 
anode, reach the space near the anode with sufficient velocity to produce 
increased ionization near the anode. This is why the gas becomes more 
conducting for decreased pressure, as long as the electrode distance is 
larger than the mean free path. 

With reference to Fig. 20 it can be seen that mod of the voUage drop 
within the tube occurs within Crookes^ dark space (also known as the 
Hittorf space’’), that is, near tbe cathode. In a properly designed 
glow-discharge tube it can be made as high as nine-tenths of the total 
voltage applied to the tube. It is possible to shorten the tube con- 
siderably by moving the anode right next to the negative glow {A A in 
Fig. 20) and working, so to speak, without any positive column and 
Faraday dark space. This is due to the fact that for any gas pressure 
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the positions of the negative glow, the Faraday dark space, and the con- 
vex front of the positive column are fixed with respect to the cathode. 
Hence, if the anode is moved, these portions do not change. But if, on 
the other hand, the cathode is moved, these boundaries move with it. 
Consequently, if the distance between the anode and cathode is chosen 
short enough, the anode may be within the Faraday dark space and no 
positive column can exist. This is very important in the design of glow 
tubes for which the positive glow is of no importance. Moreover, if the 
gas pressure is lowered, these distances from the cathode all increase 
approximately inversely proportionally with the pressure. Hence, with 
a fixed cathode-anode distance, the cathode dark space increases until it 
reaches the anode as the pressure is lowered. On the other hand, at 
higher pressures the cathode dark space and the Faraday dark space 
move so much toward the cathode that they are no longer distinguishable, 
and the entire cathode-anode distance as well as the inside of the tube is 
filled with the positive column. For still higher pressures, the positive 
column gradually withdraws from the glass walls of the tube and a 
streamer-like discharge takes place between the two electrodes. Gen- 
erally it can be said that for the same applied voltage E, with all conditions 
the same except that the distance from cathode to anode is longer than 
shown in Fig. 20, the conditions in the Faraday dark <^ace hardly change. 
The positive glow simply becomes longer in order to complete the circuit. 
The discharge characteristic from cathode to plane AA remains practi- 
cally the same. This is a very important feature of such tubes and is 
used in the design of glow-discharge tubes with and without an interven- 
ing electrode. The latter can be made to amplify and generate oscilla- 
tions like thermionic tubes. 

Ionization is brought about in cold-electrode tubes through the 
presence of electrons and ions. These exist in all gases, even in atmos- 
pheric air, since, because of radioactive disintegration in the earth's crust, 
about half a dozen ions are present in each cubic centimeter. Also, 
electrons arc given off from hot metals and flames and may be due to 
ultraviolet radiation. Of course, the number of ions present depends 
upon the degree of recombination. Therefore, when electrodes are 
surrounded by a gas of reduced pressure, an electric field existing between 
the electrodes will move the positive ions and electrons to the respective 
electrodes of opposite polarity. When the speed of these becomes suflS- 
ciently high to ionize, new ions are being formed and the space current 
is increased. 

The mass of a positive neon ion is about 2 X 10^ times as large as the 
mass of an electron under similar conditions. Hence for the same 
temperature we see that because of the equality of the average kinetic 
energy \ for one electron of mass m and velocity and one positive 
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neon ion of (2 X 10%i) and velocity V 2 the velocity of the electron 
must be 10^\/2 = 141 times greater than that of a neon ion. Therefore, 
it is evident that an auxiliary electrode inserted between the cathode and 
the anode will receive 141 times more electrons than ions and will become 
negatively charged. 

A glow-discharge tube with a grid forms a very sensitive relay. ^ 
However, it differs in many ways from the ordinary tube in which the 
grid is submerged in the path of a pure electron discharge from a hot 
cathode. Instead, the space is filled with both positive and negative 
ions. When a negative potential is applied to the grid, some of the posi- 
tive ions are attracted to it and form a positively charged sheath about 
its conductors. Thus the charge placed on the grid is exactly neutralized 
and therefore the grid in a glow-discharge tube has no effect after a dis- 
charge takes place. But the grid can be used to change the conditions 
of the breakdown voltage of the tube, that is, to change the critical 
voltage at which the discharge just begins. The relation between the 
spacing of the electrodes and the breakdown voltages between them is 
given by the Paschen law (Sec. 18). In sucii grid-glow tubes, which give 
only “threshold^ amplification,^* the anode-grid spacing is chosen short 
with respect to the anode-cathode spacing. If neon gas corresponding 
to a few millimeters of the mercury column is used, the breakdown 
voltage between anode and grid is much higher than for the longer grid- 
to-cathode gap. Suppose these voltages are 1200 and 300 volts. For 
such a case a direct-current source of 1200 volts is connected through a 
protective resistance to the anode and the cathode. Across the source is 
a potentiometer and the grid is connected through another protective 
resistance to a suitable point on the potentiometer. If the tap is so 
chosen that the voltage between the grid and the cathode is less than 300 
volts, no discharge can set in, since the remaining 900 volts is not sufficient 
to initiate a discharge. But as soon as some superimposed auxiliary 
potential produces the required voltage of 300 volts between the grid and 
the cathode, a breakdown will take place between these electrodes, and 
on account of the strong field between the grid and the anode the glow 
discharge will spread to the anode. The glow discharge will then be 
maintained by the anode-cathode potential. 

17, Spark and Arc. — Similar effects can also take place at atmos- 
pheric and other higher pressures. They were investigated in 1903 by 
Townsend. The mean free path is, at these pressures, exceedingly 
short (see Table XV, page 384), and the electron can travel only a very 
small distance before colliding with a molecule. Hence, in order to 

1 Knowles, D. D., Elec, 27, 116, 1930; I. Langmuib, Oen, Eke, Rev., 26, 731, 
1923. 

*JRelay or trigger actions. For details see Sec. 110, p. 264. 
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attain sufficient speed to cause ionization, the electrons must be acceler- 
ated by an intense electric field, which means that a high voltage must 
be applied between the two electrodes in order to liberate sufficient 
electrons through collisions. 

When Ni electrons/sq cm exist in the immediate plane of the cathode 
(x = 0) and when N additional electrons are produced by collision when 
A^i electrons pass through a distance of x cm, we have, in the plane x — x, 
iVx = iVi + JV electrons/sq cm. Now, if each electron moving through 
a distance of 1 cm can create n new electrons by collision, the number of 
electrons gained for a distance dx is dN^ = nNxdx, w|iich upon integra- 
tion yields 

Nx = 

But, at the cathode a: == 0, iV* = iVi; that is, Ni — A; and at the anode 
where a- = d, we have Nx = N 2 and 

N 2 = (67) 


which gives the number of electrons per square centimeter arriving at 
the positive electrode. This relation shows that the more electrons 
arrive at the anode, the longer the distance d between the electrodes, 
while for high-vacuum thermionic tubes the total number of electrons 
attracted by an anode of sufficiently high potential to receive all the 
available electrons is independent of the distance d. In fact, when 
space charge is present (emission current less than saturation current) 
in thermionic tubes, the emission current decreases with an increase of d. 
From (67) we note that, when the vacuum is not very good, the space 
current is given by 

I = (68) 


when It stands for the saturation current. 

When the anode potential is chosen sufficiently high, the positive ions 
gain enough speed to dislodge electrons from neutral atoms. If rii and 
denote the number of negative and positive ions per unit distance pro- 
duced by collision with gas molecules of electrons and positive ions, 
respectively, the number of negative ions arriving at the anode will be 


N2 


^ rii — 


(69) 


where N 2 /N 1 is again equal io I /It for each square centimeter electrode 
surface. The space current I can assume considerable values. The 
derivation of this formula is as follows: When N(^) is the number of nega- 
tive ions generated between the cathode and the plane a; « a;, then 

Nx^Ni + JV<^) 
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negative ions must pass through each square centimeter of this plane. 
Now, when N(+) is the number of positive ions dislodged between the 
anode and plane x dx, then the pairs of ions dislodged between plane x 
and plane [a: + da;] is 


that is, 


[Ni + Ni-)]nidx + NiJr^nadx 
= [Ni + N(-)]ni + N(+)nt 


(70) 


Hence, when Ni = Ni + JV{_) + Ni+) ions arrive at plane a; = d, we 
have 


= N* - [ATi + JV(_,] (71) 

Combining (70) and (71) gives 

= [Ni + N(_)][ni - Hi] + UiNi (72) 

with a solution 

AT, + ATf.) - (73) 

rii — 7?2 

At the cathode where t = 0 and N (-.) = 0, and the constant A becomes 

A = AT. + (74) 

ni — 712 

and at the anode where x — d and N 2 — Ni + N for =0 

Ni = (75) 

Til — TI 2 

Introducing the value of A from (74) and solving give the solution found 
in Eq. (69). Such ionization will cause the electrons in the atoms to 
become excited, resulting in the production of light. Thus a tube con- 
taining mercury will glow with the characteristic blue glow. 

When the pressure on the tube is increased, say to atmospheric pres- 
sure, high voltages across the electrodes are necessary in order to produce 
ionization. The gas remains practically nonconducting until the critical 
voltage is reached, when a spark occurs. Then the gas becomes highly 
ionized, and the resistance of the gap drops to a very low value. In 
other words, the denominator in (69) must practically vanish, so that 

ni = (76) 

gives the state of affairs when a spark occurs. The number of ions formed 
is then very large. 

If the degree of ionization becomes so pronounced that the heavy ions 
bombarding the cathode produce incandescence at the cathode, this 
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electrode will give off metal vapor, some of which will pass into the 
lectrode gap and produce an arc. The neutral atoms of the vapor will 
6e broken up in the arc into positive and negative ions and the ultraviolet 
rays produced by the arc will cause additional ionization. An arc 
requires at least one electron-emitting cathode spot/' The mercury- 
arc rectifier is an, exam pie. In it the vapor is due to the mercury of the 
cathode. A low pressure is used and the arc is started by an auxiliary 
electrode and can be drawn out to about 100 cm length even though the 
anode potential is as low as 100 volts. 

Over a good portion of the operating range, an arc often has the 
characteristics of a negative resistance, and this is used to advantage for 
the production of electromagnetic oscillations, as in the Poulsen are. A 
similar negative-resistance action can be obtained from the arc in a 
tungar rectifier, when a heavy space current is produced and the filament 
supply is cut off after the arc has been started. 

As far as arc discharges at different and atmospheric pressures are 
concerned, reference is made to the work of J. J. Thomson, J. S. Town- 
send, and G. Mie,^ K. T. Compton, I. Langmuir and Mott Smith, and J. 
Slepian. The distribution of space charge is especially complicated for 
atmospheric pressure, as is brought out in the publications of J. Slepian, 
who finds for certain assumptions that the maximum voltage gradient in 
the space charge for N ions per cubic centimeter is 

(^1^) = 1.89 X 

\dX 

Assuming, as a first approximation, that the electrical breakdown will 
occur if the maximum electrical gradient at normal atmospheric pressure 
and temperature is about 30,000 volts/cm, we find that 


or 



= 30,000 = 1,89 X 10-^VNE^ 




which means that the breakdown voltage varies inversely as the density 
of ionization. If the gas is at the breakdown voltage for N ion pairs 
per cubic centimeter becomes 

^ _ 2.52 X lO'f 273 Y 
^ ^ ^ N [273 + 

* Qeiqek, H., and K. Schbbl, ‘‘Handbuch der Physik,^^ Julius Springer, Berlin, 
Vol. XIV J J. S. Townsbnd, Electricity in Gases,” Oxford University Press, London, 
1913; K. T. Compton, Phys. Rev,, 21 , 269, 1923; Proc, A.LE.E., 46 , 868, 1927; I, 
Lanomuir and Mott Smith, Oen, Elec, Rev,, 27 , 449, 638, 616, 762, 810, 1924; J, 
Slepian, Proc. A.LE.E,, 47 , 706, 1928; 46 , 661, 1929. 
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18. The Paschen Law.—Paschen^s discharge law states that the 
breakdown voltage producing a discharge (not exactly true for cylindrical 
electrodes) depends only upon the product of the pressure and the 
distance between the electrodes. This is equivalent to saying that it 
depends only upon the mass of the gas between the unit surfaces of the 
electrodes. Hence when the spacing between electrodes is fixed and the 
pressure of the gas surrounding the electrodes is gradually lowered, a 
definite pressure exists for which the discharge may be initiated with a 
minimum anode potential. The values of pressure and spacing which 
require a minimum anode potential to start the discharge are charac- 
teristic for the design of glow-discharge tubes. 

19. Hertz, Hallwachs, Elster, and Geitel Effects, Photoelectric 
Tubes. — In 1887 H. Ht»rtz found that the ultraviolet rays from a spark 
gap affected the action of another spark 
gap. Hallwachs (1888) showed that a 
negative charge on a body is lost when 
ultraviolet light falls on it, and that 
this is not true for positive charges, uj | 

Klster and Geitel (1889) discovered that 
electropositive bodies, such as sodium 
and potassium, show photoele(*tric 
effects for ordinary light. Rubidium, 
which is even more electropositive, 
loses negative charges if affe(*ted only Fia. 2i. 


/'Light sensttfve 
cafhoolt 




Ver/ ^ood vacuum 


Vacuum cell has better 
frequency characteristic as 
far as variable light intensity 
variations are concerned. 


“I microamps 


-Showing difference in char- 

by the rays coming from a glass rod 
which is heated just to redness. It is 

the discovery of Elster and Geitel that is utilized in modem photoelectric 
cells. They arc of two types, in one of which there is very good vacuum, 
and in the other a gas under low pressure. In the original Elster and Geitel 
tubes the pressure was a few millimeters of mercury, so that at about 
150 volts anode potential a glow discharge look place. For gas-filled 
tubes the characteristic is as indicated in Fig. 21. Illumination of the 
photoelectric cathode liberates electrons which, for sufficient anode 
potential, ionize the space between both electrodes, and the number N 2 
of negative ions arriving at the anode follow approximately the expression 
given in Eq. (69), where d denotes the distance in centimeters between 
the electrodes. When a highly evacuated cell is used, saturation takes 
place just as in ordinary thermionic tubes. Figure 22 gives the charac- 
teristics of a commercial gas-filled photoelectric cell, from which it can be 
seen that excessive anode potentials and excessive illumination must be 
avoided in order not to have abnormal plate currents. If this is not done, 
the ionization can become so pronounced that a self-sustaining glow 
discharge occurs and changes the characteristic of the tube. The lumen 
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used in these graphs is the unit of luminous flux which is equal to the flux 
emitted in a unit solid angle by a source with an average candle power 
throughout the unit solid angle of one candle. When the candle power 



Anode Voltogc 


Fig. 22. — Characteristics of commercial photoelectric cells. 


(cp) is known, the light flux in lumens falling upon a given area A, at a 
distance d, is given by 

= (cp) J, (77) 

We must distinguish between static and dynamic effects. The 
dynamic sensitivity is generally expressed in microamperes per lumen. 

« The energy required for the emission of photoelectrons is obtained 
by the absorption of energy from the incident light. 
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Photoelectric cells do not work equally well for the entire frequency 
band of light and infra- and ultralight frequencies (Fig. 23). There are, 
for instance, cells (H. C. Rentschler) with active material sensitive only 
to that portion of spectrum with wave lengths between 0.00031 to 0.00029 
mm (31 X 10^ to 29 X 10^ A), while for other cells (for instance, UX-868) 
the active cathode gives a large response to red and infrared light. 

From the foregoing discussion, it will be evident that the photoelectric 
current increases with the intensity of illumination, and an almost linear 

5650 A ^ (^l/pper ultra - v/ottf region^ 

/•N. For potassium 

N. hydride ce// 


2S0OA® 5800 

Wave length in Angstrom (a“) units 




Fig. 23.- -Photoelectric sensitivity curves. 

relation exists for a wide range between photoelectric space current and 
intensity of illumination. 

The energy equation E = ^7nv^ forms the second basic relation of a 
photoelectric cell, if v denotes the maximum velocity of the libcrateo 
electrons. This velocity does not depend on the intensity of the incident 
light but on its frequency ^ since, according to the Einstein law, 

qE “h = ft/ (78^ 

a linear relation exists where ft = 6.55 X 10'"^’^ denotes the Planck con 
stant and ^ the photoelectric work function, that is, the energy required to 
liberate an electron from the light-sensitive cathode. Hence the portion 
ft/ of the energy of the incident light is transferred to each electron and is 
sufficient to force it out of the metal with the energy qE, The critical 
frequency /c, for which the energy of the incident light is just not enough 
to eject an electron, corresponds to the photoelectric low-frequency 
limit. This limit is usually expressed by the wave length Xc =* c/fe where 
c is the velocity of light. For tungsten it is 2600 A; for zinc, copper, and 
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platinum, 3720, 2965, and 1962 A, respectively. For sodium and potas- 
sium the critical frequencies lie in the red part of the spectrum while, 
according to the foregoing figures, zinc requires much higher frequencies 
— those of ultraviolet rays. The photoelectric work function ^ for tung- 
sten is 4.58 compared with 4.52 volts which is the thermionic work func- 
tion. The photoelectric work function ^ is also slightly higher for 
platinum, namely, 6.3 volts, instead of 6.27 volts as in the case of therm- 
ionic emission. The photoelectric work function for zinc is 3.57 and 
for copper 4.1 to 4.5 volts. From relation (78) it is seen that the energy 
is greater the shorter the wave length of the incident illumination. This 
is the reason that, for Roentgen rays, the work function 4>, that is, the 
energy required for ejecting an electron from the light-sensitive metal, is 
very small compared with the energy qE^ and Eq. (78) is practically 

hf = qE (79) 

Photoelectric effects of gases and nonmetals, such as carbon, are con- 
siderably smaller and all require exciting frequencies that are at least in 
the ultraviolet spectrum. Phosphorescent substances are likewise 
photoelectric. 

The photoelectric as well as the Compton and Raman effects, as far as the frequency 
is concerned, can be explained in terms of the light-quantuin idea, since the momentum 
as well as the energy of the light quantum plays a part. In each effect, energy in 
amounts of hf is absorbed from radiation of frequency /, not slowly, as might be 
expected from waves, but suddenly, since each corpuscle upon impact brings with it 
the energy hf and the corresponding momentum hf/c, which exiilains the radiation 
pressure. In the Compton effect, the (luantum undergoes an impact with an essen- 
tially free electron with which it exchanges energy and momentum according to 
ordinary laws of elastic collision. In the case of the Raman effect, the quantum 
preserves its identity after an impact with a molecule to which it transfers only a 
portion of its energy. The question arises *^What are electrons?^' Are they really 
discrete particles or are they waves? Light has been throwm on this subject by the 
classic experiments of C. J. Davisson and L. H. Germer^ by means of which it is 
suggested that electrons are particles which behave like waves. This was also the con- 
viction of Jjouis de Broglie* who assumed that every microscopic mechanical phenom- 
enon is to a certain extent a wave phenomenon and that every problem in microscopic 
mechanics is in a way a problem in optics. After Schrodinger’s paper, this idea was 
taken up by leading physicists. It is known as ‘‘wave mechanics.” De Broglie 
assumed that a sort of wave motion is associated with the moving particles of momen- 
tum nw such that its wave length is equal to Planck ^s constant divided by the 
momentum of the particle. Hence 

^ J. Franklin Inst., 206, 697, 1928; Proc. Nat. Acad. Sd., 14, 317, 1928; J, Chem. 
Education, 6, 1041, 1928; Nature, 119, 658, 1927; Phys. Rev., 30, 705, 1927; C. Eckawt, 
Proc. Nat. Acad- Sci., 13, 400, 1927; J. Optical Soc. Am., 18, 193, 1929; K. K. Dabbow, 
Bell System Tech. J., 9, 103, 1930. 

* PhU. Mag., 47, 440, 1924; Ann, phys., 3, 22, 1926; E. SchbOdikqbb, Ann, Phyeik, 
79, 361, 489, 1926; Phys. Rev., 26, 1049, 1926. 
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mv 

Now for electrons of speeds as occurring in thermionic tubes 



(80) 

(81) 


if q is expressed in e.s.u. and the bombarding potential B in volts. Combining (80) 
and (81 ) gives the wave length of the de Broglie phase wave 


Since is about 10“* 


\ = 



J^25 

Ve 


10"* cm 


12.25 ^ 


(82) 


This relation has been confirmed by the experiments of Davisson and Germer. They 
found, for instance, the value h/mv for electrons which were accelerated from rest 
through a potential difference of 54 volts, a wave length of 1.65 A which is in good 
agreement with the theoretical value 12.25/ ~ 107 A. Therefore the electrons 
have waves which, so to speak, guide them and supply the laws of motion. 

In addition to the Broglie phase wave, the X-ray wave is also associated with an 
electron of given velocity. This wave of length X' is produced when the entire kinetic 
energy of the electron is converted into radiation. It is inversely proportional to the 
energy of the electrons while the wave length X of the Broglie phase wave is inversely 
liroportional to the momentum of the electron (Eq. 80), the factor of prt>portionality 
being, foi X, simply Planck’s constant h and, for X', he, Hemte 


hc_ _ 300/1 ^ ^350 9 
imv^ qE ^ 


(83) 


The X-ray wave length expressed in terms of the wave length of the Broglie phase 
wave is 


X' = 


^ — X 

Ve 


(84) 


The Broglie phase waves which are accelerated with about 100 volts are then of the 
order of wave lengths as found with moderately hard X-rays. 

Therefore, the corpuscle.^ associated with the waves expressed by Eqs. (82) and 
(84) move with a speed which is equal to the group velocity of the associated wave. 
According to the derivation in Sec. 146 on pages 379-381, for the group velocity 
we have 

(85) 


if c' stands for the phase velocity of the Broglie or X-ray wave, respectively. Now, 
according to the quantum and wave mechanics, the energy of a corpuscle of radiation 
is 

TT - A/ - (80) 

A 


and the momentum of the elementary corpuscle moving with velocity v is 


mv 


h 

X 


(87) 
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Employing again the energy relation 

W « imv* (88) 

for sufficiently low-speed electrons, we can again use the constant mass m of the 
electron instead of the effective mass 


rrit, 


m 

Vl ~ f«/c]* 


which holds for the electron moving at any speed v. Combining (87) and (88) yields 


W 


[ mv]^ 

2m 


(89) 


Equation (86), for the group velocity of the wave train associated with the corpuscles, 
gives 

// - /X - ^ 

^ d\ d\ h d\ h d{mv) d\ 

But, dW /d{mv) = v and d(mv)/d\ « hence 

c" « e (90) 

The Kerr cell (Karolus type)^ consists of two condenser plates whose 
dielectric is either carbon disulphide or, preferably, nitrobenzene. When 
a beam of light, polarized in a plane making an angle of 45 deg with the 
electric field, is obtained from a Nicol prism and passed through the cell, 
the charged condenser breaks up the beam into two component beams, 
whose planes of polarization are, respectively, parallel to and perpen- 
dicular to the electric field (ordinary and extraordinary beam). There- 
fore the two beams arc polarized in planes perpendicular to each other and 
.are propagated with different velocities. On emerging from the cell, the 
resultant beam is passed through an analyzer to a photoelectric cell. In 
the transmission plane of the analyzer the two component beams interfere 
with each other and the resultant intensity in this plane therefore varies 
between zero and a maximum. Hence, when the two Nicols arc crossed, 
no light is passed on to the photoelectric cell when the condenser has no 
charge (no voltage across it), while a certain voltage E produces increasing 
light intensity in the transmission plane for each wave length until the 
path difference X/2 is reached. For larger path differences the intensity 
falls off again until for a path difference of IX darkness exists again. 
Hence, for X/2, (%)X, etc., we have light maxima, and for X, 2X, 

3X, etc., light minima, for the case of monochromatic light. When d\ 
denotes the path difference of the two rays in wave lengths, 6 the electric- 
field strength due to the Kerr condenser, K the Kerr constant, and I the 
length of the light path in the field expressed in centimeters, we have the 
xpression 

dx » iC • / • 8* (91) 

^ SCHROBTIBB, F., Z. teck. PhyHkf 7, 422, 1926. 
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The transmitted light is therefore proportional to the square of the 
voltage E = a& applied to the Kerr condenser (a is equal to the distance 
between the condenser plates). A steady voltage E superimposed on a 
variable voltage coming from an amplifier or some other source makes the 
small variations all the more effective on the photoelectric cell. Accord- 
ing to Karolus, a steady voltage source of about 300 volts and variable 
control voltages up to 200 volts amplitude value produce negligible con- 
duction currents in the Kerr condenser. The Kerr condenser is about 
3 mm deep and the spacing of the condenser plates can be made a frac- 
tional part of 1 mm. The aperture is still sufficient to transmit enougl 
light into a photoelectric cell. The inertia effect of the cell is practically 
negligible up to the highest frequencies used in high-frequency work. 
Modulations up to 100 kc/sec and higher have been carried on with such 
cells. Such cells also play an important part in television work. 
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fflGH-FREQUENCY GENERATORS 

Modern high-frequency generators produce sustained oscillating 
currents with a wave shape more or less sinusoidal. On the other hand, 
the generators of the days of H. Hertz, and commonly used until about 
1913, produced discrete damped wave trains (spark-gap and buzzer oscil- 
lators) and, if sustained (Poulsen and other arcs), were sinusoidal only 
under certain conditions. Alternators that are available produce only 
currents of the lower high-frequency band. It was with the advent of 
tube oscillators that high-frequency currents could be readily and 
economically produced. Work in high-frequency laboratories then 
became much simplified and a great field for further investigation and 
development was opened up. 

20. Frequency Spectrum. — If we incjlude all possible frequencies 
for which electromagnetic waves may exist, we can include all the cases 
corresponding to the lowest commercial frequency up to the range of the 
rays coming from interstellar regions. According to modern views of 
wave propagation, we may distinguish olectromagneti'C waves which are 
essentially surface waves, others with a propagation partially due to the 
existence of the ionized layer of the atmosphere, and, third, waves which 
have more or less optical properties as far as their propagation is con- 
cerned. The dividing line is by no means sharp but it may be avssumed 
from the theory of the ionized layer that for waves below 10 m in length 
(above 30 megacycles/sec) the sky wave passing toward this layer will never 
be returned. Electromagnetic waves corresponding to frequencies higher 
than 3 X lO’^ cycles/sec can be treated like light rays;^ obstacles large 
compared with the wave length produce shadow effects, and the ampli- 
tude decreases in the region of direct wave propagation as the square of 
the distance from the source. Short radio waves below 8 meters can be 

* Hahnemann, W., Die Wellengruppen der Radiotechnik (The Wave Groups of 
the Radio Technique), pamphlet of the Loronz Co., Berlin, Tempelhof ; F. Gerth and 
W. ScHEppMANN, Z. Hochfreq.j 83, 3, 1929, gives a report of the work of A. Esau 
and the authors with waves below 10 m in length (frequencies higher than 3 X 10^ 
cycles /sec); F. Schboeter, E.N.T,, 7, 1, 1930 (describes transmission with short 
Hertzian and infrared waves); H. E. Hollmann, Ann. Phytdky 86, 129, 1928, and 
K-. Kohl, Ann. Phyaik, 85, 1, 1928 (describe experiments with electron tulx's of the 
Barkhausen, Gill auU iViOrrell, and AVhiddington type); W. H. Proc. 

22, 1021, 1934; H. N. Kozanowski, Proc. I.R.E., 20, 957, 1932; E. Karplus, Proc. 
/.E.E., 19, 17X5, 1931; F. B. Llewellyn, Proc. I.R.E., 21, 1532, 1933. 
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transmitted over somewhat longer distances (about 10 to 15 per cent 
more) than the horizon of vision because the path of propagation is some- 
what curved instead of geometrically straight. This is due to successive 
refractions caused by the atmosphere. The density of the atmos- 
phere is increased during night hours and a longer transmission path 
exists during hours of darkness. Short Hertzian waves produced with 
Barkhausen-Kurz and magnetron^ generators (Habann generators), how- 
ever, have decidedly different properties from actual optical waves when 
the intervening medium is fog and smoke. They pass through fog and 
smoke just as well as through optically clear atmosphere. As far as 
electromagnetic waves with apparent optical propagation properties are 
concerned, reference is made to earlier workers using spark gaps and 
recent workers using electron tubes and other devices.^ Oscillations 
having wave lengths between 3 cm and 10 m in length are produced 
either by small spark-gap oscillators or by means of electron oscillations 
due to electric-field effects or both electric- and magnetic-field effects in 
vacuum tubes. A parallel-wire system or Hertzian mirrors are used for 
detecting the ultrashort wave. Small dipoles are then used at the focus 
of a receiving parabolic mirror. The short waves between 3 and 0.18 cm 
can be produced by a method due to Mrs. Glagolewa-Arkadiewa,* where 
exceedingly small sparks occur between small iron filings. The funda- 
mental oscillations are in this region and the harmonics reach into the. 
infrared region corresponding to a wave length of 0.03 mm in length. 
Another method of generation is the well-known method of Nichols and 
Tear.* In the range from 3 down to 0.003 cm, the waves have to be 
detected by means of heat effects, or the wave length must be determined 
by means of the interferometer. The waves between 400 and 0.7m 
where m = 0,001 mm are given off by mercury-vapor lamps and the gas- 
mantle burner and are detected by means of the light effects on selenium 
and molybdenum (Coblentz). 

1 Yagi, H. Proc. LR,E,y 16 , 716, 1928; K. Okabe, Proc. LR,E., 17 , 662, 1929. 

* Hertz, H., ‘^Gesammelte Werke,” II, 3d ed., 1914 Electric Waves, trans- 
lated by D. E. Jones, 1900); P. Drude, Ann, Physik, 56 , 633, 1896; 58 , 1, 1896; 
69 , 17, 1896; 61 , 466, 1897; A. Colley, Phyaik. Z., 10 , 239, 1909; A. Lampa, Wiener 
Ber.y 105 , 687, 1896; P. Lebedbw, Wied. Ann,, 56 , 1, 1896; W. Moebius, Ann. Physik, 
62 , 293, 1920; E. F. Nichols and I. D. Tear, Phya, Rev,, 21 , 687, 1923; A. Glagolbwa- 
Arkadiswa, Z, Phyaik, 24 , 163, 1924; H. Barkhattbek and K. Kurz, Phyaik, Z., 
21 , 1 , 1920; J. S. Townsend and J. H. Morrell, Phil, Mag,, 42 , 266, 1921; A. Mar- 
cus, Phya, Rev,, 27 , 260, 1926; F. Holborn, Z, Phyaik, 6 , 328, 1921; W. H. Ecclbs 
and F. W, Jordan, Electrician, 88 , 299, 1919; W. C. Huxford, Phya, Rev,, 25 , 686, 
1926; G. C. Southworth, Radio Rev,, 1 , 677, 1919; Gutton and Touly, Compt. 
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21. Notes on the Generation of Commercial High-frequency Currents. 

For the generation of commercial high-frequency currents, reference is 
made to Table III. 


Table III 


Wave shape 

! 

Kind of excitation 

Practical applications 

Damped discrete 
current trains 

Ordinary spark-gap oscillator. The fre- 
quency can be computed from the cir- 
cuit constants. There are two frequen- 
cies if a resonator is coupled to the oscil- 
lator. The two frequencies exist simul- 
taneously 

All oscillators which use ordinary 
spark gaps 

Feebly damped cur- 
rent trains 

Excitation of im- 
pact. The fre- 

quency depends on 
the circuit con- 
stants which are 
excited by a cou- 
pled spark-gap cir- 
cuit by means of 
impact. Hence 

single periodicity 
exists 

1 

1 

1. Quenched spark 

gap. The gap 
quenches the 

spark automati- 
cally by cooling 
and deionization 

2. Quenching tubes 

interrupt the 

spark 

3. Mechanical in- 
terruption of the 
spark 

1. Wien’s quenched spark, Peuckert, 
Lepei, Chaffee, and Poulsen arc 
gaps. (For pronounced second type 
of arc oscillations.) 

2. Wien's quenching tubes 

3. Rotating spark gaps for an appro- 
priate speed of revolution (not syn- 
chronous gaps). Buzzer interrup- 
ters (Q. Kichhorn and L. W. Austin 
exciters) 

4. A high resistance is inserted in the 
oscillator circuit and a slightly 
damped resonator is used (E. Kee- 
per). The high resistance inter- 
rupts the spark and the secondary 
current swings out without return- 
ing energy to the primary circuit 

Sustained oscillating 
currents 

Revolving generators (alternators). The 
frequency depends either directly or in- 
directly upon the number of revf^lutions 
per second of the alternator and the 
number of equal poles 

1. R. Goldschmidt (utilizes reflection 
principle in the alternator) 

2. Alexandersoii-Fessenden (inductor 
alternator). K. Schmidt (inductor 
alternator with frequency mul- 
tiplier) 

3. M. T.atour (cascade alternator) 

Stationary generators. The frequency 
can be calculated from circuit constants 
(with the exception of certain types of 
arc oscillators) or it depends upon di- 
mensions of the tube (electronic oscil- 
lators) or can be calculated from the 
dimensions of a control element (which 
is either piezoelectric or magnetostric- 
tive) 

1. All kinds of electron-tube oscilla- 
tors, Poulsen arc, Lepei, Peuckert, 
Chaffee oscillators, dynatron oscil- 
lator 

2. Magnetron generator. Barkhausen 
and Kurz oscillator, (Whiddington, 
Morrell and Gill). Piezo oscillator. 
Magnetostriction oscillator 


22. Notes on Alternators.^ — The fundamental frequency of customary 
alternators depends on the number of poles and the speed of rotation. 
The highest frequency obtainable is therefore limited, since a machine 
^th a small diameter can contain only a certain number of magnt^tic 

^ For details on alternators and arc and spark-gap oscillators, reference is made 
to '^Hochfrequenz-messtechnik,'' 2d ed., Julius Springer, Berlin, 1928, pp- 1-16. 
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poles, although it may rotate at a high speed. On the other hand, a 
machine with a large diameter has space for many poles but is limited 
as to its speed-of rotation. 

An alternator can be of the alternate or of the equal-pole type. When 
t denotes the number of teeth of the rotor and n the number of revolutions 
per second, for the fundamental frequency in cycles per second, we have 

j, n • t 

f = (for the alternate-pole type) 
f ^ n • t (for the equal-pole type) 

Hence the equal-pole type of alternator gives twice the frequency for the 
same number of revolutions and the same number of pole teeth and is 
consequently preferred for high-frequency work. The alternating-current 
winding for an equal-pole-typc machine is laid in slots in the laminated 
iron core. The number of stator teeth of such a generator has nothing 
to do with the frequency. 

For the ordinary inductor type of alternator (Alexandcrson-Fessenden), 
the total magnetic flux from stator to rotor is nearly constant since it 
merely shifts back and forth from one stator tooth to the next as the rotor 
revolves. In the reactor type of alternator, the magnetic reluctance 
between the stator and motor varies (minimum when rotor teeth face 
stator teeth, maximum when the teeth of either stator or rotor, respec- 
tively, face the slots of the other). It is to be noted that the reactance 
type of alternator requires only half as many stator slots as does the 
inductor type. The same winding serves for both the direct-current 
excitation and the high-frequency current. Although the reactance 
type of an alternator is economical as to the number of stator teeth, little 
winding space is left when many teeth are provided in order to obtain a 
high frequency. But, since the frequency depends only upon the 
number of rotor teeth and the speed of the rotor, sections of the stator 
can be cut out, without affecting the frequency in any way. 

A very ingenious alternator, devised by R. Goldschmidt, is based on 
the reflection principle, by means of which the frequency is greatly 
increased above that which would otherwise be expected from the 
number of equal poles and revolutions per second. The alternator uses 
alternating-current windings in both the rotor and the stator. Reflec- 
tions take place between these two windings because of their relative 
speed. 

Another ingenious alternator is due to M. Latour. It consists of 
several generators in cascade. Si, S2, and S4 are stators, and 12 i, B2f 
Rz, and R4 are the corresponding rotors of the four machines. The first 
machine is excited by a direct current and delivers a two-phase current of 
frequency /, which is determined by the number of equal poles and the 
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speed of the rotor. The revolving field produced by the two-phase 
winding in the second machine is arranged so that it turns in opposition 
to the direction of rotation of the rotor R 2 . Hence a two-phase current 
of frequency 2/ is induced in the stator 82 - The revolving field due to 
this current in the third machine produces a current 3/ in since the 
direction of rotation of Rz is again arranged in opposition. In a similar 
way, a high-frequency current of frequency 4/ is delivered by the fourth 
machine. Slip rings are avoided since each stator connects to the next 
stator, or rotor to the next rotor. Condensers are inserted between the 
machines in order to compensate for the leakage reactance. 

The alternator of the Soci4t6 F^angaise Radio-41ectrique is likewise 
of equal-pole type. The stator contains a zigzag high-frequency winding 
and the number of rotor teeth to stator teeth is in the ratio of 3 : 2. Hence 
three voltage waves which are 120 deg out of phase are induced in the 
stator winding. The rotor teeth are shaped in such a way that the wave 
shape is distorted. The corresponding fundamental currents give zero 
effect in the external circuit, while the effects of the third, ninth, and 
fifteenth harmonic are additive. 

23. Notes on Electron-tube Oscillators. — The action of tube oscilla- 
tors commonly used depends upon the amplification property of the three- 
element electron tube. Dynatron and Magnetron oscillators employ- 
ing secondary emission of electrons and a magnetic field, respectively, 
depend upon negative-resmtsuice action. In some ways, oscillations in 
ordinary three-element tubes can also be considered to be due to a 
negative-resistance action, since the feedback of energy into the grid 
branch causes resistance neutralization when oscillations take place. 
Two-element tubes having only a hot cathode and an anode can produce 
low-frequency oscillations because of the effect of the temperature of 
the hot cathode on the thermionic emission. 

Figure 24 shows basic electron-tube oscillators. One of these oscilla- 
tors, invented by A. Meissner, uses a separate oscillating circuit which 
takes its energy from the plate circuit and sustains the oscillations by 
the back feed into the grid branch and by the amplification of the tube 
back into the plate circuit. The three other fundamental circuits include 
the resonant circuit, in either the grid or plate branch, or use either the 
entire external grid-plate inductive reactance or a portion of it in the 
actual oscillator circuit. For the sake of simplicity, the condensers for 
by-passing the high-frequency currents around the batteries are not 
shown. In practical work it is of advantage to insert the B supply in the 
low side, that is, next to the filament. The plate potential can be sup- 
plied by series-plate feed as in Fig. 24. On the other hand, it is often of 
advantage to use a parallel plate supply as shown in the modified Hartley 
circuit of Fig. 25. The choke Lo prevents the high-frequency current 
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Irom passing through the power-supply branch and the condenser Co 
keeps the direct-current component out of the high-frequency circuit. 
Such feeds are of especial advantage when working in the range of very 



PIcJitc bnanchpcts Independent frequency 

as oscillator adjustment 


Fiq. 24. — Basic oscillator circuits with series plate feed (parallel plate feed through high- 
frequency chokes used in higher frequency range) . 


high frequencies, since then even air coils having a comparatively few 
turns are sufficient to prevent the high-frequency current from flowing 
through the B battery. It is also of advantage when resistance- and 



Fig. 26, — Useful oscillator with 
parallel plate feed. 


Fio. 26. — Colpitt oscil- 
lator. 



resistance-capacitance-coupled amplifiers (page 206) are used, since no 
portion of the supply voltage is used up in the coupling resistances. 

Figure 26 shows the Colpitt oscillator which requires a parallel plate 
feed. It is similar to the Hartley circuit except that an external capacity 
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coupling is used instead of a magnetic coupling. Of course, an internal 
coupling due to the interelectrode capacity also exists in each circuit. 
The grid current might be checked by a C battery instead of a grid 
condenser with a leak as in Fig. 25. The action of these devices is 
explained in detail on pages 177 to 180. Figure 27 shows an oscillator 


S.OOO- 20,000 
Ohms 



Fig. 27. — Parallel plate feed and parallel output {Co such that almost zero reactance for 
operating frequency, Lo high-frequency choke) 


which uses a parallel plate feed as well as a parallel output branch. 
Figure 28 gives basic short-wave generators. In some cases the high- 
frequency choke is replaced by a tank circuit (condenser in parallel with 
an inductance). 

24. Building Up of Self -excited Tube Oscillations. — On account 
of the amplification action in thermionic tubes, variable grid potentials 
produce increased potential variations on the plate. Hence, as soon as 
j the circuit of a tube oscillator (Fig. 29) is closed, a transient current 




Fig. 28. — Typical oscillators for frequencies above 30 megacycles /sec, Co by-pass con- 
densers. 


flows and the condenser begins to charge or discharge according to the 
natural period of the oscillating circuit. During this process resultant 
grid and plate potentials may be established so that the CL circuit is 
kept in a state of oscillation (Fig, 30). This takes place with a proper 
relative arrangement of the grid and plate windings, the voltages eg 
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Pure sinusoidal oscilla- 
S tecfr on current 


and ep being of opposite polarity.at any instant, 
tions are obtained when the variations 
take place along the straight portion 
of the dynamic characteristic of the 
entire circuit. Such oscillations may 
be recognized by the absence of har- 
monics. Harmonics arc present when 
the variations extend to the curved 
portion of the grid-voltage plate-cur- 
rent characteristic, or when the coup- 
ling between the anode and grid coils 
is so close that at times large negative 
grid potentials stop the plate current 
Ip altogether. When the oscillations 
are stopped, the reading Ip of the aver- 
age plate current decreases. This is not 
true with pure sinusoidal oscillations. 

25. Important Tube Relations for 
Three -element Electron Tubes.—The 
basic relation of such tub(‘S was derived 
in Sec. 7 and is given by Kq. (18) on 
page 14. If it is compared with the 
expressions giv(*n by pioiie(‘r contributors to the theory of tubes, we have, 
for the static plate-current lumped-anode potential characteristic 

ly = A[Ep + ^EgY ® (Langmuir) 

12 



Fm. 


Tul>c Renerator for perform- 
anro of Fig. 30. 


= (Van der Bijl) 

Eg + DE^ (Barkhausen) 

] 


= 


= h 


E, 




-h , (Vallauri) 


■[Ep + nEg — X] (Gutlon) 


E. 

~ \Ep + ^lEg 

tty 


+ m]" 




(universal formula) 

tip 


( 2 ) 


where Rp denotes the internal static resistance of the tube (from 
cathode to anode), and the exponent n is different for different portions 
of the characteristic and may be partly considered a dimension quantity 
of the tube. It is equal to unity for the straight portion of the charac- 
teristic, about equal to 2 for the lower portion, and about equal to 1.6 for 
the upper portion of certain tubes when the portion of saturation is not 
taken into account. The quantity m denotes here that portion which pro- 
duces the emission current if both the grid and the plate are connected 
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to the negative end of the hot cathode without the use of a battery in 
this branch. It is a negligible quantity when the tube is operated at 
normal plate potentials. Typical curves showing the shape of the static 
characteristic arc shown in Fig, 32. 

In many cases, G. Gutton and G. Vallauri assume that the tube works 
along an almost flat surface of Ip = bEp + aEg + c. The quantity m is 
known as the amplification factor. It is proportional to the distance 
between cathode and plat(‘, inversely proportional to the distance 
between cathode and grid, and inversely proportional to the width of the 



grid mesh (distance between grid wires). It is seen that in Vallauri’s 
formula a/h = p, where a stands for the steepness of the grid-potential 
plate-current characteristic [equal to quantity Gm — Ip/Eg of Eq. (21) 
on page 16], h denotes the steepness of the static plate-potential plate- 
current characteristic (equal to Ip/Ep =* l/Rp)^ that is, equal to the static 
cathode-plate conductivity within the tube since Bp stands for the static 
resistance. This quantity changes with grid and anode potentials and 
depends besides on the temperature of the cathode and the distribution 
of the space charge. For measurements, the temperature effect on Rp is 
an important one, since by changing the filament current the internal 
plate current can be changed over wide limits. Use of this temperature 
effect is made in the time-axis apparatus used to produce a linear deflec- 
tion in the cathode-ray tube. Such a cathode temperature is then used 
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that a full saturation current flows to the plate, and the space current 
through the tube is the same for a wide variation of the voltage applied 
to it. The quantity Ei is known as the lumped-anode potential and in 
many cases it is convenient to deal with it instead of the components 
fiEg and Ep, In formulas (19), (20), and (22) in Sec. 7, it has been 
proved that the dynamic internal plate resistance r„, mutual conductance 
Qm over grid, and amplification factor are 


where 





(3) 


-= 1 


(4) 


Equation (4) is an important relation^ since, when any two of these 
quantities are determined from measurements, the other one is fixed. 
The internal resistance of receiving tubes varies from about 3000 to 
100,000 ohms. The first limit corresponds to low-/x three-element 
tubes, and the other to high-pt tubes. The amplification factor varies 
usually from about 2.5 to 30, and the mutual conductance from 0.2 to 
0.6 ma/volt. The change in the plate current which depends on the grid 
potential is greatest for the middle portion of the characteristic. The 
steepness of the main tube characteristic, according to Eq. (2), is equai 
to dIp/dEi and Ei — Ip + y.Egy since m ^ 0. The first relation of Eq. (3) 
holds for constant grid potential, the second one for constant plate 
potential, and the third relation for constant plate current. When, 
therefore, the plate current is varied from a value Ip to a somewhat larger 
value Ip by increasing the plate potential from Rvalue Ep to a value Ep\ 
the original plate current Ip can be obtained again by decreasing the grid 


^ Unless especially mentioned, small letters stand for dynamic and capitals for 
static values. The sources connected in the filament, grid, and plate branch are 
known as A, C, and B batteries, respectively. The corresponding voltages and 
currents, on account of being steady, are then Eaj iS'c, Ehy and lay It. The grid cur- 
rent le is not mentioned since in a properly adjusted three-element tube it is very 
small. The instantaneous variable (oscillating) voltages and currents are Cp, and 
ip, respectively. Their maximum values are for simplicity's sake denoted by Cp', 
and ip since formulas seem to look confusing when the suffix m or some other suffix 
is added to p or g. Such an exception is made only in this particular case of tubes. 
Since we have also to deal with resultant tube potentials and currents, we call these 
puLaaJting values Ep ^ Eh •¥ Cp, Eg ^ Ec-^- eg, and ip. To simplify formulas 

further, Eq and Ep are used as the effective values for alternating grid and plate poten- 
tials and Ip denotes the effective value of the alternating current flowing in the plate 
circuit. Rp and rp denote the static and dynamic tube resistance and gm the dynamic 
mutual conductance over the grid. The filament* battery is omitted in many 
figures. The small condenser indicated across B and C batteries is a by-pass 
oondenser. 
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potential E, to a certain value E„'. According to the foregoing defini- 
tion, the amplification factor is then 




E„' - Ep 
" E,- E' 


(5) 


When the almost straight portion of the characteristic is considered, 
for which ra = 1 and i2p = Eq. (2) reads 


/p = — [®p + 
• V 




de, 




^ 9 p WV/p ^^0 

and, when current variations ip exist, we have 






SCp 

Subtracting (6) from (7) gives 


^p + + ep] + + 6,] 




( 6 ) 


(7) 


Lp 


-A^VWx" 


dit 


/ueg 


ep-/*eg-tpPp 


Cp + 


dip 


dep ^ ' de„ 

Bp + M^o 


( 8 ) 


where it is assumed that the grid current is 
negligible. 

26. The Loaded Plate Circuit of a Three- 
element Tube. — As far as variable currents 

Fio. 3l.-Equivalent network Concerned, if the tube is closed through 

for impedance loaded three- an external impedance Zj we have the equiv- 
eiement tube. alent circuit^ showii in Fig. 31. It is as 

though a variable voltiJge ixcg were impressed on a series combination 
made up of the dynamic plate resistance Vp of the tube and the external 
plate impedance Z, since the internahtube capacities can in many cases be 
neglected. The correctness of this equivalent circuit is evident from 
Eq. (8), when we substitute Cp = —Zip, The latter relation is an expres- 
sion of the fact that a rise in plate current produces a drop of plate 


1 Relations (8) and (8a) hold well within the customary high-frequency range. 
This is, however, not true when the time of electron flight from the hot cathode to 
the anode becomes a noticeable fraction of the period 1// of the Jiigh-froquency current 
of frequency/. For instance, if it takes an electron exactly the full period 1// sec. 
of the high-frequency current to cross the hot cathode-anode distance, the current 
has a phase angle of 360 deg. and correspondingly leas for other noticeable ratios of 
passage time to period of oscillation. This means the fictitious driving voltage iiEq is 
complex since m has a real and a reactive component of the form Mt ± jMs. The same 
is true for the dynamic plate resistance rp and the current ip since they are in the very 
high-frequency range of the form 

Tp ^ ri ± jri and ip ^ ii ± jit 
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potential equal to the voltage consumed in the external impedance. 
Hence 

[Z + rp]ip = fiCg (8a) 

Also, for Z = 00 , no plate current flows and 



that is, the voltage amplification is equal to the amplification factor. 

We must distinguish between static and dynamic tube characteris- 
tics, and characteristics which hold for the tube only or for a tube with 
an external anode branch. The latter is of importance, since a tube must 
deliver energy. Figure 32 gives the various static characteristics. The 



Fig 32 — Static tube characteristics. 


internal effective plate rebistan<‘e of the tube is Vp which, in the case of 
variations along the straight portion of the characteristic, is equal to the 
static resistance Rp. For other portions of the characteristic it is 

_ d[Ep + ^ Rp 

“ dip = n 

According to Eq. (18) on page 14, we have for any grid voltage, whether 
variable or not, and for negligible grid current 



where Rp denotes again the direct-current resistance and the lumped- 
triode voltage is Ei = ^Eg + Ep, The quantity Rp can be found from 
the characteristic for which Ip is plotted against Ei (Fig. 134). It 
depends on the operating point. For many purposes it seems more 
convenient to express the triode action by 

/, . k[^ - £,]■ 
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The minus sign enters since the plate potential decreases when Eg and Ip 
increase. The factor K is again determined by the operating point on 
the plate-current grid-voltage characteristic. It denotes the steepness 
at that point. The dynamic plate conductance then is 



leading to the dynamic plate resistance of the triode at any point on the 
characteristic 



which for thiee-halves-power law gives n and 



Moreover, one group of characteristics (Fig. 32) represents the anode 
current Ip which depends on the plate potential Ep^ holding for a particu- 

DynotmiC 



lar fixed grid potential Eg, The other group gives the plate current which 
depends on the grid potential, each curve holding for a particular plate 
potential. Figure 33 gives the corresponding dynamic characteristic 
for the case of an external resistance load. The resultant potentials and 
currents are then Eg ^ Ee + eg] Ep ^ Eh + ep] Jp « 4 + ip. It is 
seen that, because of the potential variations eg on the grid, the dynamic 



HIOH-FRBQVENCY GENERATORS 


69 


characteristic is a characteristic turned into the position of the heavy 
curve which for small variations is almost linear. Now, according to Eq. 
(8o) and Fig. 31, a pure resistance load (Z = fi) in the external plate 
circuit is the simplest case and a single-valued characteristic is obtained, 
A tuned plate circuit (current resonance) acts, under certain conditions, 
as a pure resistance Ipad and is used in some tube oscillators as well as 
with certain types of amplifiers. Hence, for a tuned plate circuit as in 
Fig. 29, the external load is 

^ - m w 

which is a pure resistance if the effective resistance R of the oscillatory 
circuit is small. Otherwise, we have for the effective external plate 
impedance 

Z = - ju)oL (9a) 

where wo/(2ir) denotes the resonance frequency of the tuned plate circuit. 
A tube circuit delivers energy to some other circuit such as an antenna. 
Hence the effective resistance R is increased and is usually not negligible 
so that (9a) rather than (9) is the expression for Z. Therefore, it is 
evident that the plate current ip does not vary quite in phase with the 
grid voltage eg. The dynamic characteristic is then no longer a more or 
less straight single-valued curve as for pure resistance load, but a closed 
path of oval shape as indicated in Fig. 34, since the impedance 

Z = ft ± jX, 

together with the tube resistance produces a phase angle 
iP = taii"^ { ± X/{R + Tp) ) . 

It is seen that we have to deal with a vector triangle of sides /ie^, rpip, 
and Z • ip instead of a term ft • ip for the drop — Cp » for a pure 
resistance load Z — R, The effect of the external plate impedance gives 
characteristics which resemble an ellipse with a wattless area for a pure 
inductive or a pure capacity load, respectively, since the driving voltage 
iJiBg works over a series combination Vp + j<aL or Vp ~ j/ioiC), The main 
axis of this oval-shaped characteristic is almost a straight line when 
Z § Vp, For Z = rp in the vector diagram, we have <p ~ 45. This 
angle determines the shape of the characteristic^ area and with a decrease 
of 0 the oval becomes narrower. 

^ An application of a reactive load to an amplifier is given on pp. 194, 196-198. 
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27. Theory of the Tuned-grid Oscillator. — Tlie actual oscillator 
is the heavily drawn branch of Fig. 24. Using, for the sake of simplicity, 
the generalized symbolic method where n denotes the generalized angular 




of oval characteristic 


•p 

"p 




..velocity n = a + j<o, for the sum of the voltages around the heavily 
! drawn oscillator, we have for the amplitude values i' and i/ of t and ip 

+ nL + + ip'nM = 0 (10) 

voltage due to the voltage ooming from 
oscillator alone the plate circuit 

According to Fig. 35 and Eq, (3) for negligible grid current, we have 


that is, equal to the steepness of the grid-potential plate-current charac- 
teristic. The approximation holds for the straight portion of the 
characteristic — otherwise for small variations only. It is the quantity 
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which L. A, Hazeltine calls “mutual conductance” over the grid to plate 
in his derivation. ‘ Hence 

if 

ip = • e/ * (11) 

Eliminating ip in (10) by means of (11) gives 

or the quadratic equation 

+ n]^R + j + .^ = 0 (12) 

which, for the case of oscillation, gives 


71 = a i jw 



But for sustained oscillations the damping factor a must vanish (a = 0), 
which means 

(7(W)o(«) 1 

/ = __^_eycles/sec (14) 

The negative sign necessarily belongs to the mutual inductance M and 
expresses the fact that the windings in the plate branch must oppose the 
windings in the grid branch. The expressions in Eq. (14) refer to the 
condition for which sustained oscillations are just possible. In this case 
the effective oscillation voltage is just equal to peg. For the case where 
. peg is smaller than the oscillation voltage required, a damped wavi j 
train is produced which dies out before being observed, while, for pe i 
larger than the oscillation voltage, growing oscillations are established 
until the energy balance, as well as tube characteristic, limits a furthf 
growth of the oscillating current. Since the internal tube resistance, 
according to Eq. (4), is equal to p/gmj we find by means of the value of 
found in Eq. (14) that 



indicating that for a condition of sustained oscillations the tube offers 
a negative resistance action. The expression for gm in Eq. (14) indicates 
how the circuit constants have to be related for the existence of sustained 

^ For the theory by L. A. Hazeltine see Proc. 6, 63, 1918. 
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oscillations. For < CR/M, a small oscillation cannot be self- 
sustained; and if > CRIM any oscillation, however small, will increase 
in amplitude up to an equilibrium value at which the losses in the tube 
circuit are equal to the power supplied from the B battery. Figure 35 
shows that the steepness of the grid-potential plate-current characteristic 
varies, that is, = dip/dCg, and passes through a maximum (corre- 
sponding to the mid-point of the straight portion of Ip function (Eg) 
curve. Now, for a fixed steady plate potential, and circuit constants C, 

R, and L, sustained oscillations just 
set in for a certain steepness gm^of the 
(Jp — Eg) characteristic, for instance, 
corresponding to a fixed grid bias 
(—Eg^) volts. However, the*' falling 
in^* of oscillations for such a position 
is not so critical as for points of some 
less negative grid potentials. The 
most sensitive falling in occurs when 
dgmldeg becomes a maximum corre- 
sponding to a fixed negative grid 
potential which is ( — The 

Flo. ss.—Optimum condition for starting steepness then varies most rapidly, 
oscillations. rni_ x 

Ihe steepness gm corresponding to 
this optimum condition can be satisfied by changing the mutual induc- 
tance M between the tuned grid circuit and the plate circuit. This 
property has been used by L. B. Turner to obtain a very sensitive trigger 
relay (page 277). 

28. Theory of the A. Meissner Oscillator. — ^The power dissipated 
in the oscillator circuit must be continually supplied in order to maintain 
the oscillation. Therefore, it is possible to derive the oscillator relations 
by means of this principle. In the heavily drawn oscillator circuit of 
total inductance L (Fig. 24) the oscillation of angular velocity w = l/VCL 
can be sustained when the power supplied to it is sufficient to cover the 
losses. The induced amplitude voltages in the grid and plate coils are 



e/ = juMgi' \ 
Cp' = jaMpi'j 


(16) 


and, since the losses are to be supplied by the B battery in the anode 
branch, for the energy compensation we have 



energy delivered 
by plete eeil 


” 

.MW diwintwl ia 
wimlator oiMtoh 


(17) 
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since the effective value is equal to twice the amplitude value. But 
ep - Qm • Cj'; hence 

t'* • R = • ip' = — (18) 

and the conditions for which sustained oscillations are just possible are 

R __ C'CM)2,(>>«w)2j(n) 


Qm 


(mhoB) ^ 


(19) 


Since 


VCL 


( 20 ) 


Grid and plate windings have therefore to act again in opposition so that 
either Mg is positive and Mp is negative or vice versa. The apparent 
resistance reaction is 


rp = —M 


(a^MgMp 

“S 


( 21 ) 


and is negative which accounts for the existence of self -excited oscillations. 

29, Theory of the Tuned -plate 
Oscillator. — The oscillator shown in 
Fig. 29 can, as far as the variable-cur- 


WVWW- 


T~ 

i 


fc 


Sl 


8 R 
o 


T 


rent display alone is concerned, be con- 
sidered as an equivalent circuit, as 
indicated in Fig. 31. The external 
plate impedance Z then consists of the Fiu. 36.— Equivalent tuned -plate oscil- 
platc coil (L, R) in parallel with its 

tuning condenser C (Fig. 36). The instantaneous value of the plate 
current is 


and the driving voltage 


ip = ii + H 


fjeg = /x(--ilf)m’i 


since the current ii induces the voltage Cg in the grid coil and the grid 
windings must be in opposition to the plate windings. Since the voltage 
across the coil is the same as that across the condenser, we have 

— iuMmi ~ rp[ii -f + [i? + nL]ii 

^ = [i? + nIAiy 

Eliminating h in the first equation by means of ^2 =* nC[R •+• nL]i\ from 
the second equation, we find 

TpChn^ -f- 4" TpRC 4- 4" 4* -B] 0 



(23) 
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that is, a quadratic equation for n with the solution 


n ^ a ± jo) 


where 


a 

0) 


4 


irj. 

2[rp< 


+ ^ + 
,C ^ L ^ 


1 + (B/r,) 
CL 


jM-\ 

r„CL 



For sustained oscillations a = 0, and- 


( 24 ) 


, 1 /l + {K/\) 

^ cl 



-IxM -L 
liC 


(25) 


when the frequency is in cycles per second, and all other <]uantities in 
practical units, that is, in farads, henries, and ohms, respectively. Hence 
the critical coupling for which sustained oscillations just exist is 

-M = -4- ^ ^ 4- (25a) 

IX Qm 

It can be seen that, for negligiblc^effective resistance i2, the ordinary 
frequency formula /o = \/{2ir^/CL) is obtained. But for a loaded tube 
circuit the frequency is different. The foregoing results can also be 
checked by means of Eqs. (3) and (8) for plate-current variations since 


dip , 

de, 

Gp + 




(26) 


30. Vector Diagram of a Tuned-plate Oscillator. — If //>, h, hy 
Eq^ and Ep, in this particular case, are the effective values of the variable 
currents and voltages in the oscillator shown in Fig. 37, we have the 
indicated vector diagram. The driving e.m.f. is practically equal to the 
effective, alternating plate potential Ep, but out of phase by the angle 7, 
since the plate coil has a watt component Rh and a wattless component 
o>L/i. The effective grid potential Eq and plate potential Ep are not 
exactly in antiphase but differ from 180 deg by this small angle 7. The 
condenser current I 2 leads Ep by 90 deg and the coil current h is only 
approximately in antiphase with I 2 , The resultant effective plate 
current Jp is therefore equal to the geometrical addition of Ii and 1 2 . 
If ft = 0, it would be in phase with the effective grid potential fto, since 
for such a condition Ji would be the true combination of 1% for the current 
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circulation around the LC branch. Introducing the corresponding 
vector values written with a dot below, we have, according to (26), 

Ip — h h = ^ \hpp + — [R + nL]/i + nMnh} 

Tp 

= -L]/i -iJ/,} (27) 

Tp 

But for sust allied oscillations a = 0 and n = jw; hence 


tan h = - , „ Y\ 

<i>{nM — L) 

and for the corresponding effeclivc values 


(28) 


= /JV/ ^ - LY 


(29) 


Hence the combination acts as though a coil of resistance R and induc- 
tance {^lM — L) were in the external plate branch. 



31. Amplitude and Phase of Oscillations in a Tuned-plate Generator. 

In order to sustain the oscillations in the tube generator shown in Fig. 38, 
the induced voltage eg across the grid coil must have the same amplitude 
and the same phase as the original voltage, since the grid voltage pro- 
duces a variable plate current ; this in turn produces the oscillatory cur- 
rent, and this again, by means of a back feed, the grid voltage. If the 
phase of the e.m.f. fed back into the grid circuit were somewhat behind 
the original phase, the phase of the plate current produced by it would 
also be behind with respect to the original anode current; and the fre- 
quency of oscillation would become lower. Hence, for sustained oscillations 
of fixed frequency, the maintenance of the same phase is just as important 
as that of the amplitude. 



76 


PHENOMENA IN HIOH-FREQUENCY SYSTEMS 


From Fig. 38 it can be seen that the resultant values Ep, Ip of the 
plate potential and plate current never become negative. For the ideal 
case, the amplitude fp' of the variable plate current is half the saturation 
value /„ as indicated in Fig. 39. The lumped voltage Ei = juEg' — Ep' 



Fig. 38. — Approximate phase relations. 


is then equal to the saturation voltage E^, and the amplitude of a nor- 
mally working tube oscillator is 

e/ = e/ + fie/ ^ y* (30) 

whiic the amplitude of the variable plate current for such a condition is 

tV g ^ (31) 

where /« denotes the saturation current of the tube. But when the 
coupling between grid and plate coils is too close, we obtain the over- 
loaded condition indicated in Fig. 39, for which 

e,' = e/ + fie/ ^ ^ (32) 

For the limiting case, a rectangular ip curve would be obtained, for which 
the respective amplitudes of the third and fifth harmonic would be as 
high as 33.3 and 20 per cent of the fundamental amplitude. 

The operating point P for the nondistorted as well as the distorted 
case shown in Fig. 39 can be chosen anywhere along the lumped char- 
acteristic. If it is at P', by choosing a correspondingly large negative 
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grid bias Ec, current pulses only will be produced in the plate circuit as 
in Fig. 40. The same can be used for frequency multiplication (Sec. 64. 
page 153). 



Since, for resonance, the external plate impedance of Fig. 38 is about 

L 


Z = 


CR 


R 


(33) 


that is, an ohmic resistance, we have for the maximum value of the oscil- 
lating plate potential 





(34) 


which, for normal oscillations (undistorted case of Fig. 39) must be 

” ^ 2CR 


(36) 


But the resultant voltage (pulsating plate potential) between the hot 
cathode and the plate is 


Ep = Eh 


L . 
C/e* 


sin o)t 


(36) 
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E,' ^ 0 (37) 

since the resultant plate potential never falls below a zero value. Since 
the maximum value of ip is at most /./2, we have 

L 2Ej, 

CR-TT 

According to Eq. (29), the amplitude value of the oscillating current 
passing through the plate coil is 

,v = m 

VR^ + [o>{L + mM)]* 

But, according to Eq. (25a), 

L + nM ^ -r^RC 

and, in addition, introducing the substitution o) = I/VWL in Eq. (39), 
we have 


R\/C/L + 1/rV 


in^VL'/c < lVl/c 


2R 


But the current 12 through the condenser is, for resonance, practically 
the continuation of the sinusoidal coil current ii, and the amplitude of 
the oscillating current in the CL branch, according to Eq. (40), can then 
never be greater than {Is/2R)\/LICy where L is in henries, C in farads, R 
in ohms, and the saturation current in amperes. Since the negative 
grid bias Ec can be so adjusted as to bring the operating point P (Fig. 39) 
in the middle of the characteristic, the steady B-battery current is then 
h = /•/2 and the optimum amplitude value of the oscillatory current is 


Ik 

“ieVc 


An optimum is also obtained when 


since, according to Eq. (38), for maximum output we have 

, /. E,CR 

/ . SBS — as — — - — 

•*0 r* T 


Equations (41) and (42) give 


( 43 ) 
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Hence the ratio of L/C should be so chosen as to make it equal to 2REb/It 
since then the amplitude of the oscillatory current 


ii = 



(44) 


32. Efficiency of the Tuned-plate Oscillator.— For optimum alter- 
nating-current output the efficiency, as far as the plate input only is 
concerned, is 




E,h 




= 50% 


(45) 


Therefore the alternating-current output can be increased by choosing a 
larger supply voltage Eh> With increasing plate voltage, the electrons 



Fig. 40. — Most efficient operation at the expense of output power. 

emitted at the hot cathode strike the positive plate with increased speed 
and heat it up by electronic bombardment. An oscillator operating with 
a dull-red anode is a common occurrence with power oscillators and shows 
that much oscillating energy is being supplied. But, for still higher 
supply voltages, the plate must be artificially cooled (water cooled, for 
example) in order to give increased output without injury to the tube. 
For small tube oscillators, the filament supply {Ea * /«) is considerable in 
comparison with the power {Ehih) delivered by the B battery and tb^ 
over-all efficiency is much lower than 50 per cent. 

The plate efficiency given by Eq. (45) is low because the oscillations 
take place about the mid-point of the characteristic and only maximum 
output is delivered for such an adjustment. For tube oscillations with 
this adjustment, the B battery supplies the power EJb *= Ehh/2. 
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In case of oscillations the power Ebhl2 = Ebl,/i. is dissipated in the 
plate in the form of heat. In this case the battery current does not 
change as oscillations set in. This is true because the power delivered 
by the B batt(‘ry to the oscillating tube circuit is 


W = + i,.]dt 

^ T? 7 

■— JiiftI ft ^ ■ 


IP ^ b 
*‘2 


(46) 


since 


Bp = Cp sin ^co/ - I - ^ Bp sin (^u)t - ^ 

ip = ip sin + 2 + = ip sin (^ojt + 


and for maximum output Bp = Eb and ip == h. The supply voltage Eb 
is fixed. Hence, for this case of maximum output, the plate current must 
sink to half of its original value. This is the reason a plate-current dip is 
noted in properly adjusted tube oscillators when the oscillations set in. 
The efficiency can be increased when there are periods during each cycle 
of the oscillation for which no plate current flows. This occurs, for 
instance, when the negative grid bias Ec is so chosen that —ixEe = Eh\ 
that is, no plate current {h = 0) exists. We then have the case indi- 
cated in Fig. 40, in which the plate can heat up only during every other 
half cycle. The power supplied by the B battery is only 




Bp ip 
TT 


(47) 


The power delivered by the tube to the oscillator is 

_ [i,'/y/%^L/{CR) _ tp'* L _ 

' 2 4 Ci? 4 


(48) 


with an efficiency of 


lOOTTs 
" Tfi 


78.5% 


(49) 


The output of the tube, however, is lower. Therefore, it is evident that 
the efficiency varies from 50 to about 78 per cent depending on whether 
the oscillations take place about the mid-point of the characteristic or 
some point corresponding to a negative grid bias Ec which makes 
[Eb — tiE^ < E,/2 and not sipaller than 0. The efficiency is then 
usually increased at the expense of distortion. 
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33. Oscillation Characteristics. — ^The average power in the oscillating 
plate circuit shown in Fig. 38 is 

w - \e,v - ^(.V)’ 

For small oscillations, which occur over only a limited portion of the 
grid-potential plate-current characteristic, the plate current is given by 


'^p — Qn 


(50) 


but if the amplitudes ip are considerable, the 
curvature of the characteristic must be taken 
into account. The instantaneous value of 
the alternating plate current is then a func- 
tion of both the variable grid potential and 
the plate potential, and the equations are no 
longer linear. For this reason, according to 
H. G. Moeller,^ it is convenient to use oscilla- 
tion characteristics as indicated in Fig. 41, Fia. 4i. 
where the cahnilation is based on the ampli- 
tudes of the sinusoidal potentials and currents. The relation between 
ipj eg, Cp over the oscillation circuit and back feed is then again linear, 
since in 



-Oscillation 

istics. 


character- 


CR 
JIf®' 


mr: 


(51) 


LIMRc may be considered a constant because the tuned-plate circuit acts 
externally like an effective resistance 


Re 



(51a) 


This can also be seen from the energy relation 

1 . 1 . 1 1 

2^p'ip' = Tjo ~ r Jo ep)dt — i^pCg^gm (52) 

where g denotes the mean steepness of the corresponding grid-voltage 
plate-current characteristic. Hence Eq. (50) can be brought into the 
form 

= Qmeg (53) 

where may be called the mean conductance over the grid to plate of 
the characteristic oscillation curve. The oscillation characteristic 
given by (53) can be constructed by means of Eq, (52) or be obtained 

^ Mobller, H. G., “Die Elektronenrdhren,” 2d ed., p. 78, Vieweg, Braunschweig, 
Germany, 1922; also third edition, p. 64; also Jahrh, d. drahU., 14 , 326, 1919. 
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experimentally by means of the cathode-ray oscillograph. In a similar 
way, the lumped oscillation characteristic 

tV = F{ei') (54) 

can be used when the lumped amplitude 

ei = tieg — e/ (55) 

The negative sign enters since the alternating component of the grid 
potential increases when the corresponding anode potential decreases. 
Equation (51) is derived as follows: The induced maximum voltage 
across the grid coil (Fig. 38) is 




VCL 


Combining this with the approximation of Eq. (40) which is 



Flu. 42. — Back-feed diagram i^ip is final 
amplitude) . 


.... 

( 50 ) 

we find, upon elimination of tV, the 
expression of Eq. (51). From Eq. 
(51) it is evident that for self-cxcita- 
tion of tube oscillations the depend- 
ence of e/ on tp' is dependent not 
only on the oscillation characteristic 
(Fig. 42) but also on the inclination 
y of the line OP, since 


y = tan""^ 


CB 

M 


(57) 


Hence, if this line does not inter- 


sect the oscillation characteristic, no oscillations are possible. The 
shaded region corresponds to a condition of this kind. Therefore, the 
steepness 


, _CR _ L 
®'”‘ M MR, 


(58) 


corresponds to the mean mutual conductance over grid to plate. Self- 
excited oscillations are impossible for large values of Qm* This happens if 
either the coupling M is too loose or the product CR is too large. If the 
line just produces a tangent at Po on the oscillation characteristic, the 
oscillation, if existing at all, is apt to cease at any time. Oscillations for 
steepness OP\ cannot begin to build up on their own account. The line 
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OPi of back coupling is not tangent to the oscillation characteristic at 
the origin and the steepness 71 is greater than the steepness 7 required 
by the tangent at 0. A somewhat closer coupling must be chosen in 
order to make the line of back coupling just tangent to the curvature of 
the oscillation characteristic near the origin. The intersection P then 
lies on a stable portion (drawn in full line) of the oscillation character- 
istic. The oscillations can then build up to the point P. Hereafter, the 
coupling can be loosened up somewhat, for instance, corresponding to a 
feedback line OPi without in any way disturbing the stability of the oscil- 
lations. If the mean steepness g„, is reduced just beyond that correspond- 
ing to an angle 70 , the oscillations suddenly cease. This is why it is 
necessary at times to tighten up the coupling of a tube oscillator in 
order to start the oscillations. After this the coupling can again be 
loosened. The starting up of self-excited oscillations can also be accom- 
plished by changing the oscillation characteristic. This is done by 
choosing a proper grid bias. The starting of oscillations can then be 
made very critical and is used, for example, in the trigger relay (page 
277). This effect of the grid bias, however, can be disadvantageous 
since for certain systems using grid modulation the oscillation may 
suddenly stop when a certain grid potential is exceeded. When 
the lumped oscillation characteristic [Eqs. (54) and (55) J is used, the 
graphical solution for the final oscillation amplitude is as follows. 
According to Fig. 38 and Eq. (55), we have 


€i = tie/ ~ c,/ = fjLu)Mi\' — wLii' = 


[fjiM - L]ix' 


(59) 


Combining this result with Eq. (56), the lumped amplitude becomes 


f Ij , f f f 

61 — Ip Bp 


(60) 


if (/xAf — L)/CR denotes the feedback 
factor and is again a slanting line at the 
angle 

^ , fxM — L 

d = tan“^ — — 


(61) 





The construction is shown in Fig. 43. 

Draw the feedback line OP at the angle 5. 

The intersection with the lumped oscilla- 
tion characteristic at P determines the final 
amplitude ip' = if' of the oscillating plate 

current, and OA gives the lumped oscillating amplitude potential 
Me,' — ep'. The amplitude of the alternating current ii = ii sin wt can 


Fiq. 43. — ^Lumped back-feed char- 
acteristic. 
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then be calculated by means of Eq. (56), since ip is found from this 
construction, 

34. Effect of the Load in the External Plate Circuit on the Internal 
Impedance between Grid and Filament. — Because of the interclectrode 
capacitances, especially the grid-plate capacitance, the input charac- 
teristic between grid and filament is different with different kinds of 
plate loads and degree of loading.^ Assuming a proper negative grid 
bias so that the grid current can be neglected, for an impedance input 
Zi = Ri ± jXx and a plate output Z 2 = R 2 ± jX^y we have the circuit 
indicated in Fig. 44, where all currents and voltages denote the maximum 
instantaneous alternating values due to a sinusoidal impressed voltage 
eg == eg sin (at. This voltage is due to the voltage drop across the external 



■ Equivalent tube c/rcuif 

Fig. 44. — Pkiuivaient tube circuit with impedance input and output. 


input impedance Z\. As will be shown, even for a properly biased grid 
for which no grid convection current flows, an effective grid impedance 

Zg = Tg ± jXg (62) 

exists with an active loss or gain component Vg depending upon whether 
the effective resistance Vg has a positive or a negative value. For a 
negative value, regeneration takes place, since the reflection of the 
actions in the external plate branch Zz in virtue of the plate-grid capaci- 
tance increases the original grid voltage Cg. When 

Ri + Vg^O (63) 

sustained oscillations take place, since a negative resistance action is 
effective in the entire input circuit. Therefore, oscillations can also be 
produced through internal feedback. This is a desirable feature in 

^ Nichols, H. W., Phy9» Rev.y 13, 440, 1919; J. M. Millbe, Bur. Standards, Sd. 
Paper 361; A. .S. Blattbrmann, Radio Rev., 1, 633, 1920; S. Ballantinb, Proc. 
LR*E.y 7, 129, 1919; J. H. Mobbceoft, Ptoc. I.R.E., 8, 239, 1920. 
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certain circuits and the cause of trouble in amplifiers that are not properly 
designed. 

The derivation is briefly as follows. According to Helmholtz^s 
(generalized Kirchhoff^s) laws, for the abbreviation n = jw, we have 


+ Z^ip 



ill = '^2' 4 . 

nCi nC2 riCn 


ij = ii' + i\ 
iz = 72^ + Ia 
h' = jp + 




u 

nCi 


— if, Zg 


which upon elimination of all the currents leads to Eq. (62), since 


To = 


for 


ac + hd 
c2 + 


and 




be — ad 
■^+"52 


( 64 ) 


a = AR 2 + - ' 

ojr,, 

Ji2 

cor., 


b = AX 2 


I 

CO 


C = fL^i^Ca + B] + B - coAV> 

'^p 

d = ^-VCs 4- ^1 + oyRiD 


( 65 ) 


A = C 2 C '6] /^ = (7i + Cz\ B = C 1 C 2 4* CiCz + C'lCzj 

The effective impedance Zgy when the filament-grid gap is considered, is 
then 

(i/co)[l + {rJZ^)] 


jxCz + B + (XpIZ^B +^WpI> 


and the power dissipated in this gap becomes 

w = r = r~ i — = - - 

2'^ [Zj2 2r,2 + A 


( 66 ) 


( 67 ) 


Case A. The External Plate Load Is a Pure Resistance R 2 , — Then 
Z 2 = Ri, and 


7 — I 

_ 9' “1“'. .9 f 2 ' 


y 2 4. ^2^2 y 2 4. ^252 

+ ado)^ 


= r, -f- 


1 




- r, - jXg (68) 


for 


a = r„A; ^ ^ 


7 == fiCi + Bfij 6 »= VpD (68a) 
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The internal grid-filament gap acts as a resistance Vg in series with a 
condenser Cg. The effective grid resistance is positive since the numera- 
tor [ay + /55] is always positive and the grid circuit, even for a proper 

negative bias, dissipates the energy 0.5— . In the low-fre- 

quenoy range (frequency below about 150 kc/sec) Eq. (68) can be written 
to a fair degree of approximation as 


Z, 


ay + && j 1 _ _ 4_ _J_ 

T* jf^iy/P) ° wCg 


( 686 ) 


The effective scries capacitance then becomes 


C, 


1 


= Cl + 0-3 + 


geometrical 
grid capacitance 



inoreaHe of 
capacitance 


(69) 


According to this result and Fig. 44, it can be seen that the 
true grid capacitance Ci + Cs, because of the back action of the 
external plate load 722, is increased to an effective value C^, which becomes 
greater as the amplification factor of the tube, the load resistance 722, 
and the grid-plate capacitance become greater. For a load resistance 
722 that is very large in comparison with the internal tube resistance r^, 
the increase is proportional to /xCs, that is, to the grid-plate capacitance. 
Therefore, the effective input capacitance can be several times the 
geometrical value Ci + C3. When the external plate circuit is short- 
circuited (722 == 0), the remaining term Cg = Ci + confirms the true 
grid capacitance. For very high frequencies, the terms of Eq. (68) 
with the factor become significant and 


n _ C1C2 + C1C3 + C2C8 

A CV+C, 


(70) 


The effective grid resistance Vg is then practically equal to zero. 

Case B. The External Plate Load Is Inductive (Z 2 = 722 + j^L ^, — 
The numerator ac + hd of Eq. (64) for a positive value gives a positive 
and for a negative value a negative input resistance Vg. The latter con- 
dition produces regeneration, for which the back action of the external 
plate branch produces a certain voltage in phase with the original grid 
voltage. Since, for a positive reactance, 

ac-\-hd = + -[E** + X**] - — VC, (71) 

Tp (aVp 

for 

F = C,[C, + KCi + C,)] (71a) 
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The input resistance Vg is negative for oc + 6d < 0; that is 


for 

^ > //[/?** + Xs»] + 

CO 

(72) 


H ^Cz + fi[Cz + Cz] 

.(72a) 

Hence, for Xt 

= C 0 L 2 , we have 



IjLz > H[Rz^ “f* co^Z/2^] “f" TpRzCz 

(73) 


For an efficient coil loading for which since 



The quantity /o = w/2t = 1I(2t\/C Lz) would bp the critical frequency 
of the variations in the tube circuit for which the resulting tube capaci- 
tance (C' = C 2 + C8[l + 1/m]), together with the loading L 2 , would just 
produce a zero input resistance while for a negative valut^ of rg the 
total reactance due to C' and Lz, according to Eq. (74), must be inductive. 
Therefore regeneration takes place for frequencies lower than/o and self- 
oscillations for which = 0 can be produced only for frequencies 

lower than this critical value. For low frequencies, the condition* 
required by Eq. (74) is usually satisfied; and since Rz is small compared 
with cjjLz and Rz << rp, the effective grid resistance Vg and input capaci- 
tance become, to a good degree of approximation. 


^ _ Lz Cz ) 

" " '*rp[C, + C,P> (76) 

C, = Cx + C, ) 


If, however, the resistance Rz is large, the value of Vg will be positive. 
The property of negative resistance reaction of an inductive plate load 
on the grid circuit is utilized in the piezo oscillator where, for the crystal 
connected between the grid and the filament, oscillations can exist only 
when the equivalent reactance of the tank circuit (Fig. 63) is inductive. 
As soon as the tank circuit is tuned and tends to become capacitive, the 
oscillations will stop. When, however, the crystal is connected between 
the grid and the plate and the feedback occurs through the grid-filament 
interelectrode capacitance, only , a capacitive plate load can support 
oscillationai 
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Case C, The External Plate Load Is Capacitive ~ ~ 

Since for this case Z 2 = ^2 — for ac + bd, Eq. (64) gives positive 
terms which will numerically outbalance the negative terms, and is 
always positive. A certain amount of energy will be subtracted by the 
grid from the source supplying the grid potential. 

Case D, External Grid and External Plate Impedances. — For the 
circuit shown in Fig. 44, not only a reaction of th(‘ actions in the external 
plate branch on the grid circuit exists but also a reaction of the actions 
in the grid branch on th(' plate circqit, since 

ij = joiCie/ +jo)Czea - jo)C\ej/ 

lb = ji^C^Cp + -y- + j(j)Czep — jo)C3ey^ 

/j2 




Considering the plate reaction on the grid e.m.f., we have the circuit 

indicated in Fig. 45, where the indi- 
cated voltages and current again 
^ denote the maximum instantaneous 

^ values. The original grid voltage e/ 

Tj then produces a potential change pCf/ 

on the plate and a variable plate cur- 

2 =R 4 jx A = h' sin u)t with an amplitude 

' given by 

^ T V ' = 

I I + fp 

F,c. 46.-Plato reaction on grid potential, prodncing a reaction Vbltage 

y 

/ rF ' f ^2 f 

62 — A^p — « j \xeg 

/j2 + Tp 

This voltage forces a current 


^‘+FC-, + 


back into the external grid impedance Zi which gives rise to a super- 
imposed grid voltage 


ei ~ Zii' = 


12, + 

— [fll + jXl][i?2 ± jXi] ^ 

[fi* + rp ± 


- -IP-JQW 


(77) 
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showing again that an active component nCgPy which is either in phase 
or in antiphase with the original grid voltage eg, and a quadrature com- 
ponent iiBgQ are produced. Regeneration takes place when the real part 
is negative. The resultant grid voltage Sr becomes 


e/ = e/ + Cl' = [1 ± yPW (78) 

Figure 46 shows the case where the external grid and plate impedances 
are coils (Zi = Ri + jo)L\ and Z 2 = i ?2 + The maximum instan- 

taneous value eg again denotes the original grid voltage causing the 
maximum current through the grid coil which, because of the resistance 
i2i, lags Bg by somewhat less than 90 deg. The corresponding change 



Fio. 46. — Vector diagram for coil input and coil output. 


in the plate potential is —^ej for no-reactance load in the external plate 
circuit. Hence, for a coil load + 3 ^ 2 )} the potential eg is more than 
180 deg out of phase and will react through the grid-plate capacitance Cz 
and produce a leading current which has a component in phase with 
the original grid current. The corresponding feedback voltage e/ shows 
likewise that, as a rule, a large component in phase with the original grid 
voltage Bg exists, which accounts for regeneration. When the vector 
diagrams are drawn for either Z\ or Z 2 or both, capacitive, no inphase 
components are reflected from the external plate circuit. 

36. Tube Oscillator with Interelectrode Back Feed. — The circuit 
is the one indicated in Fig. 46. When the grid bias is sufficiently nega- 
tive, i' = zV and ip = f' + ig and 

ep = e/ - e/ = [fii + jcoLiji/ 

[B, + jwUW - [bi + ji' (79) 

But, according to Eqs. (4) and (8), 

ip' » gpfi.' + (80) 
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Combining these relations and neglecting terms which are small compared 
with unity, the frequency of oscillation is found to be 

/ = I- (81) 

Oscillations are possible for 

ILr + L,]C3 < - M*JL+ t) (82) 

[Rr + R,]r^ + ^ 

since gm' Vp — m- relation brings out the important fact that 

oscillations cease to exist when the coupling capacity Cs increases beyond 
a critical value. 




Equivalent grid 
circuit 


Fig. 47.— E<iuivalent grid circuit for tuned input and inductive plate load. 


The tuned-grid circuit shown in Fig. 47, for an inductive plate load 
Z 2 = /?2 + will behave like the indicated equivalent circuit and 

give rise to oscillations when the negative resistance action is numeri- 
cally equal to L/CR or larger. For lovr values of L 2 or at low frequencies, 
Eq. (76) can be applied, and the condition for oscillation is 


L 




Cf? r„[C, + C 3 P 

Since the reactance l/(coCy) of the effective grid capacitance Cy is gen- 
erally very large compared with the effective grid resistance 

n f Ci:' if 

- c + c,* 

and the power fed back by the plate reactance into the grid gap is 


W, 


while the power dissipated in the ^rid coil is 

rxi’ 


n th 


C, 1 

C + Cj 2 


IV2\ 


R 
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The total power taken from the source producing the original grid voltage 
is therefore 

W = w,-w^ = (84) 

The criterion for the existence of oscillations, for any condition, is 



Again making the assumption made in Eq. (83) 

p ^ ^^2^3 

= r,\C + C,+ CsV 


(85) 


( 86 ) 


Figure 48 gives the Lorenz and the Kuehn-Huth generators based on 
interelectrode back coupling. Such a generator is especially good for very 
high frequencies and radio amateurs call it the ^‘TNT oscillator. 



Fig. 48. — Internal feedback generators. 


With all circuits which apply parallel resonance it must be remem- 
bered that for a coil (L, R) in parallel with a condenser (C) we must 
distinguish between three critical frequencies. The one 

f = 1—^ 

2WCL 

is due to the simplified relation coiL = 1/wiC for which the resistance R 
of the coil is assumed equal to zero and the tank circuit is not supposed 
to transfer any power at all to another branch. In reality the parallel 
combination has an effective resistance 


(a^C^R ■“ CR 

in series with an effective! reactance X* =* l/(jo)C) and this combination 
gives the pure resistance at a frequency /2 which is slightly higher than/i 
since, for = 0, R. = RIJ/(o)^C^L^R^ + R^C^) and 
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The third frequency is the isochronous frequency 


Jt 

“ 2ir' 

In the case of oscillations depending on interelectrode back feed, we 
have several coupled oscillating circuits. There are at least two possible 
natural fundamental periods. As a rule, only one of the corresponding 
oscillations is properly fed back into the grid branch in order to be 
sustained. But, when the frequency of the oscillator is varied over a 
wide range, it may happen that the oscillation suddenly jumps to another 
frequency which then becomes possible. This case is discussed in detail 
in Sec. 39. 

36. Theory of the Hartley Oscillator. — The oscillator shown in Fig. 49 
is dependent partly on magnetic feedback (ilf) and partly on capacity 




Aieg 

..eg-L-Cp-. 

" \0Qy^QQr 


-4 


Equivalent 

Fia. 49, — Equivalent Hartley osoillator. 


feedback, the coupling capacity being C = Ci + Cgp. It should be 
noted that the latter is partially due to the interelectrode capacitance 
between the grid and the plate. The capacitance Co is a large by-pass 
condenser for the B and C batteries. The grid is again at such a nega- 
tive potential that the grid current can be neglected. The indicated 
voltages and currents are the instantaneous alternating-current values. 
According to Eq. (8) and for n = d/dt and n* = d^ldf^, we have 

Vpip 4 “ ^2] 

lumped tube 
voltage 


( 87 ) 
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where 


Hence 


Cp ~ — [R2 “f" uL^ii + uMiz 

voltage drop due to 

acrosB plate coil grid coil 

= — [i2i + nL\}i2 + fiMii 

voltage drop due to 

aoroen grid coil plate coil^ 


"f" ^2] “f* w[Z/2 4“ + nlfiLi 4“ M]i2 4" R2ii 4“ iJ>R]i2 = 0 

or 

il = "I" 4" n lfiLi 4“ M] 

u [rp + R 2 ] 4- n]LV+ fj^M] 

Neglecting the drop across the biasing condenser Co of the batteries and 
realizing that grid and plate potentials are at any instant in opposition, 
we have 


— ^2^1 — 711/21.1 — 7iMi2 4“ R\i2 4“ 7iL\i2 4" 7iMi\ = — ^ 

nC 

Multiplying this expression symbolically by ( — n) yields 

ii[Z/2 — M]ti^ 4“ w[/?2^i — R1I2] “ i 2 [Lf\ M]ti^ 4” 


- M]n^ + nRr + ^ 
t2 [1/2 — Af]n^ 4“ nR2 

By eliminating the current ratio ii/i 2 by means of (89) and (90), putting 
n = jo)f and realizing that R 2 /rp as well as ixRi/vp are negligibly small 
compared with unity, oscillations of frequency 

^ ^ 2»"v/[£7+I;7+'2mIc' 

occur, which, for no magnetic coupling (il/ = 0), become 


2W{Li + U]C 

The condition for maintenance of oscUlations is 




rARi + RiWLi +L, + 2M]C ,Lt + M 


iLi'- M][is + M] 


Li + M 


(93) 
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37. Effect of Grid Current in Tube Oscillators. — So far, it has been 
assumed that no grid current exists. But, as a matter of fact, even with 
a grid condenser and grid leak, a certain grid current flows. It has an 
effect on the constancy^ of the frequency. 

When the grid, as well as the plate, takes a convection current, we 
have for the resultant quantities 

Ep ^ Eb + Bp 

j&y = jBc + Bg 

/p = /fc + ip 

Ig ~ Ic ig 

the two functions 

Ig = <ir(Eg, Ep) 

When the resultant grid and plate potentials vary in such a manner that 
the plate current Ip remains constant, we have 

dip _ dip , dip dEp 

dEg dEg dEp d~Eg 

= ffm + = 9m - ^ = 0 (94) 

Tp Tp 

since 

dlpjdEg dEp 

dU/oE^ 

When the resultant grid current I, is kept constant, 
dig _ ^ 

dEp dEp dEg dEp 

= 9n + k-M»] ^9n- = 0 (96) 

rg Tg 

Since for constant /, the inverse amplification factor 

dlgjdEp 

dlJdEg dEp l/rg 

^ Martyn, D. F., Exptl. Wireless^ 7 , 13, 1930, gives a good review of this case. 
Other references are J. Bethenod, Lumihre Hec.f p. 225, Dec. 18, 1916; M. Latour, 
Electrician^ 46 , 280, 1916; G. Vallatjri, U Elettrotechnica, 3, 4, 1917; L. A. Hazeltine, 
Proc. I.R.E,, 6, 63, 1918; W. H. Eccles, Proc, Phys. Soc. London, 82 , 92; 1920; R. A. 
Heising, Proc. A.I.E.E., 39, 365, 1920; I. H. Vincent, Proc. Roy. Soc. (London) (A), 97 , 
191, 1920; J. Edgeworth, Jour. I.E.E,^ 64 , 349, 1926; F. B. Llewellyn, Bell System 
Tech. J., V, July, 1926; K. B. EUer, Proc. I.R.E., 16 , 1706, 1928. With respect to 
frequency constancy for variations of line voltage and temperature effects see: F. B. 
Llewellyn, Proc. I.R.E., 19 , 2063, 1931; J. B. Dow, Proc. I.R.E., 19 , 2069, 1931. 
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because gn stands for the inverse mutual conductance, that is, the mutual 
grid conductance and Vg the internal grid resistance. Therefore, we have 
for the variable terms eg, ip, and ig 

ip • Tp = Cp + fiCg (94a) 

since a variable grid voltage eg is equivalent to a variable voltage fiCg in 
the plate circuit, and 

‘ (96a) 

since a variable voltage ep in the plate circuit is equivalent to a voltage 
/xn • Cp in the grid circuit. Applying these relations in the form 


• I I r 

^j) = ~ H a • ep + 0 • eg 

Vp Vp 

• I f^nep , 7 

rg Tg 

to the tuned-plate oscillator indicated in Fig. 50, for n = d/dt, 
and n"* = d^ldt\ we hav(‘ 


(96) 

dydt\ 


eg — n Mil — nLiig 


voltaKe indue ed in 
trnd <oil 

ep = nMig 

voltage induced in 
plate coil 


voltage drop m 
grid coil 

— TiL%il 

voltage drop m 
plate coil 


I (97) 


Eliminating ig and ip from (96) and (97) gives 


cC[LiU - M^Wii + [{UU - M^){ac - hd) + L^QnHi + 

[aZ/2 “h cIj-\ — M(h “1“ d^]fiii -f* ti = 0 (98) 


By negle(‘ting d in comparison with c, since the effect of the plate voltage 
on grid current is small, and putting 

i} = zV sin o)t 


that is, n = jw, the frequency of oscillation becomes 


/ = ; — (99) 

2ir VCLj + (LiL* - JW*)/r, • r„ 

The frequency generated, therefore, is always less than that given by the 
simplified relation /o = 1/(2t-s/ CLt) since LiLt is always greater than M^. 
Oscillations for small variations in the frequency are obtained when 


4 


'■LiluM - U] 


M 


( 100 ) 
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If the resistance Ri and Rt of the grid and plate coils are taken into con- 
sideration, the frequency of the tuned-plate oscillator becomes for 
A = LiRi + LiRi and B = UU - Af* 


1 

^ “ %rVC[Li + (,A/u)] + ^[(1 - MM«)/r, • rj 
For a tuned-grid oscillator, wc have 

1 


^ ~ 2irVCf/:, + {A/t^)] + B[(l - /iM»)/r„ • rp] 


( 101 ) 


( 102 ) 


sinee the condenser C is now across the grid coil LiRi. 

38. Stability of Frequency in Tube Generators. — Stable tube oscilla- 
tions can exist only when amplitude as well as phase equilibrium prevails, 



Fig. 60. — Tuned-plate oscillator (for neRligiblo if,). 


since the amplitude of the sustained oscillations is determined by the 
energy (amplitude) equilibrium, and the frequency by phase equilibrium. 
If, for instance, the variable plate current set up by the back coupling 
and the resulting effect of the grid potential is out of phase with the 
original alternating plate current, the frequency cannot be constant. 
For a lagging current, returned to the plate branch, each succeeding 
oscillation would fall somewhat behind the preceding oscillation which 
would produce a lowering of the frequency. For too loose a back 
coupling, less amplitude would be returned than required by the previous 
oscillation and the variations would gradually die out, while for too much 
back feed growing oscillations are produced until, for reasons of satura- 
tion and energy balance, a constant amplitude equilibrium is attained. 
For properly designed tube oscillators, a frequency constancy of a high 
order can be obtained.^ The frequency for certain cases can be constant 


‘ Horton, J. W., Bell System Tech. J., 8, July, 1926; E. Fromy, Uondc 4lec,, 4, 
433, 1926; J. Edoswortu, loc. cU,; K. B. Eller, loc. cit.; W. La.zaref, Z. Ilochfreq., 
88, 66, 1929; D. F. Mabtyn, he. ciL; H. G. M6ller, “Die Elektronenr6hTen,“ 
Vieweg, Braunschweig, Germany, 1929; J. B. Dow, he. cit. 
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to as close as 0.01 per cent. For the tube generator indicated in Fig. 50, 
the conditions for great frequency constancy are 

1. The grid current as small as possible (negative bias on grid sufficiently laigfe). 

2. The filament current as low as possible. * 

3. The coupling between plate and grid coils not too loose. 

4. The grid inductance small. 

5. The supply voltage delivered by the B battery as high as the tube can stand. 

The method of adjustment is, first, to produce oscillations with a 
certain negative grid bias and high B-battery voltage and a coupling 
which is not too loose. The filament current is decreased until the 
oscillations break off. The grid bias is then gradually changed until 
oscillations set in again. Hereafter the filament is again somewhat 
decreased. 

The phase and amplitude equilibrium can be readily understood by 
considering a tank circuit for which a coil (L, R) and a condenser (C) 
are connected in parallel and the combination traversed by a variable 
current of instantaneous value i. Since the voltage drop around the 
circuit must vanish, for n *= d/dt and 1/n = Jdi, we have 

[R + 'nL]i H” = 0 

When such a combination is inserted in the external plate branch of a 
tube, a voltage which is proportional to i under certain conditions can be 
fed back and we have 

[22 + nL]i 4“ “ ki 

or 

[B - fc] + [^nL + i j = 0 

which ioT k ^ R produces sustained oscillations whose ideal frequency 
is 

The two equilibrixun conditions then require that the voltage of reaction 
e ki eX any instant is proportional to i and has the same frequency; 
that is, the amplitude must be proportional to i and e must be in phase 
with i. The latter condition is affected by the different branches of the 
tube circuit. Taking a phase difference into account, we have 
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where fci is always positive and fc* is either positive or negative depending 
on whether the voltage e is leading or lagging i. We then obtain 


[22 + 7dj]i 4“ “ [fci 4“ 'iik2]i 

or 

fi[L - *2] + [ie - fc,] + ^ 0 


giving a sustained oscillation of frequency 



(103) 


for ki ^ R, Hence, for a leading reaction voltage e, the frequency / is 
greater than/o. For e in phase with i we have, as above, / = /o and for a 

lagging e.m.f. k^ negative and / < /o. 
Since amplitude as well as phase affects 
^ 2 , both will influence the frequency. 
Therefore it can be seen that filament 
current (changes plate resistance r^,), 
B-battery voltage, coupling, resistance 
of coils, and grid current must have 
an effect on the frequency. A fairly 
constant frequency oscillator can 
therefore be obtained with the modi- 
fied Meissner circuit shown in Fig. 51 
for which the foregoing conditions 

Fig. 61 .— ModiSed A. Meissner oscillator are satisfied when CiLi = C 2 I /2 = CL. 
with good frequency constancy. 

The frequency is then l/(27rvCL). 
Figure 62 gives a circuit for which the oscillation frequency is also 
independent of the resistance since Cg and ip are in phase. 

The ideal resonance frequency of the tube oscillator shown in Fig. 50 
is 

/Wo 1 

27r 27r\/CL2 



a. First, if only the effect of the plate-coil resistance R 2 is considered 
and the grid current neglected, a frequency shift A/ = / — /o will take 
place, since the condition of the phase equiubrium requires a change A/ 
in frequency. For the maximum values of voltages and currents, we find 
for n = j w = j2irf 

Cp' « [iZa 4* nL2]ii 
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and the external plate impedance 

^ [R 2 + nL2]/(nC) 

== ^ 

R 2 + nL2 + ^ 


For the ideal frequency /o, we have n = jcoo and nL 2 + l/(nC) — 0; 
that is, Z 2 = L 2 /(CR 2 ). But, for the actual oscillation frequency 



Fig. 52. — Oscillator with good frequency constancy. 


/ = o)/2ir = o)o/2ir + Awl27rj the term nL 2 + l/{nC) no longer vanishes 
and instead becomes 
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According to Eq. (65), the maximum value of the lumped alternating 
tube voltage 

The feedback factor is then 


Z, = = L!"' - i]^' = _ i\z2 (105) 

Ip [ ep jtp ep J 


The efifect of the grid current is at present neglected and the entire 
emission current is equal to the plate current. But the condition of 
phase equilibrium requires that e/ be in phase with ip\ that is, Zb must 
be a real quantity. Since 


Bg' __ nM ^ j<aM 

R 2 “h wZ/2 -^2 H” 


Z 2 given by Eq. (104) gives upon substitution in (105) 


Zb 




R 2 "h 


for 


Hence 


for 


^ “1 [^2 4“ jctfZ/2]/ (jc»>C) _ jcol fiM — Lg] — R 2 

J 2L2[ot + jAct)] j2Q)CL2[ct + 

a + jb 
2C[a + jAw] 


M . 

a = tij 1; 

Jb2 


b = 


R 2 

0)Ij2 


7 _ A + jB 
2C[a“ + A«*] 


A — aa -j- B = ab — (Aco)a 


(105a) 

(1065) 

(106) 

(106a) 


But Zb because of the phase equilibrium must be a real quantity, which 
means that the imaginary term of Zb must vanish. This happens for 
B = 0 or the shift 



alts 

u[fiM — Ls] 


(107) 


in the angular velocity w = 2ir/. Since Aw = A//(2jr), the frequency 
deviation A/ from the ideal value fo = 1/ (2ir\/CLt) due to phase equi- 
librium is 


. , aRs Rs ' S 

^ “ flMM - Ls] “ 


(108) 


where & stands for the logarithmic decrement S » Rs/i^^s) of the 
oeciUatory circuit CLt in the external plate circuit (Fig. 50). 
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6. When the effect of grid currents is taken into account, a frequency 
deviation A/ exists even for a tube osciUator (Fig. 52) for which phase 
equilibrium in the external circuit is provided. The reason for this is 
that, for instance, in the tuned-plate oscillator of Fig. 50 we deal with an 
effective grid resistance r = ej /ij and the full feedback voltage nMii no 
longer acts across the grid and the filament but only the portion 


€{, — 


rg + 3o)L 


nMii' 


(109) 


Again we have an oscillation frequency / = /o + A/, instead of the ideal 
frequency u)o/(2ir) = /, = Since the grid current depends 

on the filament current, supply voltage of the B battery, and Af, it can 
be minimized. The voltage /coA/iV induced across the grid coil lags the 
current by 90 deg and for a pure ohmic grid resistance Vg is in phase 
with the grid current ig . This alternating current reacts on the plate 
current, which in turn affects the damping factor a = of the 

oscillating branch. The result is the production of a phase angle between 
\p and f//. Owing to phase equilibrium this angle is compensated by 
the change A/ in /o producing the frequency /. 

According to Eq. (40), 


and (109) becomes 


i\ = 


Vuic^ , 

112 


r„M 

C + Jw-Li 



(109fl) 


UtiliziiiK the value of from Eq. (104a) for K = we obtain the 

back-feed factor 


Z« = 


K 


K 


1 M .-^"1 Ti 1 4- -I- 

^ JL J I 


( 110 ) 


Again the phase equilibrium requires that Zb be a real quantity, that is, 
contain no imaginary terms; hence from 


oiLji , Aoj 

~rg a 


0 


we find the deviation Af from the ideal frequency /o 

V.3& 


( 111 ) 
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The percentage frequency shift is therefore 

= ^100 = -f^’lOO 

f 2r„Lt 


( 112 ) 


since the damping term a = When the logarithmic decrement 

I = a// is introduced, we obtain for frequency deviation the expression 

A/ = (113) 

• 0 


Therefore when the effective grid resistance is = 2 X 10* ohms, 
B 2 = 1 ohm, and Li = L 2 = 5 X 10“ * henry, the percentage frequency 
deviation from the ideal frequency is 


V 


102 

4 X 10* 


-0.025% 


For a low-frequency generator, the effective resistance B 2 is usually of 
much higher order on account of the required high inductance L 2 , and 
the percentage frequency decrease may be considerable. It is quite 
possible that the audio frequency is off by a large fra(‘tion of an octave. 
Since the grid as well as the plate resistance can be readily changed by 
means of the filament current, the pitch of a low-fre(juen(*y generator 
can be easily varied by means of the filament. The frequency decreases 
when either the filament current is increased or the inductance M between 
the grid and plate coil is increased. 

The effect of the alternating current in the grid branch on the decre- 
ment of tuned-plate reactance (P^ig. 50), for n = jw, is determined thus 


hence 


— e/ = [nL2 + R2\ii — nMiJ 



( 

I 







Jr* 


(114) 


Therefore, the resistance of the plate coil, because of the grid current, 
is increased by the amount u^Myr„. Hcncc when 


_ oil Rz 

~J~ 2fL, 


(115) 


denotes the logarithmic decrement per cycle when no grid current flows 
(r, = “ ), the additional decrement 5* due to the energy absorbed by the 

grid 19 


h 





(116) 
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The total effective decrement in the tuned-plate circuit when grid cur- 
rent is allowed to flow then becomes 

«. = «1 + 52 = f (117) 

L 2 L ^0 J 

If the conditions around the tuned-plate circuit are now considered, wo 
have, for the effective resistance Re — Rz + and inductance L2, 

the effective damping factor 

ot = 2 ^ = + a2 (118) 

Now, the ideal frequency wo/( 27 r) is given by 


0)0 = 


and the actual frequency aj/( 27 r) by 



II 

3 

- 

Hence 

II 

0 

3 

1 

3 


or 

— a2 (o) + o>o)(o) - 

■ Wo) = 2a>Ac*) 

that is, 

^ = -i\f 

■i-r. - 

0 ) 2\co/ 2 l 

N 

ao 

— 1 

3 


and the percentage frequency decrease due to the total effective decrement, 
de becomes 



IP% = 100 ^^ = 1 . 275.2 


which shows that the frequency deviation is appreciable for larger decre- 
ments since it is proportional to 5 .^. 

A circuit with great frequency constancy utilizes electron coupling 
between the oscillation generating portion of the circuit and the work 
circuit.^ Such a coupling isolates the work circuit from the frequency 
determining portion of the tube oscillator. 

39. Gradual and Abrupt Frequency Changes in Tube Oscillators. — 
Even though we deal normally with sustained oscillations, the effect of 
coupling and tuning^ plays a part in the stability and frequency of the 


iDow, J. B., Proc. I.R,E,f 19 , 2096, 1931; F. B. Llewellyn, Proc, I.R.E., 19 , 
2063, 1931. 

> Mollsb, H. G., Jahrh. drahtl., 16 , 402, 1920; F. Harms, Jahrh. drahtl., 16 , 442, 
1920; J. S. Townsend, Rad. Rev.j 1, 367, 1920; H. Pauli, Ann. Physik^ 66, 274, 
1921; W. Grosser, Arch. Elektrotech., 10 , 317, 1921; W. Rogowski, Arch. Elektrotech., 
10 , 1, 15, 209, 1921; Z. Physik.^ 8, 135, 1922; K. Heeoner, Arch. Elektrotech, 11 , 239, 
1922; 12 , 211, 1923; W. Rungb, Jahrb. drahti., 28 , 1, 1924; Arch. Elektrotech., 18 , 34, 
1924; W. Albersheih, Arch, Elektrotech,, 14 , 23, 1924 (with many references). 
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oscillations. Figure 53 gives the case of a tuned-plate oscillator to which 
is coupled a secondary system either tuned to the natural frequency 
fi = l/(2ir\/CiLi) of the plate circuit or out of tune. Then, according 
to the theory of coupled circuits, we have to deal with three distinctly 



ABF6 IS resonance 
curve 

IiQ 63 — is effective fre<iueney of oscillator, /i natural frequency of C\Li and /. of C 2 L 
(capa<‘itance Ct is decreased) 

different frequencies ev(‘n in the case of equal oscillation constants 
CiLi = C 2 L 2 . They are 

f fnatuml froquenev of plate circuit when 
2Ty/ CiLi oseiUatniR alone) 

_ (natural frcipiency of coupled circuit when 

2t\/ C 2 L 2 oscillating alone) 

and an effective frequency fe when the circuits are coupled to each other. 
For sustained oscillations, two effective frequencies// and//' are possible, 
since for negligible resistances and k = M I 

S. - + >• +/.• ±VI7.- 

For equal oscillation constants CiLi = CJj 2 the two possible frequencies 
would be /e" = /i/^/l and // = fi/y/l + respectively. There- 
fore, when the natural frequency S 2 of the circuit carrying the effective 
current I is increased by gradually decreasing the setting of condenser C 2 , 
the effective frequency either is// and varies along OFQ or is equal to //' 
varying along ABD. What actually happens for a certain degree of 
coupling K is that the frequency which is measured with a loosely coupled 
frequency meter at first follows the heavily drawn AB curve; that is, 
doee not exist at all. Then at B the oscillation suddenly jumps to the 


/i = 

h = 



HIGH-FREQUENCY GENERATORS 


106 


frequency curve // and varies with a further decrease of setting Cit along 
FG, This is an essential difference between an oscillator of this type 
and a spark-gap oscillator-resonator system for which both coupling 
frequencies exist simultaneously. For such a tight coupling, the 
resonance curve registered by the effective current I against the setting Cj 
(when plotted against decreasing values, that is, against increasing 
natural frequency fi) no longer is of the normal shape but is as indicated 
in Fig. 53 and along ABFG, The frequency /i which corresponds to the 
ideal frequency of the undisturbed oscillator then corresponds no longer 
to a maximum current indication, but to a frequency corresponding to 
points B and F which is greater than /i. A similar but not identical 




. 1 i ^2 

r i (f^ and fg scales different) 

Fio. 64. — Condition when Ci of Fig 63 is increased 


action takes place when the natural frequency /2 is decreased from some 
higher value as is shown in Fig. 54. The effects indicated in Figs. 53 
and 54 are experimental facts. Since at B the frequency jumps abruptly 
to the other possible coupled-circuit frequency, an unstable condition 
must exist. This is especially noted when, for a certain natural frequency 
A = fp (Fig. 54) obtained by increasing the condenser capacity C 2 to a 
value which produces a natural frequency /p < /i, the circuit is opened 
and closed again. With the closing of the circuit, the oscillator current 
will not be Ip as before, but only IF, The reason is that the effective 
frequency // corresponding to point P is not stable but obtained only 
by “drawing or pulling along the oscillation produced by the tube. 
Hence, after the oscillation is keyed or interrupted, the more stable 
frequency //' will exist in this particular case. Inasmuch as the experi- 
ment shows that either the effective frequency fj (before keying) or 
//' (after keying) is in this particular case possible, the condition of the 
coupled-circuit system 


gm ^ CM. + ^ 

Tp 


( 120 ) 


must be satisfied. Herein M denotes the mutual inductance between 
grid and plate coils of proper polarity and B,, C„ L, the effective constants 
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of the external plate circuit CiLu For such a condition the damping 
factor of Eq. (24) on page 74 vanishes. The negative resistance 
reaction 


Lf + ixM 
TpCe 


fed back into the external plate circuit either neutralizes or outbalances 
the positive resistance By means of the generalized' impedance 


Ze = jSi + nLi + 


nCi 


[nMi]2 

R 2 “I" "1“ l/(//C2) 


around the external plate branch Ci, Li, K\ when supplying energy to the 
coupled circuit C 2 , Li, R 2 , it can be shown that, for sustained oscillations 
(n = ju)), the effective equivalent-circuit constants are 


for 


R. = + ^if2 

Le = Lj\ — A1j2 


Ce 


_C,C2 

C 2 ~ AC, 


WrM]l__ 

\o}L2 — 1/(<*?C2)P * 4 - H2^ 


( 121 ) 


( 121 «) 


The external plate circuit C\L\Ri and its coupled circuit Czijilti have an 
equivalent circuit which can be thought of as made up of an off (‘dive 
resistance R« and an effective inductance L/ for which 


R, = Ri + AR2 

Le' = [Li - l/(a,‘^Ci)] - AIL 2 - 1/{0>^C2)] 

For resonance (w/(2t) = co^,/(2t) = fe) the reactance cojj/ must vanish. 
From Eqs. (121) and (122) it is evident that for /2 > /i the effect on the 
CiLi circuit is as though an inductance were added and the effective 
frequency fe made smaller than /i. The opposite happens for /2 < /]. 
This can also be understood from the following reasoning. When the 
secondary circuit C 2 L 2 is tuned, it acts like an ohmic resistance. But 
when C 2 is somewhat decreased, the natural frequency /2 becomes higher 
and the circuit acts like a condenser. Therefore the current / leads the 
resonance current, and the voltage coMI induced in the external plate 
circuit must also lead. But this means the current produced by it lags 
behind this voltage and the effect is as though an inductance were 
inserted in the CiLi circuit. In the same way it is evident that for con- 
denser settings C 2 which make /2 < fi the effect on the external plate 
circuit is as though a small capacitance AC were inserted in series with 


( 122 ) 


>For details; Hoohfrequenamesstechnik, 2d ed., Chap. XXV, Springer, Berlin, 1928. 
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the condenser Ci. Hence the effective frequency/, is no longer equal to 
fi but /, > /i since C/ = (Ci • AC)/(Ci + AC); that is, C,'Li < CiLu 
The effect of circuit C 2 , L 2 , R 2 on the natural frequency /i of the Ci, 
Li, Ri circuit (Fig. 53) can therefore be calculated. If Iq and I denote 
the effective currents flowing through coils Li and I/ 2 , respectively, and 
/o and / their vectors, the voltage induced across L 2 is = jateMiJo. 
The current flowing in the coupled circuit is 


/ = ^ , 

2L2[a2 + jAo)] 

where a 2 = R 2 / ( 2 L 2 ) and Aw = w, — W 2 . This current reacts again on the 
primary coil L\ inducing the back voltage fJi = — /wcAf 3 /. The imped- 
ance reflected back into the primary circuit then becomes 

7 ^ ^ _ . 

^ /o 2L2 [q! 2 + jAw] 2L2[a2^ + Aw®]^^ *^2L2[a2^ + Aw^] ^ 

AjBi + jo)ALi (123) 

This equation expresses in a more convenient form the result of Eq. (122). 
For resonance Aw must vanish and the impedance reflected back into the 
primary circuit becomes the pure resistance ARi = The 

inductance reflected back into the CJji circuit for any other condition is 


2Li[<x^ + 

and the effective frequency becomes 

/ = ^ 

2WCi[Li + ALi] 


(124) 


(125) 


We have, for different degrees of coupling between the CiLi and C 2 L 2 
circuit, the resonance curves indicated in Fig. 55. The upper represen- 
tation (a) gives the true resonance curve and the current maximum 
corresponds to /, = // = /," = /i. For representations 6 , c, and d, the 
mutual inductance Mi (Fig. 53) increases for each successive illustration; 
mutual inductance M between grid and plate coil is of such a magnitude 
as to keep the circuit in a state of oscillation at all times. For case 5, 
the maximum current setting is much sharper and still indicates the actual 
frequency/, = /,' == /," = /i since only the side portions of the resonance 
curve are, it might be said, curved in because of the interaction of the cir. 
cuits. This curve could not be used to read off values in order to determine 
the logarithmic decrement. With Mi still more increased as for c and d, 
the left and right branches of the original resonance curve are unequally 
distorted and either cut through each other or give an overlap without 
intersection, respectively. The circuits then can be made to drag the 
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oscillations along (pulling or drawing effect) beyond the natural fre- 
quency /i of the tube oscillator for decreasing C» settings and below the 
value/] for increasing Ct settings. This “drawing” of the oscillation can 
be carried on only until a critical setting of C2 is obtained, since then the 



C 2 Iz is loosely coupfed fo Cj L|.Bc»ck 
action negligible and mciiximum currenf 
reading gives frue resonance 
se+ting ^ 

(«) 



CjLa coupled somewhat tighter, resonance 
curve bends in on each side and true 
seHing fe*f| is sharper 


(b> 



Coupling 

tighter 


(c) 

Cl is decreased 



C^is increased 


I 


Coupling M and M| such that for range 
ft to fg 124 is no longer satisfied and 
►fj ^no oscUioinons are possible in C 2 L 2 . circuit 


Fxg. 55. — Resonance curves for coupled>tube generator. 


oscillation suddenly jumps on to one of the other possible coupling fre- 
quencies. The critical setting of Cj for which an abrupt change in the 
effective current takes place is by no means the same for increasing as 
for decreasing C2 settings. As a rule, the maximum settings and 
have not the same value and under no circumstances indicate circuit 
resonance. This is again entirely different from the case with damped 
oscillations in coupled circuits for which the two current maxima indicate 
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the actual resonance conditions for the two coupling frequencies which 
occur simultaneously. Case d with a still tighter coupling Mi gives two 
different maxima for decreasing C 2 settings and another different maxi- 
mum setting for increasing values of C 2 . Case e illustrates the condition 
for which the two critical settings of C 2 , corresponding to frequencies 
/a and/a, are determined by the limiting condition of Eq. (120). There 
exists quite a range of C 2 settings for which the tube refuses to oscillate. 
By varying the coupling M, the range fs — /a can as a rule be decreased 
to zero and even be driven so far beyond this point as to obtain phenom- 
enon as indicated in d and c. From this it is evident that cases c, d, and e 
are of no use when measuring the actual frequency of a tube generator. 
They explain, however, many diflSculties experienced with step-over 
resonators, and the tuned-plate, tuned-grid tube generators. It is of 
interest now to find out, for instance, why for decreasing values of C 2 
(Fig. 53) the frequency varies along the/e" curve and then suddenly at 
B jumps over to point F in order to proceed along the/s' curve. Equation 
(119a) gives 


or 


11 - - Ifi^ + f^W + = 0 



(126) 


When plotting (Fig. 56) against the square of the natural frequency /2 
of the secondary circuit, we obtain a hyperbola with the asymptotes 


1 - = 0 and 1 - = 0 (126a) 

Je Je 

The first parentheses gives /e® = /i^ an asymptotical line which is 
parallel with the / 2 ^ == axis, while the other parenthesis yields the equa- 
tion of the other asymptote which, since = 1, must make an angle 

of 45 deg with both the /e^- and the / 2 ^-axis. The upper branch AA^ 
of the hyperbola starts closest to the line /c® == /i* corresponding to the 
natural frequency of the tube oscillator when not coupled to C 2 L 2 . 
Oscillations with gradually increasing settings of /2 must therefore start 
along this branch since then the lowest impedance is offered. The oppo- 
site is true when the resonance setting. C 2 of circuit C 2 L 2 makes the 
secondary circuit capacitive and the frequency is gradually lowered 
since the lower branch is the path along which the frequency 
varies. For any frequency = OP, the ordinates PA and PB are pro- 
portional to squares of possible frequencies and /«', while Pa and Ph 
are the values for JIf i — 0. 

If both (/e' and //') are possible according to Eq. (120), for possible 
values which are relatively close together, the stable frequency is the one 
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that produces the smallest amplitude. It is the one that will be obtained 
after keying the circuit, that is, after interrupting the oscillation that 
was drawn along and closing the circuit again. However, if the two 
possible frequencies // and f/' differ greatly from each other, the most 
stable oscillation is that which builds up to the final amplitude most 
rapidly. The reason why the secondary current I suddenly jumps from 
B to F (Figs. 53 and 54) is that the natural impedances of CiLi and C 2 L 2 
are quite different from that of CXf. Consequently the instability 
becomes so pronounced that the oscillation changes suddenly so that it 
can build up the more stable oscillation. 



Fig. 56. — Theoretical explanation of the experimental phenomena of Figs. 63 and 64. 

The equation of the so-called ‘‘resonance curve,'' according to Fig. 53, 
is 


I = 





(127) 


if Jo and I denote the effective values of current which flow through 
coils Li and L 2 , respectively. It can be seen that, for mutual inductances 
Ml which transfer considerable energy to the secondary the back 

action of current I changes the impressed angular velocity as well as Jo. 
Therefore the plot of J against C 2 cannot give the shape of the ordinary 
resonance curve. For such work it is convenient to plot (as in Fig. 57) 
the ratio {I/IoY against the ratio of the change in frequency Af fe — 
to the damping factor = R 2 /{ 2 L^ of the secondary circuit since, from 
Eq. (127), we find 


ir ^ ^ Li [K/a^V 

.Joj + [0)^2 - l/(«eC2)]2 “ L 2 I + ^ 
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where k denotes the coupling factor Mi/y/LjLi. In Fig. 67, curve 1-A-l 
indicates the case of a very loose coupling 
and curve 2-A-2 the critical condition for ^ 
somewhat tighter coupling, when actual [i] ^ 

resonance is still indicated by a sharp maxi- L oJ /^7IV\ 

mum value. Curves 3-A'-J5 give the case ^ Bt/AXiB 
of much tighter coupling for which the two V/ 

branches of the apparent resonance curve cross \//\ 

each other at -4'. Here the maximum read- 

ings corresponding to points B indicate only — 

the conditions for which the oscillation ceases ^ ^ Af 

in order to jump suddenly to an oscillation at oCj 

the more stable coupling frequency. These Fig. 67.— Substitute roso- 
conditions can also be understood from fre- 
quency curves of Fig. 66. 

Since the resistance reflected back into the CiLi circuit, according to 
(121). is 

P _ 

~ [a,i, - 

if iZj* Ls neglected and, according to (126), 

[CiLiw,!* - 1J[C*L2 w,* - 1] = JWi'CiCzo)/ 

we obtain 

, „ _ o _ C^C^LlO>.^ - 1 1> _ „ _ LUa^ 

[CsLso,/ - ip"" CiCJjW- 1^ " LiAb ^ 


because, for the/r" branch of the hyperbola of Fig. 56, we have/^* = PA ; 
fi^ = Pa; / 2 ^ = Ph; PA — Pa = Aa; and PA — Ph = Ab, Hence 
ARi is comparatively small when the natural frequency /2 of the secondary 
circuit is smaller than the natural frequency /i of the CiLi circuit (/ 2 ^ < /i^ 
in the figure) since AajAb is small. Hence the increase of primary 
resistance cannot be very large. But, for much larger than /i the 
ratio AajAb is no longer a small fraction and the effective resistance 
Re = Ri + ARi can become large enough so that the condition of Eq. 
(120) is no longer satisfied. Then the oscillation of frequency /«" will 
cease and jump to an oscillation of frequency//, since the corresponding 
ratio B'a^lB'V is again a small quantity. 

40. Synchronization of Tube Generators. — Unlike alternators, tube 
generators give rise to automatic^ synchronization. The reason for this 


^ Vincent, I. H., Proc. Phys. Soc. London, 32, Part 2, 84, 1919; H. G. M5ller, 
Jahrb. drahtL, 17, 266, 1921; E. V. Appleton, Proc. Cambridge Phil. Soc., 21, Part 3, 
231, 1922; J. Golz, Jahrb. drahtl, 19, 281, 1922; F. Rossmann and J. Zbnnbck, 
Jahrb. drahU., 28, 47, 1924; B. van deb Pol, PhU. Mag., 3, 66, 1927. 
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is that the maintenance of oscillations depends upon a certain relation 
connecting the circuit constants. These constants are greatly affected 
when a tube oscillator is influenced by oscillations of another source near 
resonance. Thus one tube can be operated so that its frequency is con- 
trolled, through a certain range of variation of its own circuit constants, 
by the output of another oscillator. The first oscillator is then said to 
be operating in the ‘^zero-beat note^’ or silent region and variations of its 
capacitance, or inductance can, within this region, produce only a 180-deg 
phase shift. The (frequency) width of the silent region depends on the 
relative amplitude of the oscillations due to each of the two tube gener- 
ators. Such automatic synchronization plays a part in autodyne 


Variable frequent Fixed frequency 
fj»f2±f (stronger oscfilorfor) (weaker oscillator) 



Fio. 58. — Automatic s 3 rnchronization (2A/ silent region, /o true resonance) . 

reception for which the detector acts as a generator. Near the zero-beat 
region, the detector will be controlled by the frequency of the other 
generator. A silent region exists whether the weaker oscillator is affected 
by an induced external e.m.f. in the grid coil Li or an induced e.m.f. in 
the plate coil L 2 (Fig. 68). Also, the phase shift of the current in the 
weaker circuit with respect to that of the strong oscillator which takes 
place when C 2 is varied within the silent region is about 180 deg for 
either case. But true resonance (/o) takes place in case of pick-up by 
means of the grid coil at 0 deg, and in case of pick-up by means of the 
plate coil at 90 deg. What happens can be readily understood from the 
arrangement shown in Fig. 68. When the frequency /i of the stronger 
oscillator is varied, by means of the setting of the condenser C, in the 
neighborhood of the Sxed frequency /a of the weaker oscillator, a beat tone 
of frequency / = /i — will be noticed in a telephone receiver inserted 
at a suitable place in the circuit of the weSfker oscillator. But there is 
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f curreni' 


(Dynofmic 

V 


complete silence for a region 2Af since the weaker oscillator is completely 
controlled by the frequency fi and, so to speak, acts like an amplifier. 
That this is true can be checked by an auxiliary oscillator of fixed fre- 
quency /a which produces a beat tone/' = /a /2 of unchanged frequency 

in a telephone receiver inserted in the auxiliary circuit for all C settings 
of the stronger oscillator which do not correspond to the silent region 
2A/. The frequency /a must be chosen so high that no synchronizing 
effect exists between the weaker oscillator and the auxiliary oscillator. 
Now, as soon as the weaker oscillator pro- 
duces a beat note f = fa near the point a of 
the characteristic, the tone is apt to disap- 
pear suddenly since for point a the fre- 
quency jumps to the position a'. At the 
same time the pitch of the tone observed 
in the receiver in the auxiliary oscillator 
changes to a value /' = /«', indicating that 
another frequency now exists in the weaker 
circuit. Upon changing the setting C fur- 
ther, the beat frequency /' varies almost 
linearly to a value fb until suddenly the 
weaker circuit, which acts as an amplifier 
for region 2A/, again starts to build up oscil- 
lations corresponding to its own circuit con- 
stants. The silent region corresponding to 
the range 2A/ becomes wider the looser the 
coupling M between Li and L 2 and the larger the amplitude of the 
induced voltage due to the other oscillator. 

The nonexistence of self-excited oscillations in the C 2 L 2 branch can 
be explained by means of the dynamic grid-voltage plate-current char- 
acteristic indicated in Fig. 59. When the oscillator C 2 L 2 produces self- 
oscillations (beyond range 2A/), the steepness AB satisfies the condition 
[Eq. (120)] for sustained oscillations since the effective circuit constants 
give 



■f-for f, neapf2 


Fiq. 69.— -Grid swing for automatic 
synchronization. 


Qm — CtRe 4 ” 


The effect of the forced oscillations due to the generator of frequency /i 
is of little importance since only a small amplitude effect occurs when 
/i is very different from / 2 . But as /i approaches the frequency / 2 , the 
circuit C 2 L 2 is more nearly tuned to the forced frequency and the self- 
oscillation becomes modulated and as such reacts on the grid e.m.f., 
giving, in addition to the component 62 , which is only due to self-oscil- 
lations, also a component e\ which is due to the stronger oscillator. The 
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average mutual conductance gm corresponds to a slope somewhere between 
DE and FGj that is, a smaller steepness than gm* But gm is that steepness 
given hy A B for which sustained oscillations are just possible; hence the 

circuit stops producing self-oscilla- 
tions and amplifies the forced oscil- 
lations due to the other oscillator only. 
When C 2 is varied corresponding to 
range 2A/, the frequency is not 
affected, but only the phase of the 
induced oscillation with respect to 
phase of the current in the stronger 



frf2 



1 , 

1 ''V 


i 

UeAf > 



oscillator undergoes a change. This 
explanation has a direct bearing 
upon autodync reception where Ci is 
directly impressed on a receiving tube 
which acts as a rectifier and oscillator. 
The circuit is then as in Fig. 60. From 
the foregoing explanations it will be evi- 
dent that the law of sup(*rposition does 
not hold if a tube is affected, in addi- 
tion to its self-oscillation, by a forced 
oscillation, since the effective decrement undergoes a change. 

In Fig. 61, ^ denotes the phase displacement between the oscillation 
of a generator of frequency fi and the oscillation in a circuit C 2 L 2 which 



Fig. 60. — Auiodyne reception utilizing 
synchronization. 



is detuned so that A/ = /i — / 2 . All voltages and currents in this figure 
again denote the maximum alternating values. The quantity e,/ denotes 
the resultant grid voltage due to the back feed which is 

»= j<aiMii' 

and is due to the voltage ei induced across the grid coil by the oscillatoj* 
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of frequency /i. The greatest detuning A/ for which the receiving circuit 
is still controlled by the stronger oscillator occurs for sin ^ = 1 and this 
detuning corresponds in Figs. 58 and 60 to half the silent region. There- 
fore it is only necessary to obtain an expression for sin ^ which connects 
the circuit constants of the receiver with the amplitudes of the impressed 
external voltage and the e.ni.f. fed back by means of Af. We have 

ip = ? 1 ~f“ ^2 

i\[R2 *+“ 

and, upon elimination of (2 1 

jfaiiC2|/^2 + + 1 j(i)\C 2 R 2 \^ +/(Aw/a)] ^ ^ 

for Acj = coi — 0)2 and a = /i2/(2L2), since 


JO)iC2[fi2 + + 1 — iwiC2/l^2|l 4" ^ j^iwiL2 + Q Jl' 

= JWiC2i22|l + 

= JO)iC2iK2‘|l + 


■ - s-:]} 

[cOi + 0)2l[o)i — W2]l\ 

Jj 


Hence 

e/ = ei + 62 = ei'[cos ^ + j sin + 


Mip^ 


C2/^2[l + j{Ao)/a)] 


^ a + jb 


for 

, _ , Mip 

a = ei cos ^ H 


b = e/ sin ^ — Ao)- 


Mip' 
a * cl 


(131) 


(131a) 


h(v)1 


c — C 2 R 2 


The phase displacement B between the resultant grid voltage eg and the, 
plate current is then, according to (131), 

d — tan“‘- 


(132) 
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But the alternating plate current ip' must be in phase with the resultant 
grid voltage that is, B must vanish. This occurs when & = 0, or 


sin ^ 


A(t> * M • ip' 
a • c • ei' 


(133) 


which is the relation for the phase shift ^ in the silent region. Since 
this region, for properly adjusted receivers, is small, [Aw/a]^ can be 
neglected in comparison with unity and 

sin 'J' ^ (133a) 

• aC 2X1 2 Cl 


The angle ^ == 90° is the angle for w^hich the source of frequency /i just 
controls the frequency of the weaker oscillator. For sin ^ = 1 this 
gives the amount of detuning A/ 


Az- 


of * C2 * R2 c/ 


2tM ip' 

from the position of true resonance. 2A/ or 


S - 


ttM 


(134) 

(135) 


corresponds to the entire silent region for which the receiver is completely 
controlled by the oscillator of frequency /i. It is noted that the width 
of this region is proportional to the induced grid voltage due to the 
external stronger oscillator and inversely proportional to the amplitude 
of the plate current. The width is also directly proportional to the 
damping factor a = R 2 / ( 2 L 2 ) and inversely proportional to the mutual 
inductance M between the grid and the plate coil. Since, for resonance, 
the plate circuit acts like a resistance L 2 / (€ 21 ( 2 ) and ej = {L 2 / {C 2 R^\ip\ 
for small silent regions we have the approximate formula 


^ 27rMep' 


(135a) 


41. Notes on Harmonics in Tube Generators.— Considering the 
tuned-plate oscillator shown in Fig. 37, for the vector values of the 
alternating currents we have 


and from 


/p = + A 


the relation for the coil current in the plate circuit 


" 1 +jwC[B 
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which for the logarithmic decrement B = 2RI(JL) and == p 

leads to 

h = i (136) 

1 — p + 3{b/f)p 

since /o = l/{2nry/CL) and uCR = pi/ir. Calling / = p/o the frequency 
of any harmonic (p = 1, 2, 3, 4, 5, etc.) of the distorted current of funda- 
mental frequency /o, we find the ratio 

^ = 1 - p* + (137) 

If the decrement of the CL circuit is neglected, the ratio of the correspond- 
ing effective values becomes 


= 1 - p* (138) 

Hence, if all harmonic components in the plate current Ip had the same 
intensity, for the double-frequency term (p = 2) we should have a coil 
current of only 2/1 = /p/3, for the triple frequency 3/1 = /p/8, for the 
fourth harmonic 4/1 = /p/15. However, the harmonic components in 
the plate current do not have the same intensities but have amplitudes 
which become smaller as the order of the harmonic increases. Hence, 
if the amplitude of the fundamental current in Ip has an amplitude equal 
to unity, that of the second 30 per cent of it, that of the third 20 per cent, 
and that of the fourth 5 per cent of the fundamental, we see that for the 
double-frequency term the coil current is only Jh = /p/0, for the triple 
frequency 3/1 = and for the fourth harmonic 4/] = /p/300, while 

the fundamental component for such an ideal case (6 = 0) would pro- 
duce an infinite current through the coil since 1 = 0. But because 

of the finite decrement 5 of the CL circuit, such a fundamental current is 
never obtained through L since, according to Eq. (137), the ratio becomes 

^ - p*]* -f [p^ij* (139) 

If the ratio 5/ir is J4o> fundamental coil current becomes 


h 


h 

(5A)p* 


20 /p 


since p = 1. Hepce, if the intensity of the second harmonic in Ip is as 
strong as 50 per cent, that is, /p/2, the current of the second harmonic 
through L, according to Eq. (139), is only 


2/1 


Iv 


Vu - * 4^1 - 4]* + ^ ’ 


Csi [p 

VOi” 3 
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which still shows that, even with such a large decrement 5 = v/20, the 
eflfect of the second harmonic is small. For smaller decrements the 
harmonic content in /i is still more suppressed. When the plate current 
Ip is of rectangular form, only odd harmonics are possible and the equa- 
tion for the plate current is expressed by 

^ sin cot — ^-la sin Sot + sin bcot (140) 

2 TT Oir OT 

if la denotes the saturation current. The amplitudes of the fundamental, 
third, fifth, seventh, etc., harmonic current in Ip are then in the ratio 
1 • M • K • H) Gtc. The amplitude of the third harmonic of the coil current 
is only one seven-huiidred-fiftieth and that of the fifth only one three- 
thousand-two-hundred-fiftieth of the amplitude of the fundamental if a 
decrement h = 0.047r is assumed. The effect of the harmonic content is 
therefore less than 1 per cent. If more accuracy is required, a step-over 
resonator should be used and in such a way that no drawing or pulling 
effect exists. 

42. Notes on Tube Generators of Great Frequency Constancy.— 

As has been pointed out in Secs. 27, 28, 29, and 83, the frequency of 
ordinary tube oscillators depends upon the oscillation characteristic of 
the tube. The frequency is affected by any changes in the dynamic plate 
resistance, the load, the grid current, etc. Even with the most careful 
precautions it is hardly possible to obtain tube generators that have a 
frequency constancy which at best is better than one part in ten thou- 
sand. Although this accuracy is more than sufficient for ordinary 
laboratory work, it is not sufficient for precision measurements when 
calibrating frequency meters, etc. 

With the advent of the piezo resonator (W. G. Cady) and the piezo 
oscillator (C. W. Pierce, W. G. Cady, J. M. Miller)^ as well as the mag- 

^ Cady, W. G., Proc, I.R.E.y 10, 83, 1922; G. W. Pierce, Proc. Am. Acad. Arts 
Sd.f 59, 81, 1923; D. W. Dye, Proc. Phys. Soc. London, 38, 399, 457, 1926; E. Giebe 
and A. Scheibb, Z. Physik, 33, 335, 1925; Elektrotech. Z., 47, 380, 1926; R. Jotjaubt, 
Vonde 4lec., November and December, 1927; A. Mbibsner, Z. tech. Physik, 7, 585, 
1926; A. W. Hull, Phys. Rev., 27, 439, 1926; 8, 74, 1927; E.N.T., 3, 401, 1926, Z. 
Hochfreq., 29, 20, 1927; Proc. I.R.E., 16, 281, 1927; Physik. Z., 28, 621, 1927; K. S. 
Van Dyke, Phys. Rev., 26, 895, 1925; 31, 303, 1928; Proc. I.R.E., 16, 742, 1928; 
E. M. Terry, Phys. Rev., 29, 366, 1927; Proc. I.R.E., 16, 1486, 1928; G. W. N. Cob- 
BOLD and A. E. Undbrdown, J.I.E.E., 66, 855, 1928; R, H. Worrall and R. B. 
Owens, Proc. I.R.E., 16, 778, 1928; Y. Watanabb, J.I.E.E. {Japan), No. 466, 529, 
1927; A. Crossley, Proc. I.R.E., 16, 9, 1927; J, R. Harrison, Proc. I.R.E., 16, 1040, 
1927; 16, 1455, 1928; 18, 95, 1930; C. W. Goydbr, Exptl. Wireless, 3, 94, 165, 1926; 
E. C. Hitchcock, Elec. J., 24, 430, 1927; J. W. Wright, Proc. I.R.E., 17, 127, 1929; 
for other details and references see Chap. VIII. 
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netostriction oscillator (G. W. Pierce),^ it became possible to attain great 
frequency constancy. In this respect, the piezo-electric oscillator is 
particularly valuable since, with a properly designed crystal holder and 
temperature control, a constancy of a few parts in one million and better 
can be obtained.^ 

43. Piezo-electric Oscillator. — In the piezo-electric oscillator, a 
properly cut element of crystal quartz, as explained in detail in Chap. VIII, 
is used, since its physical properties are such that the dimensions may 
be kept constant by temperature control and the element can withstand. 


Accoun-hs for ihe Accoun'ts 

crysM ^ v/brofHngf crystal alone) for air gap 

■<H — I 4""?' 

Due fo holder 
condenser effec!' 


Fio. 62 . — Original G. W. Pierce circuit {A to B is equivalent network of oscillating crysial 

with holder mounting). 



for normal operation, the strains which exist when in a state of oscilla- 
tion. The Pierce circuit, shown in Fig. 62, uses a quartz element across 
the grid and the plate of the tube and an external load Z which consists 
of a large inductance coil or a high resistance. Since the piezo-electric 
element with its holder, also taking into consideration the air-gap effect, 
is equivalent to an electric network as indicated, it acts like a resonating 
system of a natural period which is due to one of the possible modes of 
crystal vibration. For a circular crystal element in the Curie cut and of 
thickness and diameter d"““, the principal possible vibrations have 
the frequencies 

/i = kc/sec; h = ^ kc/sec; ^ kc/sec (141) 


and, for a proper magnitude of Z, sustained oscillations of one of the 
foregoing frequencies will be noted in the plate branch. The magnitude 
of Z has no appreciable effect on the frequency except that for certain 

^ PiERGS, G. W., Proc. Am, Acad, Arts Sci., 68, 1, 1928, or Proc, I,R,E., 17, 42, 
1929; L. W. McKebhan and P. P. Ciorri, Phys. Rev.j July, 1926; W. L. Webster, 
Proc, Roy, Soc. {London), December, 1925; A. Schulze, Z, Physik, p. 448, 1928; 
K. C. Black, Proc. Am. Acad. Arts Sci., 68, 49, 1928; E. H. Lange and J. A. Myers, 
Proc. I.R,E.y 17, 1687, 1929. 

* Horton, J. W., and W. A. Marrison, Proc. I.R.E,, 16, 137, 1928, 
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■The J. M. Miller circuit. 


values sustained oscillations are not possible. The oscillations are 
piezo-electrically controlled and are practically dependent only on the 
dimensions of the piezo-electric element. Experiments confirm theory in 
showing that, with such a connection, sustained piezo-electric oscillations 
are possible only when Z is capacitive. Hence when Z is a coil, the 
resonance frequency of Z must be lower than that of the piezo-electric 
oscillation which is set up. For this reason, Pierce found experimentally 
that a large inductance L must be used in place of Z or a high resistance 
R, In the first case, the distributed capacitance of i2, together with the 
plate-filament capacitance, must produce a capacity effect. Therefore 

the Pierce circuit with a large induc- 
tance in the plate circuit is nothing 
but the original tube oscillator since 
the crystal connected between the grid 
and the plate acts like a tuned circuit 
in producing piezo-electric oscillations. 
The feedback necessary for sustaining 
the Pierce oscillations is by means of the 
grid-filament capacitance. 

Figure 63 gives the J. M. Miller 
circuit. The same circuit was also independently developed at the Bureau 
of Standards. Z denotes either a grid leak or a choke coil. The latter is 
especially useful for the production of piezo-electric oscillations of very 
high frequency. It is noted that the crystal can be connected between grid 
and plate, and in this case the external plate reactance must be capacitive in 
order to sustain piezo oscillations. When the crystal is connected between 
the grid and the filament, the feedback occurs by means of the plate-grid 
interelectrode capacitance and the external plate reactance must be indue-- 
live in order to satisfy the condition of oscillation. When the sliding con- 
tact P is at A, and the crystal across the filament and the grid, the natural 
frequency of the CL circuit must be above that of the crystal in order to set 
up the oscillation. With increasing capacity setting, the amplitude of the 
piezo-electric oscillation increases until, for a certain value of C, the natural 
frequency of the CL circuit reaches that of the piezo-electric oscillation 
when the oscillation breaks off. When the crystal is across the grid and 
plate, a much larger C setting must be chosen (corresponding to a lower 
natural frequency of CL branch) in order to produce capacity reactance 
and set up the piezo-electric oscillation; and as C is decreased toward 
current resonance of the CL branch (P at A), the amplitude of the oscilla- 
tion is increased until for resonance the oscillations stop entirely. Near 
the resonance point the frequency of the oscillations is greatly affected 
by the reactance in the external plate circuit, while for adjustments 
farther away from the resonance point more or less true piezo-electric 
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frequencies exist. The tap P has the same function as in ordinary tube 
circuits. By means of it, a tuned-plate circuit can be used, thus exclud- 
ing undesired oscillations. The variable tap P gives a means for match- 
ing the internal tube impedance to the circuit impedance so that maximum 
power transfer can be obtained. 

This adjustment also is important when the piezo-electric oscillation 
is to have a large harmonic content. This is required when the piezo 
oscillator is to be used for calibrating frequency meters. The tuned-plate 
circuit with a low L/C ratio gives an external impedance of about the 
order of the internal plate impedance or greater, but only over a very 
narrow band of frequency. For large L/C ratios, the external impedance 
curve is broad and the harmonic content must be rich. Hence, for 
cases where a large harmonic content is required, a large inductance 
should be used in the plate circuit instead of the tuned CL branch and 



Fig. 64. — Equivalent electrical input for crystal between grid and hot cathode. 

the plate tap at some point P as in Fig. 63, the crystal being connected 
across the grid and filament. Care must be taken that the inductance 
has a comparatively small distributed capacitance so that its natural 
frequency is higher than the fundamental frequency due to the piezo- 
electric element. 

In order to obtain an idea of how the frequency of the piezo-electric 
crystal can be affected by circuit elements, reference is made to Fig. 64 
where a quartz element is connected between the grid and the filament. 
For piezo-electric oscillations, the crystal can be imagined as a series 
combination of a coil (L, R) and a condenser (C) which is shunted by the 
capacitance Ch of the holder of the crystal. If any air gap between the 
upper electrode and the crystal is also taken into account, it is taken 
care of by the capacitance C®. The interelectrode capacitances Ci, C 2 , 
and Cs are also effective as far as the grid input is concerned. According 
to Sec. 34, we have the equivalent circuit of Fig. 65 since the grid gap 
acts as an effective impedance 

Zg ^ Tg i: jXg 

even though the grid is properly biased. The circuit of Fig. 64 is nothing 
but the one shown in Fig. 44 where Zi ^ Ri ± jXi denotes the effect of 
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the quartz element with its holder, and JZ 2 = i ?2 ± the effect of 
the capacity-inductance branch in the external plate branch. From the 
theory given in Sec. 34 we note that, for certain adjustments of Z 2 , the 
effective grid-gap resistance Vg can be made negative — indeed so negative 

that the losses in the piezo-electric element are 
outbalanced. If this is the case, the piezo circuit 
of Fig. 64 will sustain oscillations of a frequency 
which is practically determined by Zi = 0, that 
is, by the circuit constants L, i^, C, Ca, and Ch- 
it is therefore essential that the crystal holder be 
well constructed; otherwise Ch as well as Ca will 
vary. From Fig. 65 it can be seen that, strictly 


Looking from khe crysfa/ 
into the gnd'’ filament gap 
\ 





speaking, Tg and Xg also affect the frequency 


Fio. 66. — Entire equiva- 
lent circuit for piezo oscil- 
lator of Fig. 64. 


A/most zero reofctotnce> 
for high frequency ..f 

irn 


somewhat, which means that for precision work 
the setting of the condenser in the plate circuit 
should be fixed and not too close to resonance, 
unless an anode tap F (as in Fig. 63) is employed. 
When a grid leak or a choke coil is used across 
the input side, a proper bias should be provided 
and, just as for ordinary tube circuits intended 
for high-precision work, the filament and plate supplies should be fixed. In 
order to minimize the effect of the load, a shield-grid tube amplifier can be 
used between the tube connected to the piezo element and the load circuit. 
The crystal should be temperature controlled and the holder so arranged 
that the spacing between the two elec- 
trodes is kept constant. To accom- 
plish this constant spacing, several 
small quartz pegs are cut, in the same 
way from the same crystal as 1 he piezo- 
electric element but somewhat thicker, 
so as to leave a small air gap between 
the upper electrode and the piezo- 
electric element. The magnitude of 
the air gap must be such that no 
standing supersonic waves (make 
smaller than half the wave length 
of the supersonic wave length) can be set up.^ 

A piezo-electric oscillator with an acoustic backfeed, for which the 
anode reaction on the piezo-electric element is made very small, has been 
developed by L. P. Wheeler* and W. E. Bower. Figure 66 gives a con- 



Fig. 66.— Piezo oscillator for very 
high frequencies. (Sometimes frequency 
doubling is used in the final amplifier 
stages of the oscillator.) 


‘ For details on precision piezo oscillators see '‘High Frequency Measurements/^ 
McGraw-Hill Book Company, Inc., New York, 1933; Proc, I.R.E,^ 16 , 1072, 1928. 
*Pw. I.R.E,, 16 , 1036, 1928. 
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venient circuit for setting up piezo oscillations of very high frequencies 
(above 1600 kc/sec). The coils marked H.F.C. are high-frequency 
chokes which prevent any appreciable high-frequency currents from 
passing through these branches. Figure 67 gives circuits in which 
regenerative branches are used to produce piezo oscillations and a 




double-grid tube is employed. Care must be taken in the case of these 
regenerative circuits to avoid the production of circuit oscillations. 
They can be avoided by choosing M small. The meaning of a screen 
grid is lost since in this particular connection the crystal acts as feedback 



Fig. 68. — Push-pull piezo oscillators for the higher frequency range. 


condenser. The grid leaks in these connections can be replaced by 
properly designed high-frequency chokes. Figure 68 gives a piezo 
oscillator in the ordinary and space-charge, push-pull connection. Lo 
are high-frequency chokes. The Lq chok^ in the control-grid branches 
can also be replaced by high resistors. 
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44. Magnetostriction Oscillator. — ^The circuit shown in Fig. 69 is 
the work of G. W. Pierce. ‘ The rod shown is magnetostrictive. When 
a coil surrounds it and an alternating current flows through it, at the 
peak of each half cycle the rod becomes magnetized and expands along its 
length irrespective of the polarity of magnetization. The rod will there- 
fore expand and contract rhythmically, that is, vibrate longitudinally 
with a frequency double that of the magnetizing current. When, how- 
ever, the coil carries both a direct and an alternating current and if the 
steady magnetization is greater than that due to the superimposed alter- 
nating current, the resultant magnetization will always be unipolar — it 
will only fluctuate or pulsate. Hence the rod will vibrate longitudinally 



Fig. 69. — Stability curves of the G. W. Pierce maKnetostriction oscillator 

with the same frequency as the superimposed alternating current. As in 
the case of piezo-electric and any mechanically forced mechanical 
vibration, the effect is pronounced only when a natural mode of vibration 
is excited. The magnetostriction oscillator resembles the Hartley 
oscillator inasmuch as the plate and grid coils Lp and Lg form the reson- 
ance circuit. However, a close inspection shows that with the magneto- 
strictive rod the circuit has a tendency to be degenerative since Lp and Lg 
windings are such that the respective emission currents through them 
magnetize the rod in the same sense. A high-M tube is used and the 
coils Lp and Lg surround the pivoted rod of length I freely. As the con- 
denser setting C is gradually increased toward the natural frequency 



of the rod, where v is the velocity of propagation along the rod, the plate 
current Ip suddenly rises to a maximum value as the rod goes into strong 
vibrations. When this condition is reached, the circuit is controlled by 
the rod since the setting of C can be either increased or decreased over 
a wide range without any appreciable change in frequency. The per- 
^Loc, cU. < 
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manent magnetization of the rod is due to the steady component of the 
plate current* Figure 69 shows the plate current when the magneto- 
striction oscillation is set up either with increasing C settings [corre- 
sponding to a natural frequency of the C(Ly + Lp) branch which is 
higher than that of the fundamental longitudinal rod vibration] or for the 
case of decreasing C settings (which starts out with a natural circuit 
frequency which is lower). It is assumed that the spacing between Lg 
and Lp, and the capacitance, are of such magnitude as to make the elec- 
trical circuit nonoscillatory with the rod removed or held tight. Such an 
arrangement works well for frequencies below 3 kc/sec. But for shorter 
rods and frequencies from 3 to 50 kc/sec, the mutual inductance between 
L(, and Lp, and C, should be such as to make the electrical network 
oscillatory with the rod removed. For a proper C adjustment, the circuit 
will be controlled just the same by the dimensions of the rod. The 
building up of oscillations is as follows: Any current change in the plate 
coil Lp will change the degree of magnetization and the rod will be either 
shortened or elongated. This action is propagated along the rod and 
induces an e.m.f. in the grid coil L^, which by means of the tube again 
gives an amplified action in the current passing through Lp. 

Magnetostriction oscillators are of great value, no doubt, for fre- 
quency stabilization below 50 kc/sec, since piezo-electric quartz elements 
for such frequencies must be rather large. They form very effective 
supersonic sound sources and, like the piezo crystal, open up a large field 
for application. 

46* Dynatron Oscillator. — The circuit shown in Fig. 70 is the work 
of A. W. Hull.^ Oscillations are produced by means of the negative- 
resistance action ( — rp) of the tube. In dynatron tubes the perforated 
grid is more positive than the plate P. The electrons arriving at P arc 
thus partly reflected back and with them secondary electrons. They 
finally reach the more positive grid. It is then possible that the plate 
current reverses its direction and a negative resistance action is produced. 
We have 


Damped ) 

Undamped > oscillations for 
Growing ) 


« + _JL_ 



The current Ip which flows to the two branches of the actual oscillator 
circuit, for the straight portion of the tube characteristic, is given by the 
relation 




Ep 

i-Tp) 


+ lo 


^ Proc, IM,E.f 6, 6 , 1918; for details and applications, “High Frequency Measure- 
ments,” McGraw-Hill Book Company, Inc., New York, 1933, pp. 27-28, 174-176, 
328-329. 
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The quantity h becomes zero if the anode return A is properly chosen. 
The quantity Ep denotes the resulting plate potential and (—Tp) the drop 
of the straight portion of the characteristic of the tube. The oscillations 
are produced as follows: When the circuit is closed, the plate P receives 
electrons according to the values of (—rp) and C. The energy stored up 
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Fia. 70. — The A. W. Hull dynatron oscillator. 


by condenser C dischargee through coil L, R and the negative resistance. 
If 

±>r«+_j_r 

CL ^ U C(-rp)J 

we have for the frequency 

/(-,«) = r _.i__ 

^ 2r\CL l2L C(-rp)J “ 2 tv^ 


Dynoftron oscif/ator Vo/fagt adjuster 

/ N / V 



Fig. 71. — Dynatron source of good frequency constancy. 


When a properly constructed tube is employed, the dynatron oscillator 
is a desirable generator for laboratory work since only the heavily drawn 
branch in the external plate circuit forms the oscillator and a back feed is 
not required. This is of advantage especially when working in the audio- 
frequency range. Figure 71 shows the principle of such an arrangement. 
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By means of a separate tube, the output voltage can be varied over a wide 
range without appreciably affecting the frequency calibration of the 
oscillator. The output voltage of the produced oscillations can also be 
varied by means of the ratio Ey/E^ where E\ and Ex are the steady 
voltages taken from the supply battery. 

46. Special Tube Generators (the Tungar, Negatron, Double-grid 
Oscillator, Square-wave Generator.) — Both the tungar and the nega- 



Fig. 72.- Tungar oscillator for negative resistance region 


tron generators are likewise founded upon negative-resistance action. 
The circuit indicated in Fig. 72 uses a tungar rectifier and is excited with 
a direct-current source. When the anode potential J?;, is gradually 
increased, the anode current grows. For a sufficient ionic bombardment 
of the cathode, if the filament switch S is opened, the tube will continue 
to function. The plate cuiTent Ip will then at C 

first increase with increased positive plate 
voltage until a certain plate potential is reached 

cathode 

for which an unstable operation condition sets 
in and a falling voltage-current characteristic 
is produced. As indicated in Fig. 72, a nega- 
tive tube characteristic of this kind can be 
obtained only by carefully adjusting the resist- 
ance i2. Otherwise the tube either is injured 
or refuses to produce oscillations in the tank 
circuit parallel to it. In a similar way, oscil- 
lations can be produced in shunt with a 
mercury arc. In each case, however, much skill is required to set up 
oscillations. 

Figure 73 indicates the negatron oscillator of J. Seott-Taggart.^ 
Two plates Pi and P 2 are used as anodes and are at such potentials that 
I denotes the saturation current of the tube (see also Fig. 10). The 
oscillation circuit is connected across the main plate Pi and the hot 
cathode, since any potential increase on Pi produces a corresponding 



^London Eledridany p. 386, 1921. 
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increase in Egy that is, a current increase in h and a decrease in h. In 
the actual oscillator circuit, C denotes the back-feed condenser and p a 
high resistance. The grid is made positive with respect to the filament. 
Hence with increasing positive grid potential more electrons will pass 

toward P 2 than toward Pi and the 

^ Co about o.ooo25^f current /i decreases with increasing 
I i [ 1 potential of Pi. 

I "y £ o| Figure 74 shows the double-grid 

tube in the oscillator connection. 

Lvv^-AlX — i||— i— IP The only source is the low-potential 

^ . A battery. 

Fio. 74. — Double-grid uni-battery oscil- i-rs- i 

Figure 75 shows a square-wave 
generator. The grids of the first two 
tubes are connected together in such a way that the alternating grid 
voltage impressed on the second tube has a large amplitude. The biasing 
negative grid voltage Ec of the second tube is made so negative that the 
corresponding plate current I 2 becomes zero during the negative half 
cycle resulting from the oscillation of the first tube. During the same 
half period, the grid potential on the third tube is zero and a certain 
constant plate current /a flows through the load resistance Ps. Since 
during the succeeding half period a large negative grid potential Ls 
impressed on the third tube, the current h drops rather suddenly to zero. 
The rectangular high-frequency current h is then as indicated in the 
figure since the second and third lube work during certain intervals 
below their characteristic curves. The load resistance P 3 , across which 
the rectangular high-frequency voltage is produced, is conveniently 
chosen equal to the internal plate resistance Vp of the third tube. The 
voltage of the rectangular wave is then equal to Ez/2, A generator of 
this kind was used by J. L. Bowman’ in studying the mobility of ions. A 
generator of this kind also furnishes a high-frequency source which has a 
rich harmonic content. Therefore, if the fundamental frequency is 
chosen in the audio-frequency range, the higher harmonics can be used 
to calibrate frequency meters and the sudden voltage jumps to pro- 
duce the linear time axis for a cathode-ray oscillograph. 

Rectangular voltage waves can also be directly produced with 
generators for which the back feed is very pronounced. The resistance 
Rz is connected in the plate circuit and in series with the plate coil. 
A tuned-grid oscillator is used. 

47. Tube Oscillators for Very High Voltages and Oscillators for Very 
Large Currents. — Figure 76 gives circuits of tube generators used at 
abnormal voltages and currents. When large currents are needed, 
they can be obtained by a step-down (current) transformer. The coup- 

^Phys, Rev., 24 , 81, 1924. v 
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ling coil is a copper tube which forms a single turn surrounded by the 
anode turns of the oscillator. For the production of high voltages, either 
the variometer or a slider arrangement as shown in the figure is useful. 
The values indicated in the figure hold for frequencies in the neighborhood 



Fig. 76. — High-frequoncy generator with re^<^angular wave shape. 

of 100 to 1000 kc/sec. The voltage can be computed by means of the 
condenser setting, the current through the condenser and the frequency. 

48. Oscillators for Very High Frequency. — Inasmuch as condensers 
pass more displacement current as the frequency becomes higher, and 
inductances become effective chokes in the range of very high frequencies, 
capacitive back feeds are more advantageous for the generation of 



Fig. 76. — Oscillators for heavy currents and high voltages. 

currents of ultrahigh frequencies. The Hartley circuit (Fig. 25) for 
frequencies above about 10 Mc/sec, that is, wave lengths below 30 m, is 
conveniently replaced by the Colpitts (Fig. 26) or some other circuit, 
and effective high-frequency chokes {single layer), must be used. Figure 
77 shows a power oscillator which works at frequencies as high as 
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36 Mc/sec. The condensers C are from 0.0005 to 0.001 fjif and the high- 
frequency chokes Lo are conveniently long single-layer coils wound on 
glass tubing. It is easy to test the choking effect with a neon glow 
rod. If the glow tubing is moved along Lo from 1 to 2, the glow must 
disappear toward 2. As far as oscillations are concerned, only half of one 
tube capacitance is effective* across L since the circuit is dynamically in 



Fig. 77. — Oscillator for very hlRh 
frequencies (up to 36 megacycles/sec) 
with self -rectification) . 



Fig. 78. — Oscillator up to 300 
megacycles /see (down to 1 m wave 
length) . 


r — 








■ Cj^O.OOtAtf 
Co > ci bypass 
Lo high fVeci. chokes 


push-pull. The plate power supply, however, is a parallel feed; that is, 
the high-voltage transformer is delivering power only every other half 
cycle. Hence it is necessary to rate for about twice as much watt 
dissipation in the secondary of the transformer as is required for the 

primary which has to supply the plate power. 
It is also necessary to use enough iron since 
the self-rectified currents of both tubes arc 
additive and not differential as for push-pull 
feed. The circuit of Fig. 78 gives still higher 
frequencies by varying Cg and the size of the 
rectangular circuit. With a circuit of this 
kind, G. C. Southworth^ succeeded in obtain- 
Fig. 79. — Lecher wire tube ing frequencies as high as 300 Mc/sec. In 
300 m^Lycbs/TOc?^ action this is a Colpitt oscillator since the miss- 

ing external condenser between the filament 
and the plate is now substituted by the tube capacitance. Another Lecher 
wire oscillator made by J. S. Townsend and J. H. MorrelF is shown in Fig. 
79. Cl, which should not be smaller than 1000 At^f, forms a sliding bridge 


' hoc. cU. 

^Phil Mag. 42, 266, 1921; see also A. Mabcub, Phys. Rev., 27, 260, 1926; W. C. 
Htdxford, PhyB. Rev., 26, 686, 1926. 
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(equal to a short circuit) along the parallel-wire system connected to the 
grid and the plate of the tube. The condenser C gives a fine and the 
movement of Ci a coarse control of the frequency. The by-pass con- 
denser Co' prevents reflections of the waves at the terminals to wliich the 
B battery is connected. Figure 80 shows the high-frequency tube of 
A. Esau and the Lorenz Company which gives a few kilowatts power even 
at frequencies as high as 100 Mc/sec. According to E. Schliophake/ 
a Lorenz tube of this type for a plate potential of about 3500 volts, 
and 17-ainp filament current at 30 volts, gives about 1.5 kw high-fre- 
quency power. As may be seen from circuit h of Fig. 80, the internal 



grid-plate condenser and the connection between the grid and plate 
form the oscillatory circuit. Co denotes a small condenser which pre- 
vents the plate current from charging the grid. High-frequency choke 
coils Li, L2, Lg, and L4 must be inserted iu all supply leads. By means of a 
suitable number of turns, the plate choke coil Li makes the back coupling 
most favorable. In the filament circuit, care must be taken that the 
lead-in wires do not subtraci a substantial amount of energy from the 
actual oscillating branch. The high-frequency choke L4 serves as a leak 
of the grid current. It is essential that all chokes be properly adjusted. 
The supply leads must therefore connect to places of voltage nodes. 
Such positions are found by sliding the contacts along the chokes until 
maximum high-frequency energy is indicated. In the same way, con- 
tacts 1 and 2 must be found. An ordinary small neon tube will glow up 
in the neighborhood of voltage loops. The inductance is formed by the 
heavily drawn connection, and the capacitance by the condenser formed 
by grid and plate. 


^ Z, gee. expU. Med., 66 , 212 , 1929 . 
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The upper frequency limit of the foregoing oscillations is given by the 
tube capacitance. Therefore push-pull^ oscillators give a means of 
obtaining still higher frequencies. Figure 81 shows circuits of this type. 
For a symmetrical arrangement of the incoming leads, the same cannot 
conduct any high-frequency currents and therefore cannot affect the 
frequency. The reason is that the nodal point of the voltage coincides 
with the center tap. The plate and grid voltages are therefore applied 
at such nodal points. Because two tubes are used, the power output is 
doubled. A positive grid potential Ec (10 to 16 volts, according to the 
Lo anode potential) and properly designed 

high-frequency chokes Lo must be 
provided. 

Still higher frequencies can be 
obtained by Barkhausen-Kurz^ oscilla- 
tions with a circuit as shown in Fig. 82. 
Oscillations of this type give rise to 
frequencies as high as 750 Mc/sec 
(corresponding to wave lengths as short 
as 40 cm). The discovery of these 
oscillations resulted from the following 
observation made by H. Barkhausen 
Fig. 81. — Push-pull Lecher wire oscii- and K. Kurz. When an ordinary 
*®*®*’* three-element tube with a cylindrical 

anode and grid and with the filament along the common axis is used, and 
when the grid is made a few hundred volts positive with respect to the fila- 
ment and the plate (cylinder in this case) equal to the negative filament 
potential or even less negative, a plate current sometimes exists although 
one would, under such conditions, expect no plate current whatever. The 
plate current is due to oscillations which take place in the circuit and pro- 
duce oscillating components of potential at the respective electrodes. 

As has been brought out in the theory on page 18, the existence of 
these high-frequency oscillations can be explained by means of the 
‘^electron dance'^ between the cylindrical external eleetjode of diameter 

1 Originated by W. H. Eccles and P. W. Jordan, London EUcirician, 83, 299, 1919; 
F. Holbom, Z, Phyaik, 6 , 329, 1921; R. Mesny and P. David, Compt. rend.y 177, 1106, 
1923; R. Mesny, Uonde Hec,, 8, 25-37, 90-110, 1924; F. Kiebits, Jahrh. drahtl, 25, 
4, 1926; J. Taylor, ExpU. WireUaSj 2, 342, 1925. 

* For the theory and references see p. 18. A good list of references on this subject 
is given by H. E. Hollmann, Ann. PhyHk, 86, 129, 1928; E.N.T.y 6, 253, 1929; Proc. 
I,R.E.y 17, 229, 1929; and by K, Kohl, Ann. Phyaiky 86, 1, 1928. References in con- 
nection with such oscillations are: L. Tonks, Phya. Rev., 30, 601, 1927; E. Pierret. 
Compt. rend.y 187, 1132, 1928; G. Beauvais, Rev. gen. ilec.y 25,393, 1929; H. G. MOllbr, 
Jahrb. draha.y 84, 201, 1929; W. J. Kalinin, /. Rusa. Phya.-Chem. Soc.,p. 131, 1929; 
also Ann. Phyaik, 2, 498, 1929; G. Potapenko, Z. tech. Phyaiky 10, 642, 1929. 
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D (Fig. 82) and the surface of the coaxial filament. As shown in the 
figure, either the negative filament potential or a negative potential Eh 
is applied to the outside cylinder of diameter D. A positive potential 
Ecf with respect to the negative end of the filament, is applied to the 
cylindrical grid. In some of the original experiments, the grid potential 
was Ec = +80 volts and the potential on the outside cylinder Eh ^ —40 
volts. By means of the indicated parallel-wire system connected to the 
grid and the plate, the Lecher system can be tuned to the frequency of 
the oscillations. The frequency depends very little upon the circuit 
constants (inductance and capacitance) but is partly a dimensional 
quantity (diameter of cylinder and filament) and partly dependent upon 



Fig. 82 Barkhauson-Kurz oscillator. 


the filament current and supply voltages. Formula (31) on page 19 
shows that for a positive grid potential of Ec volts with respect to the 
negative filament potential and with the outside cylinder at the negative 
potential of the filament (that is, Eh = 0) the frequency is 

/ = ^cn.) kc/sec 

When the plate and cathode potential are unequal, that is, when a certain 
negative outside cylinder potential Eh exists, according to Eq. (32) on 
page 20, the frequency is 

/ = 3 X Ec - d- El 

where the diameter D of the outside cylinder and the diameter d of the 
inside grid cylinder are again expressed in centimeters and the voltages 
Eh and Ec in volts. When this formula is expressed in wave length as 
measured along the parallel-wire system connected to the grid and the 
outside cylinder, we have the formula 

^ _ 1000 D-Ec-d- Eh 
VFc ^0- Eh 
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for the wave length in centimeters. According to A. Scheibe,* this 
formula gives wave lengths which are somewhat longer than are found 
experimentally and an expression of the following form gives more 
accurate results: 

X""’* = + 4'(7/)} 

where in the functions of x and y 


X 



y 



D 

d 


and do denotes the diameter of the filament. Figure 83 gives a push-pull 

arrangement for Barkhausen oscilla- 
tions. M. T. Grechowa^ used this type 
of circuit with a parallel-wire system 
and a sliding bridge across it. The 
plate potential was varied from — 5 
to +15 volts and the grid potentials 
from +50 to +150 volts. The fre- 
quency range is about the same as with 
the ordinary Barkhausen oscillations. 

As shown on page 21, the Bark- 
hausen-Kurz oscillations can also be 
explained by the ordinary Thomson 

formula f = l/(27r\/CL) where C 

Fig. sa.—Eiectron oscillations in tho denotes the Condenser formed between 
push-pull connection. , , , , , i i i i i 

the electrodes between which the elec- 
trons vibrate. Because of the space charge in the tube, the dielectric 
constant no longer is equal to the conventional unity but is smaller and 
equal to 1 — {4^Nq^)/(m<a^) if q and m denote the charge and mass, 
respectively, of each of the N electrons per unit volume. For resonance, 
the equivalent dielectric constant is zero; that is. 



m 

We then have the equivalent case of a unit condenser C = l/ 47 r shunted 
by an inductance L = m/{Nq^) since w = 1/y/CL, 

The Barkhausen theory explains only the action of the individual 
electrons that vibrate between the filament and the plate. But when 

^ Ann. Physik, 78, 64, 1924. W. H. Moore, Proc. 22, 1021, 1934, shows 

that Barkhausen-Kurz oscillatioDs can be produced in positive ^rid tubes without 
employing Lecher wires. 

^Z.PhyHk, 86, 50, 1926. 
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high-frequency oscillations are developed on the parallel-wire system as 
in Figs. 82 and 83, the space charge as a whole must oscillate from the 
filament through the grid to the plate and back again. This must happen 
in such a way that during one half cycle the space charge is mostly in 
the filament-grid space and during the following half cycle in the plate- 
grid space. According to the foregoing theory, we consider the filament- 
plate combination, with the space charge included, as a condenser and an 
inductance in parallel. The parallel system in the external tube circuit 
then acts as a direct-coupled resonator system. H. G. Moller^ has 
followed up this case in detail. 

The most favorable plate potential is that one where the electrons 
just reach the plate because of their deflection by the grid wires from their 
radial paths. A negative space charge then develops near the plate and 
instability within the tube takes place, giving rise to a negative-resistance 
action. Oscillations are then set up in the fictitious CL branch mentioned 
above. 

For plane parallel electrodes^ for a distance d cm between the grid 
and the plate we have for the wave length X in centimeters 


X 


modylic '-2_E 

Ec - (4A77r2) 


(for Hollmatin 0Bcillatii)ii«) 


if Ec is the steady grid voltage with an alternating voltage E superim- 
posed on it. This relation comes to tlie form of the Barkhausen-Kurz 
formula for E = 0. If p stands for the ratio of the number of electrons 
within the volume enclosed by grid and plate to this volume (electron 
concentration), the wave length in centimeters for Barkhausen-Kurz 
oscillations is 3.35 X lOVVp^ With the foregoing assumption that the 
grid plane is equidistant from plate and filament planes and from the 
assumption that the potential distribution V between the filament plane 
and the parallel plate follows closely a parabolic law, we have, for any 
distance x from the grid plane along a perpendicular to this plane, the 
relation V = Ec[l — {x/d)^. The electric field 8 for any distance x 
then becomes 8 = dV/dx = -2 X EJd^. Since, for the electron charge 
q, the force on it is &q, we find -&q = 2gEcxld^. Hence this force is 
proportional to the displacement of the electron and we have simple 

harmonic motion with a period of oscillation T = where m 


^ Sec footnote 2 (p. 132). 

* Gill, E. W., and J. H. Morrell, Phil. Mag., 44, 161, 1922; H. G. Miller, 
E.N.T., 298, 1930; H. E. Hollmann, loc. dt,; H. N. Kozanowski, Proc. I.R.E., 
20 , 967, 1932; T. V. Jonbscu, Compt, rend.j 108 , 576, 1931; A. Rostagni, Compt. 
rend,, 108 , 1073, 1931. 
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denotes the electronic mass. Hence for the frequency / = l/T in cycles 
per second we find 

f-1 

^ 2t\ m d d 

This relation seems to hold for plate potentials that are either slightly 
negative or zero. 

When working with Barkhausen-Kurz oscillations, the frequency 
depends essentially upon the electric field intermediate between the 
electrodes. A resonating system connected to the tube should therefore 



Fig, 84. — Hollmann oscillations for region DF\ 


not affect the frequency very much, except to increase the oscillating 
power of the tube. According to H. E. Hollmann, for certain coupling 
conditions to a resonator, the Barkhausen-Kurz frequency may jump 
suddenly to a value determined by the natural frequency of the resonator 
and then keep on varying as the natural frequency of the resonator is 
changed. This is illustrated in Fig. 84 where C denotes a condenser 
bridge across Lecher wires for changing the natural wave length of the 
external system of the tube. GH denotes the wave-length calibration of 
the Lecher wires for the corresponding positions X of the condenser 
bridge. As long as the distance X is less than the frequency is due 
to a true Barkhausen-Kurz oscillation and is not affected by the length 
X. But for the length X ^ Xb the oscillation suddenly breaks off and 
jumps to an oscillation of the resonator frequency corresponding to 
paint D, Since the wave length at this sudden change is decreased, the 
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frequency is correspondingly increased. A further shift of the condenser 
bridge toward larger values of X will produce frequencies corresponding 
to curve DF. The Barkhauscn-Kurz formula is based on the steady 
grid potential Ec- In case of HoUmann oscillations the alternating 
potential E reacts all the more on the oscillating electron within the 
tube the more the natural frequency of the external resonating system 
approaches the value of the true electronic Barkhausen oscillation since 
E and Ec are superimposed on each other. Hence there must be a critical 
frequency (Z = for which the Barkhausen- 
Kurz oscillation will suddenly jump to an 
oscillation due to the external-wire system. 

Applying the formula for Hollmann oscilla- 
tions to the case for which the steady grid 
potential is Ec = +500 volts and the distance 
d between the grid and the plate is 0.5 cm, we 
have, for no reactive alternating potential E, a 
wave length of 89.5 cm, while for E = 100 volts 
X = 86.9 cm and for E = 400 volts the wave 
length reduces to the small value of 58.8 cm. 

Figure 85 shows a short-wave generator 
where oscillations are taken off by means of 
Lecher wires connected to the plate and 
filament instead of to plate and grid as for 
Barkhausen-Kurz oscillations. With such a 
system, H. N. Kozanowski^ obtained with two 
852-type tubes oscillations corresponding to 
wave lengths of about 70 cm. The length of 
the plate Lecher wire seems to determine the 
frequency of the oscillation, while the length 
of the filament Lecher wire has an effect on the 
amplitude of the oscillation. 

Currents of very high frequencies can also be produced by piezo 
oscillators when frequency multiplication is used. It is then customary 
to use a piezo-electric quartz plate which is so thin that it has a funda- 
mental frequency of about 7.5 Mc/sec (corresponding to 40-m wave 
length) and to tune the output of an amplifier to a harmonic. When, 
for instance, the plate circuit of th^ first amplifier is tuned to the second 
harmonic and this frequency is fed into the grid branch of another 
amplifier whose plate circuit is again tuned to twice the input, oscillations 
at a frequency of 30 Mc/sec are obtained. When the mounting of a 
piezo oscillator is properly chosen, the second harmonic can be excited 
directly. 

^Loc. eU. 



^Line ' 
vo/Iage 

Fig. 86. — Oscillations for 
Lecher wires connected to fila- 
ment and plate. 
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The magnetron^ oscillator shown in Fig. 86 uses a push-pull connec- 
tion and a split anode in a thermionic tube whose hot cathode is along 
the axis of symmetry of the two anodes. A negative-resistance action* 
is produced by means of a strong magnetic field whose lines of force are 
essentially parallel with the filament. In the external plate circuit, 
oscillations are produced in the CL branch in a similar manner to that in 
the dynatron and the Poulseii-arc circuit since the frequency is, to some 
extent, dependent on the oscillation constant CL, As brought out in 
detail in Sec. 13 beginning on page 32, the magnetic field due to the 
direct current h causes the electrons to pass not along the radii toward 


(X) (99) 

Deflected Closed 

Electron 

Stabilizing porths 

resistance 


Fig. 80 .- The split-anode maRnctron oscillator 

the anode but along a helical path as indicated in Fig. 86. When the 
magnetic intensity equals a certain critical value, the electrons just miss 
the anode and may set up a negative space charge near the split anodc's. 
For very strong magnetic fields, the electrons turn completely around and 
return to the filament. The negative space charge near the anode may 
give rise to instability, that is, a negative-resistance action within the 
tube, and thus set the external CL branch into oscillations. Magnetron 
generators with considerable high-frequency output have been develoi)ed 
for frequencies up to 400 Mc/sec.^ For example, with certain designs 
10 watts was obtained at 400 Mc/sec with a plate voltage of 1500 volts, 
and about 40 watts Was obtained at 100 Mc/sec. With a water-cooled 
magnetron 1 kw at 85 Mc/sec was possible, while at 20 Me as much as 
6 kw was obtained, for each case the plate potential being 10 kv. With 
such power tubes the magnetizing current I o which produces the magnetic 

^ Hull, A. W., J.A.LE.E., 40 , 715, 1921; E. Habann, A New Generator Tube, 
Jahrb. drahiL 24 , 116, 1924; H. Yagi, Proc. LR,E.y 16 , 716, 1928; K. Okabk, Proc, 
LR,E.y 17 , 662, 1929; W. C. White, Electronics^ 1 , 34, 1930. 

* See p. 33. 

* White, W. C., loc, cU, 
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field need only be of an order to produce instability (negative resistance 
within the tube) and is not critical with regard to the frequency of th(‘ 
oscillations since / is primarily dependent on the CL product of th<* 
external circuit. But for very high frequencies a circuit as indicated in 
Fig. 87 must be employed and the condenser C of the external plate 
circuit is omitted. It is noted that the external plate circuit again 
forms a parallel-wire (Lecher wire) system which can be adjusted to a 
suitable frequency. H. Yagi and K. Okabe^ have obtained waves as 
short as 5.6 cm corresponding to 5350 Mc/sec with low-output oscillators 
of the split-anode type (Habann type). For such high frequencies, the 
strength of the applied magnetic field, accord- 
ing to formula (57) on page 39, gives a means 
of calculating the freciuency. 

The foregoing frequency is about the 

highest ever obtained directly with tube 

oscillators. For still higher frequencies, 

damped oscillators of th(‘ Hertzian type were 

used by several investigators. ^ E. F. Nichols 

and I. D. Tear prod!i(*ed wave lengths as short 

as 1.8 mm correspojiding to a frequency as 

high as 166,500 Mc/s(‘e, while M. Lewitsky as ^ 

well as A. Glagolewa-Arkadiewa succeeded in 

producing fundamental wave lengths of 0.13 

mm in length by means of sparks occurring tl 

between very small spheres or between metal 87.— Magnetron oscillator 
; ^ for very high frequencies 

filings. Such waves belong to the spectrum 

of heat radiation and correspond to 2.3 megamegacycles /sec. 

The next step is the production of infrared* and ultraviolet rays. 
The former can be generated by means of thermic radiators such as 
electric lamps and carbon arcs. About 36 per cent of the total emission 
of the carbon arc at 4,200°K lies between 0.7 and 1,1 fi. About 22 per 
cent of the radiation from a gas-filled lamp at 2400‘^K is infrared. Gen- 
erally, it may be said that a carbon arc is rich in long and deficient in 
short wave-length radiations, while a tungsten arc is rich in all wave 
lengths. A tungsten arc is so rich in ultraviolet radiation that after 
2 min an 8-amp tungsten arc will produce sunburn even at a distance of 
18 in. Quartz-mercury lamps are good ultraviolet radiators. A con- 
denser spark is rich in short ultraviolet radiation but deficient in long 

^ hoc. cit. 

2 Mobbius, W., Ann. Physik, 6 ^ 293, 1920; P. Lbbedew, Wied, Ann.^ 66 , 1, 
1895; A. Lampa, Wiener Ber.j 106 , 687, 1896; M. Lewitsky, Physik. Z. 26 , 163, 
1924; 27 , 177, 1926; E. F. Nichols and I. D. Tear, Phys. Rev.j 21 , 587, 1923; A. 
Glaoolbwa-Abkadiewa, Z. Physik^ 24 , 153, 1924. 

*ScHROETBR, F., E,N.T., 7, 1, 1930, 
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ultraviolet radiation. The helium glow lamp is a very effective source 
for infrared radiation. This brings us to the class of gaseous infrared 
radiators with band emission. According to Paschen, the “metastable” 
orthohelium, which is produced from the normal parhelium by inelastic 
impact of 20.6-volt electrons, shows a characteristic absorption and 
reradiation at I.OSm without loss or change in frequency. This infrared 
line which corresponds to / = 2s — 2p is known as a “resonance line.” 
A considerable emission of this resonance radiation should exist in the 
glow discharge of helium, since the energy difference between the “long- 
life” state 2s and the level 2p is compensated by the electron impacts in 
the case of high gas pressures and large current densities. 



CHAPTER III 

VOLTAGE AND CURRENT CHANGERS 

Apparatus of this type plays an important part in high-frequency work 
since ordinary air coils can bo used to bring about such changes. When 
relays of the ordinary, magnetic, or electron-tube type, respectively, are 
used, changes can be obtained where the power output is many times 
that at the input side. It is also possible to control one kind of current 
(for instance, direct current) by another kind of current (for instance, 
alternating current) or change alternating current of a certain frequency 
to alternating current of other frequencies. 

49. Tesla’s Transformer for Obtaining High Voltages of Discrete 
Wave Trains. — This scheme of voltage step-up combines the ordinary 
transformer step-up action with that due to resonance and thus produces 
very high voltages. An alternating-current source of about 10 to 30 kv 
is connected to the terminals of a condenser which is shunted by a series 
combination of an air-core coil of a few turns in series with a spark gap. 
''fhe air-core coil is surrounded by a single-layer coil of many turns 
across whose terminals are produced the very high output voltages. 
Because of the resonance of the damped discharges which take place 
through the primary coil, a high voltage is generated across its terminals 
and in the secondary this voltage is still further increased according to 
the transformer ratio. 

60. Resonance Transformer for Obtaining High Voltages of Sus- 
tained High-frequency Currents. — Figure 88 is an arrangement used 
by E. F. W. Alexanderson to obtain very high voltages. The operation 
is again due to the two actions brought out in the last section, except 
that the ordinary transformer action is utilized first and the resonance 
effect is used to obtain the final output voltage. Also, a separate high- 
frequency source is used and sustained voltages exist. The resonance 
system consists, for instance, of 24 pancake coils. The primary coil of 
the air-core transformer leads to the high-frequency source. The 24 coils 
are connected in such a way that two internal and then two external 
terminals always join consecutive coils. This reduces breakdown 
voltages. The tuning condenser is arranged on each side and is formed 
by copper tubing wound up conically. The capacitance is changed by 
the relative position of the two condenser poles. The coils, as well as 
these condensers, must be suspended so that no other metal parts are 
within the strong magnetic and electric fields. Dry hardwood can be 
used to hold them in place. In considering the effect of the air-core 

i4l 
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transformer, an equivalent transformer ratio must be used since the 
voltage ratio also depends on the effective resistance, the capacity effects, 
and the external circuit reaction. For instance, at 100 kc, a turn ratio 
of 6:1 can give a voltage ratio of only 3.6:1. 

low voHago 
high frtcfuency soutce 


UJ 



61. Current Changes Using Shunts.— When shunts are us(^d, the 
ratio of the currents 1\ and J 2 in the two branches with coils Li, R\ and 
L 2 , /? 2 ) respectively, is 

Ij. _ R 2 "b j o^L2 
1 2 Ri jfwLi 

If the inductance is sufficiently large in comparison with the resistance, 
the current ratio is independent of the frequency and 


I2 - kl, 


If capacity effects exist in addition, we have 

+ 1/ 0toC2) 

1 2 R\ + jcuLi + l/{jo)Ci) 

and for predominating capacity effects 

I2 = Jfc'/i 

If the discrepancy is not to exceed rj per cent, the values of L 2 and C 2 , 
respectively, must be chosen according to formulas 


Z/2 ^ 


R 2 


C 2 ^ 


Vl/[1 - vV - 1 


(1) 


2t/VT7[1 -'vY - 1 ~ 

With respect to transformers, the subject matter is taken up at several 
places in the text.^ 


^Sce also ‘‘High Frequency Measurements,” McGraw-Hill Book Company, Inc., 
New York, pp. 10-16; 66-61, 100. 


CHAPTER IV 
PHASE CHANGERS 


Ordinary inductances and condensers are phase changers and when 
properly combined in recurrent networks give rise to successive phase 
shifts. Rapid phase change takes place near the resonance setting and 


is known as ''phase jump.'' It becomes more 
pronounced as the losses of the resonance 
system become smaller. 

62. Phase Changers by Means of React- 

Impressed \/o/foige 


Impressed voltage 



Voltage with 
current out 
of phase 


^Deflection plates of 
cathode ray osctHograph 


Pig. 89. — Production of phase 
displacements. 


Pio. 90. — Phase changes 
up to 90 time degrees dis- 
placement. 


ance and Resistance. — Figure 89 shows an arrangement where the phase is 
changed by C and L and L and Ry respectively. For the latter case C is 
short-circuited. The case in which a variable condenser and variable 
resistance are connected, as in Fig. 90, is 
very convenient for obtaining a revolving 
electric field as used with cathode-ray tubes 
(Figs. 97 and 108). In order to secure a 
circular field, it is only necessary to make 
R = 1/coC. The schemes employing R and 
Ly R and C, have the disadvantage of giving 
phase variations between 0 and 90 deg only, 
while the arrangement with C and L gives a 
180-deg phase regulation. When mutual 
induction M as in Fig. 91 is used, the Fig. 91. — For phase displace- 
entire phase range can be covered. Figure 

92 gives other schemes to produce different phases for the entire 
phase range (360 deg.). 

63. The Revolving-field Phase Changer and Phase Multiplier.*- 
The arrangement indicated in Fig. 93 is based on a magnetic field which 

143 
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revolves with an angular velocity w = 2irf equal to that of the alternating 
e.mi. hnpressed on the coil system Li and L 2 . The coils Li and L 2 are 
perpendicular to each other and produce a circular revolving field when 
Liy Z/ 2 , Cl, C 2 , and the ratio of the air-core transformer are chosen such 
that the magnetizing currents Ii and 1 2 are 90 time degrees (a quarter 



Fig. 92. — Phase changers. 


of a period) out of phase and of the same amplitude. The induced 
voltages Ei and Ea have a phase difference equal to Any multiphase 
output system can then be obtained when secondary coils are properly 


A* located in the rotating field, 

k / jP 64. Phase Changers and 

I jTir ^ Phase Multipliers by Means of 

W Out -of -phase Currents. — Figure 

^ 94 shows two transformers T\ and 

111 — I, ^2 which wwk through adjustable 

^ resistances jffii, 7^2, and R% into a 

three-phase load. The e.m.f. 
jJI across the output of transformer 

^4' H [smJ Ti is different from that across 

^ 'TJOCJTS secondary of transformer T 2 

since a choke coil is connected in 
— — the primary circuit of Ti. By 
Imprewcf means of the resistances 22 1 , R 2 , 

vo/fage « and Rz three-phase balance is 

Fig. 93.—Pha8e changer. obtained. 

Figure 95 shoves a single-phase-three-phase converter for which equal 
phase amplitudes exist by virtue of the circuit. In this case, the phase 
conversion is applied to a piezo oscillator which produces a single-phase 
voltage between terminals a and 6. The heavily drawn network is the 
phase multiplier for which 0-1, 0-2, and 0-3 are the three phases and 0 is 
the neutral point. In order not to load the piezo oscillator too much, 
the resistances R can be given high values and a stage of power amplifica- 
tion can be used for feeding a three-phase current into the primary of an 


Impresseof 
voltage ^ 
-Phase changer. 
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output transformer. That three-phase currents are obtained is evident 
from the adjustment relations l/(<oC) = Ry/3 and uL = R-v'3 for equal 
resistances f? in all three branches. Figure 96 gives another type of 



Fig. 94. — Single-phase-three-phase converter. 



Fig. 96. — Pieao oscillator with three-phase output. 

single-phase-three-phase converter utilizing the resistance-capacitance 
bridge circuit of Fig. 92. M denotes the center tap of the single-phase 
input. We have again a balanced Y output since iii = l/(wCiy/3) and 
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R 2 « 1/(wC 2'\/3) and these relations give tan 30® « (aCR = l/VSj as 
required in three-phase systems. 

Figure 97 shows a cathode-ray-tube phase multiplier. For the sake 
of simplicity, the case of three-phase output is shown. By means of C 
and Rfor R = 1/("C^) similar to the description given in connection with 


a 



Fig. 96. — SinKle-phase-three-phase converter with input voltage of stabilized frequency 

across ah. 


Fig. 90, the cathode-ray beam becomes circularly polarized on the screen 
of the tube; that is, the fluorescent spot describes one circular path for 
each complete cycle of the exciting single-phase voltage. Hence when 
either external^ or internal metal electrodes are fastened to the end fac(i 



of the cathode-ray tube and are connected as indicated, three-phase 
excitation will occur on the grids when the metal sectors are spaced by 
120 deg. The tank circuits will then charge up in three-phase relation 
and produce in the three output coils three-phase currents. 

‘ Elxtemal electrodes seem more practical, since any phase corrections can be 
readily made or any other phases can be quickly produced. 


PHASE CHANGERS 


147 


56. Phase Changers by Means of a Recurrent Network. — The 

principle is partially indicated in Fig. 98. The voltage e which is dis- 
placed in phase is produced across coil L which is free to slide inside a 
long single-layer coil (for high-frequency work) or many small coils (for 
low-frequency work). The individual sections of the recurrent network 
are made up of inductances Li along the line and capacitances C across it. 
The recurrent network is composed of many sections so that the current 7 
at its end is attenuated practically to zero. As shown in connection 



Fiq. 98 — Distributed inductance and capacitance as phase shifter 

with the theory of recurrent networks (pages 546 and 551, Fig. 322), a 
recurrent network of this kind (so-called ‘‘coil line^O, when properly 
terminated, tends to pass only currents below a certain critical frequency 
fo'j for currents above this fretpiency, pronounced attenuation takes place. 
Figure 322 shows that such a network works as a phase changer up to 
this critical frequency. It is then possible to obtain phase variations 
without amplitude changes since attenuation takes place only for fre- 
quencies above /o. Hence if a small coil is moved inside the long coil 
(Fig. 98), the phase can be readily varied through 360 deg and more. 
This can be easily tested, as in the lower arrangement of Fig. 98, where 
two currents of different phases are produced and passed through a 
thermoelectric galvanometer. The galvanometer then gives deflections 
as indicated, For more accurate measurements, a tube voltmeter should 
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be used, so that coil L does not produce back reaction. The amplitude 
is adjusted by the sliding contact 8. 

56. Phase Changers by Means of Tube Circuits. — Figure 99 shows 
a system in which a sinusoidal current 1 1 flows in at the input terminals 
and a current which is out of phase with 7i, is produced in the output 
circuit. The phase change is dependent on the magnitude of the oscilla- 
tion constant CL, that is, by the setting of C. The phase of the current 
h actually depends on the ratio CL//, where / is the frequency of the 
current Ji which was impressed on the system. The amplitude of 1 2 
depends on the coupling from h to the grid branch and h to the plate 




Incoming Outgoing 

currenf current 


Fig. 99. — Tube phase shifter. 



Fig. 100. —-Tube oscillator for producing 
voltages El and Ez which are out of 
phase. 


branch anil the amplification factor of the tube. Figure 100 shows 
another tube arrangement for producing two voltages Ei and Et of dif- 
ferent phase. The current h lags behind the current 7i by an angle 
(ir/2) — (f> where 

£2 


From this relation it is seen that, when the secondary circuit is almost 
tuned, small changes in C* produce pronounced changes in <p. Therefore 
the phase can be changed by Ci, Rt, and M. However, the disadvantage 
of this cireuit is that a frequency jump (see page 103) may take place. 

67. Phase and Corresponding Frequency Change. — Suppose a con- 
stant-frequency source affects a pick-up circuit in which the phase can 
be made to lag during a short interval and according to any law whatever. 
A deceleration (retardation of the phase) of the induced oscillatioq must 
then take place in the circuit. In a similar way when a transient circuit 
change causes a leading effect, a corresponding acceleration (advancement 
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of the phase) of the induced oscillation results irrespective of how con- 
stant the frequency of the supply. 

Therefore when a sinusoidal variation of angular velocity « = 2irf 
and a variable phase (p, exists in such a pick-up or some transfer circuit, 
the voltage as well as the current in the circuit is at any instant 

Ai - A sin [e + <pt)t 

where d/(2Tt) now stands for the average frequency about which changes 
due to variable phase effects take place. If the phase tpt varies according 
to an arbitrary time function, the corresponding frequency change 5/ is 



If the phase varies according to a sine law <pt = sin(27r/i)^, we have 

for the instantaneous value of voltage or current, neglecting their 
constant-phase displacement, 

At = Am sin 2w[f + fi]t = ^ sin r 

and the effective frequency at any instant becomes 

^ ^ + *pmfi cos {2irfi)t 

with a maximum frequency shift /iv^m if pm denotes the maximum phase 
shift. 



CHAPTER V 


FREQUENCY CHANGERS 

The frequency impressed on certain circuits can be multiplied by 
means of magnetic, thermic, thermionic, and other devices. In some 
systems the desirable frequency mf is obtained by tuning to a harmonic 
mf of a distorted current of fundamental frequerlcy / (current of an 
alternating-current arc, distorted currents of magnetic frequency multi- 
pliers). In other devices, current impulses are produced which either 



are distorted (certain magnetic multipliers) or form portions of sinusoids 
(tube multipliers). In methods which use two transformers, either the 
primary or the secondary coils are connected in opposition to the other 
coils so that their voltages are additive. If a double frequency is 
required, the dissymmetry in the transformers is produced by the super- 
position of a constant magnetic flux 5 (by means of a constant current I) 
and harmonic flux Different degrees of magnetic saturation in the 
respective transformers are used to triple the frequency. 

58, Triple Frequency by Means of the Alternating-current Arc 
(Zenneck). — When an electric arc is fed by an alternating current, 
the wave form becomes distorted with a pronounced third harmonic. 

X60 
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If a choke coil is inserted in the supply system and a capacity-inductance 
shunt parallel to the arc, a triple-frequency current can be got by resonance. 

69. Double Frequency by Means of ITnsyxnmetrical Magnetization 
(Arco). — Figure 101 shows the circuit. The primary coils of two similar 
transformers are connected in series, while the secondaries are connected 
in opposition through a variometer and a variable condenser. A direct 



current I produces unsymmetrical magnetization. At the same instant, 
the alternating flux density B increases in one transformer to = 
B + B and decreases in the other transformer to — -P 2 = 

Because of the opposing series connection of the secondaries, the flux 
densities act as B 2 and are such that a strong double periodic- 

resonance current I flows in the output branch. By applying the 
reflection principle of R. Goldschmidt (page 59),^ the frequency can be 
multiplied several times in steps. 

60* Triple Frequency by Means of Transformers Which Are Mag- 
netized to a Different Degree (Epstein, Joly). — The primary coils of the 

i For detail; ^^Hochfrequenzmesstechmk,” 2d ed., Springer, Berlin, 1928, pp. 8-10. 

'v.. 
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arrangement of Fig. 102 are connected in indirect series and the sec- 
ondaries in direct series. The condenser and the variometer in the output 
branch are used to tune to the triple frequency. The flux-density wave 
Bi is peaked, since the corresponding transformer does not employ 
enough ampere-turns (/max < saturation current), while the other 
transformer has sufficient turns to produce complete saturation of the 
core. Therefore the corresponding B 2 wave has a flatt(‘ned shape. The 



Fio. 103. — Double fre<iuenry output. 


resulting density = .P 2 — ^1 is responsible for the output current I of 
triple frequency. 

61, Double Frequency by Means of Rectified Half Waves,- -The 

method indicated in Fig. 103 makes use of a hot-cathode rectifier (of 
ordinary or tungar kind) or any other rectifier (cuprox, etc). The 
primary coils are again in indirect series. Since the current /i produces 
Bi pulses of opposite polarity (at times when h does not act), a double 
periodic-resonance current can be taken oS because P — is 

effective. 

62. Frequency Multiplier by K. Schmidt. — ^This method does hot 
require static (direct-current) magnetisation and needs only a single 
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autotransformer. The exciting ampere-tums are chosen so that the 
core is highly saturated. This causes sharply peaked induced voltages 
and a great number of powerful harmonics. The output frequency is 
produced by tuning to one of the higher harmonics.^ 

63. Sixfold Frequency Multiplication by Means of a Full-wave 
Kenotron Rectifier Which Employs Temperature and Space-charge 
Effects. — With thermionic rectifiers, too low a cathode temperature 
flattens the rectified half waves, while insufiicient plate potentials pro- 
duce peaked half waves. Therefore, when the rectified current of a full- 
wave rectifier with a maximum plate potential Ep < E, (smaller than the 
saturation potential) is superimposed on a rectified current of another 
full-wave rectifier with an insufficient cathode temperature, a current of 
sixfold frequency can be selected by tuning. A sixfold frequency, 
however, requires the peaked caps to be added to the flattened caps. 
The space charge can also be controlled by changing the space-charge 
characteristic by means of one or two grids for each anode. 

64. Frequency Multiplication by Means of Current Impulses. — 
Arrangements of this type make use of the principle that, when a con- 
denser C (Fig. 104) receives unipolar current 'pulses (/o charging current) 
during t seCy and when during the intervals when /o = 0, which last for 
(2m — 1)< secj the condenser freely discharges through the inductance L, 
a sustained oscillation current I of frequency F = m/ can be selected by 
tuning the CL branch. The quantity / denotes either an imagined or an 
actual reference frequency which produces the variation of /o. For the 
former case, the current impulses /o (shaded caps of dotted sine waves 
in Fig. 104) are imagined as portions of sine waves. We then have 
/ = 1/To, For the actual case, the sinusoidal curve denotes the reference 
time curve, of which the shaded portion only is utilized. 

1. Hence, when regularly occurring voltage impulses Eo produce the current 
impulses lo indicated in the upper representation of Fig. 104 (case / = F) and when 
the CL branch is adjusted so that 


/ = — ^ = F 

2irVCL 

a sustained oscillation current / circulates in this branch. The negative-current 
halves have a somewhat smaller amplitude since the circuit losses must be supplied. 
This is not the case for the positive half waves, since during that interval the energy 
due to loss is being supplied. 

2. When the regularly occurring current impulses lo occur somewhat slower than 
above and are such that the charging time lasts only < sec (t is only a fraction of a 
second), then the interval during which there is no energy supplied and the condenser 
C discharges itself becomes 


I A similar system is described by W. Domig, E,T,Z,y 89, 223, 1925. 



164 PHENOMENA IN HIGH-FREQUENCY SYSTEMS 

[2m — 1]^ = Zt sec 

Then we have the case F = 2/, that is, a doubling of the supply frequency. 

3. In the same way the illustrated cases for F - Zfj = 4/, etc., can be explained. 

The shaded areas represent the quantity of electricity which is 
either supplied or sustained by the supply of voltage Eo> 



The current impulses 7o can be produced by commutator arrange- 
ments or by impulse transformers (which produce peaked positive half 
^ waves). They can also be produced by quenched spark gaps, arc 
oscillations of the pronounced second type, and the like. But, usually, 
it is far mor expedient to use ordinary sinusoidal voltages for the supply 
Eq* It is then only necessary to utilize ^VavQ caps^' of sufliQient size. 
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This can be done by means of either certain t 5 rpes of rectiiSers or ordinary 
electron tubes in which sufficient negative grid bias is provided. These 
schemes are described in more detail in the next sections. 

Figure 105 shows the case in which the plate current of an ordinary 
three-element electron tube is of rectangular shape and can be expressed 
as 


'ip = t*l0.25 + 0.45 cos oit -f 0.32 cos 2a)/ + • • • ] 

For the amplitude of the oscillation of double frequency, we have 

i' = 0.32i. 

For* the case of a triple frequency, 21 per cent of i, would be available in 
the output current. 

66. Two-element Tubes as Fre- 
quency Multiplier. — In Fig. 104, /o 
denotes the rectified current. An 
alternating voltage of frequency 
/ = ojo/ (27r) is impressed on the system. 

The rectifier is so adjusted that the 
condenser C receives a charge from Eo 
during the time /, and the oscillation 
constant CL is chosen of such a mag- 
nitude that 

T.2.VCl-±j 

where T is in seconds; C in farads, L in henries, and/ in cycles per second. 
An oscillation current I of the m-fold frequency (equal to mf) is then 
obtained. For example, for a frequency multiplication of 5, we have 
m = 5, and the charging time to be maintained is t = To/10 = 1/(10/) 
since we must satisfy the relation 

t + [2m- l]i = To/10 + [2X5- llTo/lO = To. 

The correct adjustment of t can be made with the help of a glow-discharge 
rectifier. This type of rectifier has an infinite resistance up to the lower 
critical voltage (in some cases 80 volts). But when this voltage is 
reached, the resistance suddenly decreases and a current flow sets in. 
Therefore it is possible to adjust for the proper charging time t by means 
of a suitable voltage. This can also be done by the superposition of i 
suitable steady voltage. An ordinary thermionic two-element tube can 
also be used. The time / is then obtained by means of a suitable negative 
bias in series with the alternating voltage. 



L— 2 f curve 


Fig. 106. — Frequency multiplication 
by means of rectangular plate current 
{ip) impulses. 
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66. Three-element Tube as a Frequency Multiplier. — In the method 
indicated in Fig. 106, Ee denotes a negative grid bias for which no plate 
current Ip is possible. Therefore, when such a negative bias Ec is chosen 
that the impressed voltage wave £ of frequency / produces only current 
impulses I for the portions 1-2-3, 4-5-6, 7-8-9, etc., and the oscillation 
constant CL is properly chosen, a resonance current 1 of the rw-fold 
frequency of / is obtained. 

67. Magnetron as Frequency Doubler. — In the magnetron tube 
shown in Fig. 107 the magnetic field of the axial filament current is used 



Fig. 106. — Frequency multiplication with a three-element tube. 


to control the electron emission to the cylindrical anode. When a 
sufficiently heavy filament current is flowing, the electrons e, for a certain 
current, flow along the path as indicated. Hence, when an alternating 
current of frequency / heats the filament, electrons are deflected alter- 
nately upward and downward; while at the instants when zero instantane- 
ous filament current exists, maximum electron current passes toward 
the cylindrical anode. When the heating current is sufficiently large, 
the anode current ip will vanish completely at the instants for which the 
heating current has its maximum positive and negative value. In the 
CL circuit a pronounced double-frequency current can then be selected 
by tuning. 

68, Cathode-ray Tube for Frequency Multiplication. — In Fig. 108 a 
cathode-ray tube is used which has external electrodes at the end surface 
of the tube. The eight metal electrodes are all connected to the grid of 
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an amplifier. The cathode ray is circularly polarized by means of the 
deflection condensers which are connected across the resistance R and 
condenser C, respectively. Hence for eight electrodes the grid will 
receive eight impulses per period and, if the CL circuit is tuned to 8/, a 
current of this frequency will exist in the outgoing branch. 



69. Temperature Effect of a Hot Cathode as Frequency Doubler. — 

The emission current which flows from the hoc filament of a thermionic 
tube toward the anode can also be dynamically controlled (to some 
extent) by the temperature of the filament. For the static case, a small 
variation in the filamcjnt current (unless there is insufficient positive 
plate potential) produces an appreciable change in the current flowing to 
the anode. This is also true in the dynamic case when the frequency of 
the temperature variation is not too high. Because of the heat inertia 



of the filament, only current alternations up to about 500 cycles sec can 
produce sufficient double-frequency effects in the plate current. A 
doubling of the frequency is obtained since the temperature of the fila- 
ment is proportional to the square of the filament current. The actual 
curve for the absolute temperature curve T can therefore be thought of 
as being due to a fictitious steady filament current I a superimposed upon 
which is an alternating current h, The steady and variable components 
of the temperature can be computed from the expressions 
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if T is in Kelvin degrees, S the surface of the filament in square centi- 
meters, the radiation constant p = 1.37 X 10"^^ cal/cm^ • sec • deg^ R 
effective average filament resistance, rj the heat capacity of filament 
(equal to volume X specific weight X specific heat) and H the mechanical 
equivalent of heat (equal to 4.18 wattsec/cal). Therefore it can be seen 
that, for Ip = the variation Tb has an amplitude Din and leads 

that current ripple by angle 

Undesirable hum in tubes whose cathodes are heated directly with 
alternating current can therefore be partly due to this effect, especially 
when the plate voltage is high enough so that small variations in the 
filament temperature can be thermally amplified into the plate branch. 
The same principle can be utilized to produce low-frequency oscillations 
with ordinary two-electrode thermionic tubes. 



CHAPTER VI 

RECTIFICATION AND INVERSION OF CURRENTS 

A rectifier is a device for the conversion of some form of alternating- 
current wave into a unidirectional wave. An inverter changes some form 
of unidirectional current into some form of alternating current. The 
inversion of currents may open up in the near future more economic 
power transmission. Since a rectifier is an electrical conductor which 
offers less resistance to current in one direction than to current in the 
opposite direction, Ohm’s law does not generally hold and, if it does, 
only for a certain range of current values and for a certain direction of 



Half wave reef if ier Full wave rectifier 

Fig. 109. — Rectifier characteristics. 


current flow. Inasmuch as a rectified current is generally a pulsating 
direct current, it is of importance to distinguish between the effective 
current value I as indicated by a square-law instrument (thermoelectric, 
hot-wire meter, dynamometer, eddy-current meter) and the average 
current reading as indicated on a direct-current meter (moving coil 
rotates between the poles of a permanent magnet). Hence, if a steady 
current component h exists and a component 1 2 sin (at, the square-law 
meter will read the value y/h^ + O.5/2®, while the direct-current meter 
registers only the value /i. 

70. Basic Characteristics of Rectifiers. — Figure 109 includes the 
characteristics of nearly any type of rectifier. 

159 
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1. A perfect rectifier is then one for which a current flow is possible 
in one direction only and for which Ohm^s law holds for current flow in 
this direction. An infinite resistance is offered when the polarity is 
reversed. Most of the thermionic rectifiers belong practically to this 
class except that the internal-resistance line is straight for only a limited 
range of current flow. When saturation sets in, the current flow is 
independent of the voltage applied. This phenomenon is utilized in the 
linear time-axis apparatus used with cathode-ray tubes. Near points of 
zero voltage, the characteristic also bends toward the origin of the 
voltage-current coordinates. 

2. An ideal differential rectifier offers less resistance to current in 
one direction than to current in the opposite direction. Ohm's law holds 
for the respective directions of flow only. 



Flo. 110. — Six-phase rectifier (?> = 6). 

3. The third type of rectifier follows Ohm's law for a small range of 
current flow only, and the voltage-current curve is symmetrical with 
respect to the origin. Since such a device offers the same resistance to 
current flow in either direction, rectification is possible only when an 
appropriate steady voltage from a direct-current source is superimposed. 
This voltage disturbs the symmetry. 

4. The fourth type of rectifier has an unsymmetrical internal charac- 
teristic, but here also the degree of rectification can be increased by 
superimposing an appropriate steady voltage. Many electrolytic and 
crystal rectifiers belong to this class. The lower representations of Fig. 
109 show the case of a half-wave (single-phase) and a full-wave (biphase) 
rectifier. Figure 110 illustrates polyphase rectification. 

71. Form Factor, Peak (Amplitude) Factor, and Useful Portion of a 
Rectified Current. — Since the energy of the rectified current is important^ 
it is necessary to know not only the degree of the valve action of a certain 
rectifier but also the form of the rectified current. Many rectifiers 
distort the half waves, more or less, because the internal resistance 
of the valve depends on the impressed voltage. Some types of practical 
rectifiers show small inverse currents so that only the differential effect 
is* useful in the load branch. Figure 111 illustrates these cases. 
denotes the effective current value measured, for instance, with a dyna- 
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mometer t3rpe of instrument, and 1^ the average value of the current as 
indicated by a direct-current meter. The dotted curves indicate the 
alternating current which would flow if no rectifier were in the circuit. 
The maximum amplitude /i of the rectified current is always smaller 
than /max of the corresponding alternating current, since a certain rectifier 
resistance Bv is effective. In many cases the valve resistance Rv is vari- 



The current is 
always unipolar. 
The form factor 
alvvoys larger 
than unity 


is 



able; for instance, a thermionic rectifier exhibits the smallest resistance 
when the impressed alternating voltage is either equal to or greater than 
the saturation anode potential^ of the tube. In many cases, the effect 
of the variable rectifier resistance can be minimized by the load inductance 
or resistance. The magnitude of the load resistance R depends on the 
saturation current /« as well as upon the alternating voltage, since R 
should be chosen so that + R^] = This is the condition for 

1 The saturation potential corresponds to the voltage between the hot cathode and 
the anode which, for a certain cathode temperature, just passes the full electron emis- 
sion to the anode. 
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maximum energy conversion. Since the degree of rectification is equal 
to the ratio of useful current /,» == Lv in the rectifier branch to the possible 
alternating current 7, it is evident that the power delivered to the load is 
limited by the magnitude of the valve resistance Rv and that of the load. 
Since this ratio is given by 



for a perfect rectifier, the maximum value for the useful load current 
occurs when Rv = 0. For a half-wave rectifier, the degree of rectification 
is practically equal to the reciprocal of twice the form factor F, or equal 
to 60 /F per cent. When this result is combined with the relation of the 
internal rectifier resistance for maximum power conversion, optimum 
rectification effect is obtained 


and 


if F is not much greater than unity 


-5 — R is vanislyngly small compared with R 

1 « 


that is, R about where 7, denotes the saturation current of the 

rectifier (for instance, of a tube). In this case, the current 7« must be 
equal to the maximum value h since for a perfect rectifier = 0. For 
all other kinds of rectifiers, I\ must be chosen so that the ratio of the 
maximum rectifier voltage to the effective internal resistance of the valve 
is equal to the value of 7i. 

The peak factor <t is defined by the relation 

_ maximum instantaneous v alue _ 7m«, 
effective value 7* 


and the form factor by 

p _ effe ctive value _ le 
^ average value 

Hence, when rectification as in IV of Fig. Ill is under consideration, the 
peak factor becomes 

_ (7i + h)/2 
„ 

when 7, denotes the current measured with an alternating-current meter 
in the direct-current branch. Since, for the average current I„, measured 
in the direct-current branch with a direct-current meter, 
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we find for the form factor in this particular case 

p_ {h- h )/2- 

<rl„ 

For a pure sine wave F = 1.11 and a = 1.414. When the rectified cur- 


HI Form factor 

.kSv'■WV^/^ 

I 




T- 2 I 2 . . . _ t, About dO /o of the 

harmonics ava\\ab\e power is 
contained m the useful 
Ny /rectified current 



40% IS useful 


I I ^ 

+ 1 4 . higher harmonics 

Fig. 112. — Form factor and useful power in differenl rectified currents. 

rent is of the shape indicated in the upper curve of Fig. 112, the form 
factor becomes 



Vi + h sin ey^de tt^ + ^ + 

2p 


Tt/i -j- 2/2 


[/i + Z2 sin 6\d6 
and the peak (amplitude) factor is 


ii + Ij^ 

V7,^ + ihyi) + 4/,7*/tr 

Therefore by means of the peak and form factors the quality of rectifiers 
can be investigated. 

For half-wave rectification (single phase rectified, sine wave, Fig. 112) 
i = I - /o[^^ + I ®i“ 2ir/< - j-^-g^cos2ir2/{ - ^ 2ir4/l • • - 
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For double-phase rectification (Fig. 112), 

2 cos 2m6 

T - 1][2to -f- 1] 

= — I cos 2ir2/< — 3 ^-g cos 2k ift — 5 -^ cos2ir6/< ' ‘ • j 

J, = ^ ^ ~ 2 ^ 2 ’ ® ~ ^ ~ 2, 3, etc. 

For the polyphase case indicated in .Fig. 110, 



m-1 


where 

p = number of phases 
m = order pf harmonic 
m = 1 for the fundamental frequency 



In order to get a more detailed picture of the energy of the rectified 
current, it is convenient to resolve the resultant current flowing in the 
direct branch into the various components.^ By ‘^useful current is 
meant that component which determines the direct-current supply of 
energy to the load. Several components can be more or less wattless. 
The useful power determines the rectification effect and the efficiency of 
the rectifier. It is essential to distinguish between the degree of rectifi- 
cation and efficiency of an electric valve since a rectifier also has internal 
losses and acts as a power-limiting device. 

In case of full-wave rectification, for which a symmetrically built 
thermionic or other rectifier of resistance R is used, if the plate and 
cathode excitations are chosen so that for an impressed voltage E both 
half waves are practically undistorted (middle curve of Fig. 112), the 
rectified current J at any instant is 

* Proofs of various formulas given in this chapter are given in an article in Elektr(h 
Machimnbau, 40f 37, 1922; B. Libbowxts, Rroc, 0, 33, 1917. 
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T = :®r? — nujt cos^(mir/2) 

R\j — 1 

__ 21"^ _ 2 cos 2(t)t 2 cos 4ci)< 2 cos 6aj< 

R Tr[ 3 5 X 7 

Hence a continuous current 2E/(TrR) = {2/v)Io is superimposed on a 
double-frequency alternating current and a series of even higher har- 
monics. But since th(‘ useful current in the direct-current branch is 
/ = {2/w)Io and the amplitude of the current of double frequency 
/" = (4/37r)/o, we note that 



which means that the useful current / in the direct-current branch is 
about 212 per cent as large as the superimposed double-frequency 
alternating current. The available power is JS‘V(2/2) and the useful 
current carries the portion 

m - - 1 .[ 5 ] - 81 . 1 % 

of it, while there is associated with the alternating-current component 
of frequency 2/, 18 per cent of power in unavailable form and with the 
remaining components of higher harmonic frequencies 0.9 per cent of the 
power in unavailable form, thus producing an unfavorable power factor 
of the alternating-current power supply. That this is true can be seen 
from the following calculation involving the effective double-frequency 
current U which gives 

[I 

For a half-wave rectifier (single phase, lower curve of Fig. 112) the 
instantaneous current / of the rectified current is 

which means that a continuous current / = /o/t = E/(tR) has superim- 
posed on it an alternating current 7« of the supply frequency, whose 
amplitude is /' = h/2 = E/{2R). There is also a series of even higher 
harmonics. If the useful current I is again compared with the efifective 
value of the fundamental current /« which flows in the direct-current 
branch, for the effective value, we have 



for m = 2, 4, 6, 8. 
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since 



^ e 


Hence the strength of the useful current I is only 90 per cent of the 
effective value I,. For half-wave rectification, the available power is 
then only E^/ (4fi) and the useful current I takes only 40.55 per cent of 
the available current since 



4 



Associated with the superposed fundamental current /, there is unavail- 
able power of an amount given by 


= 



= 50% 


and associated with the even higher harmonics there is the remaining 
unavailable 9.45 per cent. 

In a similar way the case of any multiphase rectified current, as in 
Fig. 110, may be analyzed by means of the relation 


/ = 


ph 

TT 



00 

1+22 




COS 


mpo)t 

i 


where p stands for the number of phases and m for the consecutive 
harmonics. 

72. Direct-current Reading in Comparison with the Effective Value 
of the Second Harmonic. — It is always a comparatively easy matter to 
measure small direct currents (with microammeters, galvanometers, etc.). 
However, such measurements are rather difficult with small high-fre- 
quency currents since the best instruments (with thermocouples) are 
based on a square-law indication. The deductions in the last paragraph 
indicate a method by means of which a supeirimposed double-frequency 
current can be determined by a direct-current meter. It is then only 
necessary to have the reactance in the external circuit of the rectifier 
small compared with the resistance. 

When ordinary two-element or three-element thermionic rectifiers 
(grid and anode connected together) are employed for rectification, we 
must deal with three cases, namely, 


1. When very small currents are being rectified, in which case the current is 
practically proportion^.! to the square of the impressed voltage. 

2. When somewhat larger currents are rectified, in which case the current varies 
practically linearly with the voltage, and 

3f rwtifier is overloaded aud an empirical law must be used. 
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The second case has been treated in the last paragraph and, for an 
impressed voltage E cos o)t, the current in the rectifier branch is propor- 
tional to the series 


TT 2 2 

1 + ^sincot — « cos 2<»)t — ^ cos — • • • 

^ o 15 

That is, a direct-current meter indicates half the amplitude value of the 
double-frequency component. For very small currents, the following 
series is obtained: 


14 1 4 

j + ^ sin (at — ^ cos 2(at — sin Scat 
4 Stt 4 IStt 


lOfir 


sin 5o>t 


and the direct-current meter indicates directly the amplitude of the 
double periodic current. For measurements of very small currents, the 
rectifier must use such a negative auxiliary voltage that the current in 
the anode branch is just zero when no alternating voltage is applied 
(that is, the electron pressure must be balanced out). 

73, Voltage, Current, and Power in a Rectifier Circuit. — As has 
already been stated, aj^l^ectified current may generally be thought of as 
being composed of a continuous current J and a series of harmonic 
currents. If 7i, 1 2 , /s, etc., are the amplitudes of the various harmonic 
currents and J?i, F/a, Ezj etc., the amplitudes of the corresponding voltages, 
and E the steady voltage producing the continuous current J, the effective 
values of the resultant voltage and current, according to ordinarv alter- 
nating-current theory, are 

E = + Q.5[E,^ + + E3^ + ■ ■ ■ ]( 

/ = V +' o.5[i? + + h^+ ■ ■ • ] ( 

The power in the rectifier branch is 

SI + 0.5fFi/i cos + E 2 I 2 c os <p 2 + EJz c os v >3 + * • * ] 

^EI = 4 -/ 2 ^ + />+ • 

equivalent power 

If Ay Aiy A 2 , Azj etc., are the corresponding amplitudes which stand 
for either voltage or current, it should be remembered that an ordinary 
direct-current meter (current flows through a moving coil which rotates 
between the magnet poles) inserted in the rectifier branch indicates the 
value Ay while a dynamometric instrument (a stationary and rotating coil 
in series carries the current which either measures current or expresses 
voltage, respectively) indicates the valv^ 
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Hence, when a continuous current 7 has superimposed on it an alternating 
ripple h sin ojt; we have for p ^ Iil I 


Direct-current meter reading /z — , z, g ■■■■ ;; ^ , 1 9 

reading- “ ^ = 1 + 1 '’ 



making the ratio dependent on p. For very small ripples, both instru- 
ments then read alike. 

For full-wave rectification as shown in Fig. 112 where all the harmonics 
are in phase with their voltages, the average power is 


- sX" - %i”Hi - s ^ - IS "]} 

{'•[; - co.4«(jjrf(«l) El 

74. Derivation of the Rectification Law. — When dealing with a device 
which does not follow Ohm^s law over the entire operating range, we are 


Current 



concerned with voltage-current characteristics as shown in Fig. 109. 
We have a nonlinear static characteristic / = F{E) as indicated in Fig. 
113. A variable voltage e then gives, according to Taylor^s theorem, if 

^(E) = F'iE); ~/{E) = F"{E), etc., 

I + i^F[E + e]= F{E) + eF\E) + + i ^ 2 X 

+ • • • 


and upon subtraction of / = F(JE) we have 

*• » eF^E) + + p’"{E) + • • • 
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For the operating point P, the average value /,» of the rectification is then 




e^dt 


But the average values of e, etc., vanish for e = i?m sin <aL With still 
higher powers neglected, the remaining term becomes 


and 





— (W\ — . . . 


( 1 ) 


Hence the rectification effect increases with the square of the impressed 
voltage and the curvature d^ljdE^ of the voltage-current characteristic 
at the operating point. Therefore no rectification is possible when the 
curvature vanishes. The rectification effect Zav, that is, the value of 
the net current, becomes a maximum when at the operating point P the 
maximum rate of change of slope occurs. This can also be seen from 
Fig. 120 where rectification with three-element tubes is considered and 
where the upper or, preferably, the lower bend of grid-voltage plate- 
current characteristic can be used for rectification. When the radius 


{1 + {dl/dEYV-^ 
dU/dE^ 

of the curvature changes slowly, the slope dljdE is mostly responsible 
for the rectification action which is then all the more pronounced the 
greater dljdE, 

If the impressed variable voltage is of the form 

e — El sin + E 2 sin 2(at + Ez sin -!-••• 


the change of the mean rectifier current, or the rectification effect, is 


iav = 


Ei^ -I- E2^ + Ez^ dn 
4 dE^ 


( 2 ) 


When two high-frequency voltages of somewhat different frequencies 
/ and/.+ fb are applied to a rectifier circuit (using, for instance, a crystal 
rectifier, a two-element thermionic tube, etc.) a beat-tone frequency ft 
is heard in a telephone receiver inserted in the rectifier output circuit. 
The resultant impressed rectifier voltage is then of the form 

$ ^ El sin 2frft + jBg sin 2v{f + fh)t 
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and the rectification action, according to (1) becomes 
fjBi sin 2vft + Ei sin 2ir(f + d^I 

- av|^ 2 J dE^ 

= + ^ + &v[EiEi sin 2wfi sin 2ir(/ +/6)<]|^ 

cannot be heard 

= + avj^— ^"^(cos 2irfd - cos 27r(2/ + /f-)) j 

The average value of each cosine term vanishes but the cosine term of the 
beat frequency fb varies so slowly^ that a beat tone is produced in the 
telephone receiver, of intensity 

j E\E2 Of* 

J = "-y- COS (3) 

Therefore, if the amplitude Ei of the local os(*illations is kept constant, 
the sound intensity is directly proportional to the amplitude of the 
unknown voltage E 2 and to the curvature of the n'ctifier chara(*t(Tistic. 
Hence great sensitivity for w^eak voltages is obtained with tlu^ beat 
method of detection since straight proportionality instead of a square law 
prevails. 

76. Notes on the Application of Rectifier and Inverter Circuits.- 

In the ])receding paragraphs it has been shown that for full-wave rectifica- 
tion only about 80 per cent of the available einugy can be used und(*r the 
most favorable conditions. The remaining 20 per cent of energy oscil- 
lates uselessly to and fro in the system, like the 60 per cent for half-wav(^ 
rectification. Therefore full-wave rectification is the better, even 
though there is still an unfavorable power factor produced at the input 
side. Therefore when a B eliminator of this type is used (Fig. 114), 
the voltage E and I cannot be in phase and the power company, as we 
might say, must deliver wattless current which is not registered by the 
watt-hour meter. 

It is an easy matter to show that a loaded transformer is equivalent 
to a reactance and a resistance in series. The actual values of Reactance 
and resistance are, however, not the same as the primary reactance and 
resistance when the secondary is open. When this scheme is applied 
to the case shown in Fig. 114, the B eliminator with the load can be 
represented by an effective inductance Le and ohmic resistance Re. The 
power-factor corrector 1 then consists of a resistance R with a series 

1 If the difference frequency is greater than the smallest high frequency /, then 
the character of the resultant beat curve (interference curve) is lost, because then a 
variation of relatively high frequency is superimposed on a sinusoidal variation of 
comparfitivelv much lower frequency. 
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capacity C in shunt with the input terminals and in many eliminators a 
capacitance of about 2 to 4 and a resistance R of about 50 to a few 
hundred ohms will correct the phase of the input current. Theory shows^ 
that the entire eliminator with the RC shunt acts aperiodically; that is, 
E and I are in phase when 

ft = ft. = ^ 
and that the phase angle to be corrected is 

j. _i wZ/#* 

(p = tan ^ -jy- 

Up 

If, as in some cases, the capacitance C comes out impractically high (up 
to 20 /zf), the phase corrector 2 of Fig. 114 is more suitable. With 


I 


A.C source 
I 


B - Eliminaior\ 
anaHoacf | 


9<-E--x? 




o<- -E- -x» 
"1 

< ►AAA/^I ► 

too/^ 


Corrector No.t Corrector No.2 
Fig. 114. — Power-factor correctors for battery eliminators. 


resistances /?i of a few ohms, the capacitance C (;aii be brought down to 
reasonable values (about 2 ^f)- Resistance Ri is then in series with Re 
and Rc + Ri must satisfy the square-root ratio. 

Grid-controlled rectifiers are convenient means for changing direct 
current into alternating current.^ The gas-filled tube acts as a switch 
to change the unidirectional flow of current from a direct-current source 
to alternate sections of transformer windings. An inversion with high 
efficiency is then possible as compared with the low-efficiency inversion 
in case of high-vacuum tubes. Grid-controlled rectifiers are used in this 
way ill alternating-current radio receivers working on a direct-current 
supply. 

76. Practical Rectifiers.— As to methods of operation, we can dis- 
tinguish between mechanical rectifiers® (commutator type, vibrating 
Frequency Measurements," McGraw-Hill Book Company, Inc., New 
York, 1933, pp. 9-10, and Fig. 6 on p. 9. 

^ For details, see K. Henney, "Electron Tubes in Industry," The McGraw-Hill 
Book Company, Ine., New York, 1934, pp. 199-215. 

® A good description of the action and application of rectifiers can be found in the 
following books: L. B. Jolley, "Alternating Current Rectification and Allied Prob- 
lems," John Wiley & Sons, Inc., New York, 1928; A. GUntherschulze, "Electric 
Rectifiers and Valves," John Wiley & Sons, Inc., New York (translated and revised 
by N. A. DeBruyne); D. C. Paince and F. B. Vogdbs, "Principles of Mercury Arc 
Rectifiers and Their Circuits," McGraw-Hill Book Company, Inc., New York, 1927 
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reeds, etc.), electrolytic small contact (includes all types of crystal 
detectors), thermoelectric converters, and also large surface-contact 
rectifiers such as the cuprox rectifier and tube rectifiers. For rectification 
of high-frequency currents, the mechanical types of rectifiers are not 
important. Thermoelectric converters (thermocouples) arc very useful 
for indicating high-frequency currents by means of the direct-current 
output. Crystal rectifiers are likewise used for such purposes when 
great accuracy in calibration is not required. Tube rectifiers of the 
kenotron type are used to rectify currents in high-voltage circuits, while 
gaseous rectifiers (mercury arc, tungar, etc.) can be used for heavy- 
current work. 

77. Electrolytic and Contact Rectifiers. — Electrolytic rectifiers can 
be used for the rectification of very small and moderately large currents. 
But it is understood that weak-current electrolytic rectifiers (for in^ance, 
the Schloemilch cell) cannot be used for heavy-current work and that 
electrolytic rectifiers used for heavier current work (such as the aluminum- 
lead rectifier using an electrolyte) arc not efficient for the rectification of 
minute currents. Electrolytic rectifiers for the detection of weak high- 
frequency currents are due to Fessenden, Nernst, Pupin, Pierce, Schloe- 
milch, Hausrath, Zenneck, and other investigators. Some electrolytic 
rectifiers of this type require a polarization voltage (Schloemilch cell) and 
therefore cannot be regarded as true rectifiers. They are more or less 
of historical interest. When the electrolytic cell shows a self-voltage, 
then polarization takes place without auxiliary voltage. This is always 
the case when two dissimilar electrodes act in an electrolyte. According 
to J. Zenneck, a rectifier consisting of lead and aluminum electrodes, 
respectively, and operating in a 5 per cent solution of ammonium phos- 
phate can be used for currents up to several amperes without producing 
appreciable heating at the electrodes. A solution of zinc sulphate also 
may be used. But with the introduction of tungar, cuprox, and other 
rectifiers, this type of electrolytic rectifier is also practically out of date. 

Contact rectifiers^ of importance in the early days of radio are known 
as crystal detectors.^' They consist of a small contact surface. One 
pole is formed by a small metal point, the other by some mineral, such as 
galena or carborundum. Much of the action is probably due to thermo- 
electric effects because with overloaded crystals a phenomenon similar to 
thermoelectric inversion can be observed. More recent investigations 
attribute some of the rectifying action to the same cause as that in elec- 
tron tubes. It is then assumed that, at the small surface contact, field 
intensities are produced which liberate electrons and then accelerate 
them across the minute gap. If a carborundum crystal is used, an unsym- 

^ PiEBCB, G. W., Principles of Wireless Telegraphy,” McGraw-Hill Book Com- 
pany, Inc., New York, 1910, has an entire chapter devoted to such rectifiers. 
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metrical El characteristic as in Fig. 109 exists and rectification is possible 
without an auxiliary steady voltage. The minerals used must show a 
certain conductivity, although the degree of conductivity is by no means 
a measure of the degree of rectification. Instead, the latter depends 
upon the asymmetry and the portion of the voltampere characteristic 
along which variations take place. It may be said that the rectifying 
sensitivity depends mostly upon the physical shape of the crystals and 
the chemical composition of the mineral. The contact surfaces must 
have a crystalline character and must be clean. A critical pressure of 
contact exists for which maximum sensitivity occurs and also a critical 
temperature for optimum rectification. 

By means of a certain auxiliary poten- - 5x10“ / 

tial, a further increase of rectification ^ / 

can be obtained. The resistance of t ^ " / 

crystal detectors depends a great deal - / 

upon the pressure of contact. Decreas- 2 - / 

ing the pressure increases the resistance / 

and in many cases produces better recti- ’ 

fication action. Resistances up to 5000 * 160 Vpits 

ohms can be obtained. Since for most -► E 

work stable operation is preferred to a ^ 

great but unreliable sensitivity, fixed — j; 

crystals are us('d which usually have a 

resistance between 500 and 2000 ohms. , 

Crystals can be used only for the recti- T i 

fication of small currents up to several Fio- us.-Rectificationby meansofdis- 

* tributiun at surface of contact. 

milliamperes. For the ordinary labor- 
atory, galena against a thin coiled brass wire gives a good rectifier for high- 
frequency currents. Carborundum is also good, but not so sensitive. 

For the theory of the crystal rectifier, the rectifier law derived in 
Sec. 74 can be used. 

For contact rectifiers with a large contact surface, reference is made to 
the two sections following. 

78. Electrostatic Relay as a Rectifier. — The electrostatic relay 
shown in Fig. 115 utilizes the Johnson-Rabbeck^' effect.^ The char- 
acteristic shows that the current passes more easily from the silver plate 
across the surface of contact toward the semiconductor (achat) than vice 
versa. The resistance resides mostly in the thin surface film between the 
metal and the semiconductor, so that a great electric-field strength is 
set up across the small thickness of separation. Hence great forces of 
attraction exist between the two plates. The metal plate, under the 
influence of the high field strength, readily conducts electrons, while 

1 Kraiaiqr, W., Z, Physikf 28, 74, 1924. 
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the semiconductor acts as a divider of ions. In place of achat, marble, 
slate, and the like, can also be used. 

79. Cuprox Rectifier. — This rectifier, which is the work of L. 0. 
GrondahF and P. H. Geiger, is based on a similar action. A copper disk 
covered with a layer of cuprous oxide shows a greater resistance in one 

than in the other direction. Figure 116 
gives the characteristic of such a device. 
This rectifier will handle up to about 2 
amp/sq in. without special cooling. For 
high-voltage work, the rectifier is built 
with many disks in series. It may then 
be assumed that, even at room tem- 
perature and with no voltage applied, a 
great number of electrons escape from 
the copper and pass into the cuprous 
-Volts oxide. The copper then acts like a 

FIO. u6.-^oppor-eoppor oxide rectifior. emitter. Because of the 

short distance between the electrodes, 
the resistance to the flow of electron emission toward the copper oxide is 
then small. Hence, when a voltage is applied in the opposite direction, 
there is a tendency to drive the electrons back again into the copper. But 
this is opposed by the electron evaporation of the copper so that there will 
be an intense negative space charge 
near the surface of the copper. The 
resultant gradient in the electron 
density in the oxide then produces a 
potential gradient which opposes the 
electron flow in the oxide-to-copper 
direction. 

80. The Two-electrode (Anode 
and Hot-cathode) Thermionic Recti- 
fier. — Figure 117 illustrates the use of 
two-electrode thermionic tubes for 
half-wave and full-wave rectification. 

For the latter, either two tubes or a 
single tube with 83 rmmetrical anodes 
(as indicated in the figure) are 
employed. If high-vacuum thermionic tubes are used, very high volt- 
^es can be applied. They are then known as kenotron rectifiers. 
For voltages as high as 100,000 volts, the rectified current is of the order 
of several milliamperes. Since the thermionic tube can be saturated 

1 OBOirt>AHL, L. 0., Phys. Rev,, 27, 813, 1926; L. 0. Geondahl and P. H. Gsiobb, 
/. AJ,E,E,, 46, 216, 1927. 
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117. — Thermionic half-wave 
full-wave rectifier. 
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owing either to space charge or to filament temperature (Fig. 2) and the 
voltampere characteristic of the tube has the well-known S shape, the 
maximum value E of the impressed alternating voltage must be chosen 
so that the saturation current la is obtained. If E is just sufficient to 
produce saturation current, the case indicated in Fig. 117 exists, while 
with still higher supply voltages more rectangular current pulses / would 
be produced. The example illustrated on page 9 shows, for instance, 
that the voltage drop of a certain kenotron carrying just its saturation 
current is only about 145 volts, in comparison with the supply voltage 
of 15,000 volts. Kenotrons have been built to give from 5 to 250 ma 
thermionic current for about 100 volts internal drop and with special 
designs up to 1 amp could be rectified. But, for such current values, gas- 
filled rectifiers seem more practical. Since the characteristic of such 


tubes follows the equation 
I = kE- 

for the current and ap])lied voltage, the 
static resistance is 

Lip — j 

while the effective dynamic reaifttance is 
dE Rp 



Sensrttve 

ofctlvanomeier 


Flu. 118 — Kertifioation of feeble high- 
frequency currents. 


Hence, for the nonlinear portion of the characteristic, the dynamic 
resistance is smaller than Kp if n > 1. For the lower bend of the char- 
acteristic, it is about Vp = Rp/2. Along the saturation region, I remains 
constant for any further increase of the applied voltage E, This latter 
feature is used in obtaining a linear time axis for cathode-ray tubes. 

When thermionic rectification is to be used to indicate a feeble high- 
frequency current by means of a direct-current meter, an ordinary 
three-element tube as in Fig. 118, with the grid connected to the plate, 
can be employed. The slider S provides a means for reducing to zero the 
electron current (owing to electron pressure) which would exist even at 
zero plate, potential. A sensitive galvanometer can then be used and 
almost linear detection is possible. 

81. Mercury-arc Rectifier. — Figure 119 shows a full- wave rectifier 
of this type. When a half-wave rectifier is used, an auxiliary steady 
current must be superimposed in order to sustain the arc during the 
semi-periods of no conduction. In the circuit indicated, the dotted 
branch serves to start the arc. The chokes to produce biphase rectifi- 
cation must also sustain the ionization of the mercury vapor when the 
alternating voltages reverse polarity. Heavy currents can be rectified 
with such a device. 
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82. Hot-cathode Mercury-vapor Rectifier. — This device combines 
the advantages of the high-vacuum tube (kenotron) with the low and 
nearly constant arc drop of the mercury-arc rectifier. These tubes 
operate in the presence of gas at a low pressure (1 to 30/z of mercury) and 
therefore can operate at relatively high voltages. A. W. HulP found 
experimentally that cathode disintegration may bo avoided if the arc 
drop is kept below a definite critical value and that for most common inert 
gases this critical value, at which the positive 
ions acquire sufficient kinetic energy to disinte- 
grate the cathode, lies between 20 and 25 volts. 
This caused K. H. Kingdon to introduce mercury 
vapor to neutralize the space charge present 
without this gas. The ionization potential of 
mercqry vapor is 10.4 volts and the arc drop 
about 15 volts, well below the disintegration 
value, which for mercury vapor is about 22 volts. 

The operation of the mercury-vapor hot- 
cathode tube is about the same as for the mercury- 
arc rectifier, sinc(» for either case the rectified 
current is determined by the electron emission of 
the cathode. For the arc rectifier, the emission 
depends on the size of the spot ^Mancirig^' on the 
mercury pool; that is, it is dependent on the cur- 
rent through the tube. The arc rectifier and the 
hot-cathode mercury-vapor tube emit a blue glow 
since the electrons, in passing from the cathode toward the anode, collide 
with mercury molecules and produce light. 

Since the mercury-arc tube must use auxiliary anodes to sustain the 
cathode spot, ionization also exists during the blocking period but no 
electrons are received by the anode which happens to be passing through 
the negative cycle. For a mercury-vapor hot-cathode tube, no ioni- 
zation can take place during the blocking period. Commercial tubes 
of this type have been built to give rectified power at potentials up to 
10,000 volts, and even higher, and currents up to 2.5 amp. Other tubes of 
this type give a rectified output up to 400 kw at about 20 kv. ’ In these 
tubes the space charge is limited by the arc drop of the vapor. It is 
practically constant in the range from 12 to 17 volts irrespective of the 
rectified current. The higher power tubes use tungsten cathodes. 

a. W., and W. F. Winter, Phys. Rev.y 21 , 211, 1923 (abstract); A. W. 
Hull, Trans, A.I.E.E.y 47 , July, 1928; K. H. Kingdon, Phys, Rev., 21 , 408, 1923; 
I. Langmuir, Science, 58, 290, 1923; H. C. Steiner and H. T. Maser, Proc, J.R.E., 
18 , 67, 1930. The thyratron, an electrostatically controlled vapor rectifier, is 
described on p. 264. 



Fig. 119. — Full-wave mer- 
cury-arc rectifier. 
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83. The Tongar Rectifier. — This apparatus is likewise a product 
of the General Electric Research Laboratory, but unlike the hot-cathode 
mercury-vapor rectifier the space charge is neutralized by means of a 
gas at a relatively high pressure (3 to 8 cm of mercury) and the tube 
operates at low voltages only. The tungar uses pure argon gas at 3 to 
8 cm pressure. The positive ionization of the argon gas decreases the 
negative space' charge due to the thermionic cathode. The internal 
voltage drop of the tube then falls to about 15 volts or less, while without 



the presence of ionization some tubes would require from 100 to 500 volts 
to produce only about 300 ma. Rectifiers pf this kind have been built 
to handle up to 60 amp of rectified current. 

84. Rectification Action in an Ordinary Three-eleme'ht Thermionic 
Tube When Wpi as a Demodulator. — Demodulation effects with 
three-element tubes occur again along the curved portion of the tube 
characteristic, as can be seen in Fig. 120. The curved portion near the 
origin is preferable since then the steady plate current supplied by the 
B battery is smallest. The rectification law [formula (1) on page 169] 
holds again if the effective tube characteristic is taken into consideration. 
For the rectifier action, that is, the change in average plate current, we 
have 
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This is the relation known as anode rectification and the maximum value 
Em of the variable grid voltage must vary about a favorable operating 
point for which no power is absorbed by the grid from the exciting voltage 
source Em sin wt. Rectification action of this type is more pronounced 
than that for a two-element tube or a crystal rectifier since 

dH 

de\ de^’ 


where e and i are the voltage and current ordinates of the operating point 
of the diode and the crystal characteristic. 

For the case of grid rectification (Fig. 121), the detection action is 

given by the relation 



2-av 




(5) 


since the grid-voltage grid-current 
curvature plays a part and Em sin co^ 
acts practically across R for a low 
value of l/(w(7). grid condenser 
is therefore of such a magnitude that 
its reactance is small compared with 
the grid-leak resistance i?. A capaci- 
tance C of 0.0001/if and a leak of 0.5 
megohm give a negligible cutoff, 
although in many cases a capacitance 
of 0.00025/if and up to 2 megohms 
are used. The latter values seem of 
less advantage. The size of the grid leak changes the position of the 
operating point. 

When two sinusoidal high-frequency voltages act either on the anode 
or on the grid rectifier and their fundamental frequencies / and f + fb lie 
within the same octave, according to formula (3) on page 170, the rectifi- 
cation actions for a constant amplitude of one of the impressed voltages 
(El) are proportional to ^ ^ 


Fig. 121. — Grid rectification. 


dHp 

E2 -^ — 2 anode rectification) 

0^g 


or to 


dH 

Exq^ (for grid rectification) 

Moreover, with reference to Fig. 122, it is noted that the approximate 
amplitude of the resultant voltage across a tube rectifier Varies between 
(.Bt -f Ei) and (Ei — Et), and its value lies along the straight portion of 
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the tube characteristic (grid voltage plate current and grid voltage grid 
current, respectively). Here, Ei denotes the maximum value of the 
much larger constant local voltage impressed on the rectifier. Under 
such conditions, the sum of the two sinusoidal voltages Ei sin 2Tft and 
Ei sin 2ir(f + fb)tf where /is about equal to / + /&, can be imagined to be 
a single sine wave, the amplitude and phase of which are slow functions 
of time. The phase angle may be neglected as far as the beat current is 
concerned since E 2 is much smaller than Ei and the resultant voltage 
acting on the rectifier is about Ei — Ez cos 2irfi^. The beat-frequency 
current is then proportional to 

[Ei cos 

Thus the beat-frequency current, in 
case of anode rectification, is propor- 
tional to EiQfnj where Qm is the mutual 
conductance of the tube, and for the 
case of grid rectification it is propor- 
tional to EiQoy where Qg is the grid con- 
ductance big! beg. In the latter case, 
the plate current is decreased instead 
of increased. 

Anode and grid rectification are 
important in connection with direct- 
reading tube voltmeters (of the Moul- 
lin type) and in broadcast receivers Q 
where the audio-frequency modulation 
of a radio-frequency carrier is, so to 
speak, separated by means of such 
devices. Square-law grid rectifica- 
tion is usually only possible when the impressed grid voltages are smaller 
than about volt. Under such conditions, the grid rectifier is more 
sensitive than the square-law plate rectifier, at the same time blocking off 
any positive plate potentials required for the preceding tube. The 
increased sensitivity is due to the fact that rectification takes place in 
the grid branch and the audible components separated in that circuit 
are then amplified into the plate branch. For anode rectification, the 
only possible amplification must be at radio frequency, before rectifica- 
tion takes place. Also, the plate circuit must have a low high-frequency 
resistance, and consequently the possible amplification is somewhat less 
than that obtained for grid rectification. In addition, the wave form for 
grid rectification is better than for anode rectification, when proper C 
and R values are chosen (0.0001/uf, 0,5 megohm). 
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The use of power rectification (power detection) has become good 
practice in modern receiver design. For such detectors, the tube rectifier 
gives sufficient audio-frequency voltage outputs to operate directly into 
the final output tube. Much higher modulated high-frequency voltages 
are applied to this type of tube rectifier (several volts against less than 
volt). Approximately linear, instead of square-law, rectification 
then takes place. Hence but little detection distortion should occur. 
Grid-leak power rectification is again more efficient than the anode or 
C-bias rectification when the same input voltages prevail. However, the 
audio-frequency output-voltage-carricr input-voltage characteristic is 
more linear for the anode power rectifier. 

86. Rectification by Means of Cold-electrode Tubes.— Some of the 
representatives of this type are based on the principle of the glow-dis- 



charge tubes described on pages 42 to 45. Rectification can be pro- 
duced in several ways and results from a comparatively large current 
flow in one direction and a smaller flow (inverse current) in the opposite 
direction. It can be obtained by using either two electrodes with an 
active surface of different size or electrodes of different materials which 
produce different cathode drops. For instance, an aluminum electrode 
requires much less energy for liberating electrons than does a nickel 
electrode. Hence rectification can be obtained by means of an aluminum 
cathode and nickel anode. 

Figure 123 indicates the performance of such a rectifier when a small 
rod electrode and a large plate electrode or a rod electrode inside a 
cylindrical electrode is used in an atmosphere of neon. For a suitable 
gas pressure, a negative glow discharge about 3 mm in thickness will 
cover the electrode which is acting as cathode. When an alternating 
voltage F sin a is applied to the two electrodes, more current will flow if 
the large plate or the surrounding cylinder, respectively, is negative than 
if the polarity is reversed and the rod acts as cathode. Therefore we 
have the case of a differential rectifier (page 169). The ratio of the 
average current in one direction to the average current in the other 
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direction is approximately equal to the ratio of the respective effective 
electrode surfaces. The empirical relation between the instantaneous 
current and the voltages of such a rectifier is 

V _ e — Cl _ e — Cl 
* ~ (1/*:^’) +R ~ A 

if e denotes the instantaneous supply voltage and Ci the ignition voltage 
of the tube. As has been mentioned on page 42, there are two critical 
voltages Bi and e/ for starting and interrupting a glow discharge. S 
denotes the effective area of the cathode (covered with glow discharge) 
during the active portion of the respective half cycle, k the slope of the 
tube characteristic per unit area of the cathode, and R the protective 
series resistance. Such a stabilizing resistance is essential in glow- 
discharge devices since, after igniting a glow discharge a small increase 
in voltage greatly increases the current flow. 

From Fig. 123, it can be seen that only currenit caps produce the 
larger current in one direction and the small inverse current in the other 
direction. This disadvantage can, however, be utilized in obtaining 
impulse excitation for frequency multix)lication (page 154). 

If ii is the average current when the large electrode of surface S — S\ 
is negative and ii the average inverse current when the small electrode of 
surface S = S 2 is negative, the rectified current is 


Ax 


if it is assumed that the two critical voltages Bi and e/ are nearly equal. 

Another construction of a rectifier tube is that in which a large 
cylindrical electrode of aluminum, which readily emits electrons, sur- 
rounds a small tip electrode of nickel which even when heated has no 
electron emission. The anode tip just reaches out of the upper end of a 
glow-preventing glass tube which carries the lead-in wire. A construc- 
tion of this tyjie is most suitable for unidirectional electron movement. 

The S tube rectifier of V. Bush and C. G. Smith^ uses either magnetic 
or space-charge control to produce rectification action. When the 
electrodes in a neon tube which uses neon gas of about 2 mm mercury 
‘JProc, LB.E., 10, 41, 1922, 


2-3 = 2-1 — 


where 


T’" sill a — B^]da A' c os ai q 5 _ ^ 

Joi _ TT T ' TT _ 




kS, + R 


kSi + R 



182 PHENOMENA IN HIGH-FREQUENCY SYSTEMS 

pressure are only 1 mm apart, several thousand volts are not sufficient 
to produce a discharge current, while a few hundred volts will produce a 
discharge if the electrodes are separated by about 25 mm. The reason 
for this is that ionization by collision can take place only when electrons 
are able to collide with sufficient speed. Hence, when a large tube is 
used and the electrons are deflected along a longer curved path, the 
chances of ionizing collisions with gas molecules are increased and 
ionization takes place. Such deflections can be obtained by means of a 
magnetic field (page 33). Further, the positively charged nucleuses 
resulting from such collisions will be attracted by the cathode and will 
consequently bombard it. This will free other electrons and still further 
increase the eltjctron flow toward the anode. In the magnetically con- 
trolled tube of Bush and Smith the magnetic field is built up until, for a 
critical field strength He, a space current starts to flow within the tube. 
Tubes based upon this principle have been built to pass space currents 
up to }4. amp for voltage drops as low as about 200 volts. Rectification 
action is then obtained by superimposing an alternating magnetic field 
on the steady field and adjusting their intensities until the tube passes 
current only every other half cycle. 

The other type of S tube uses space-charge control and depends upon 
the fact that the heavier positive ions move more slowly than the elec- 
trons which move in the other direction. The outcome is that the less 
mobile positive ions must form a positively charged cloud between the 
electrodes of the tube. When a hollow electrode with an opening is 
used together with a solid electrode, the positive space charge is not 
neutralized for each half cycle and the tube acts as a rectifier. Tubes 
of this kind have been built to give up to 150 ma rectified with a drop of 
about 200 volts. The rectification action is then somewhat as follows: 
When an alternating voltage is applied, current will — practically — flow 
only when the hollow electrode is negative since then the electrons pass 
toward the other electrode (anode) and the positive ions bombard the 
inside walls of the cathode after passing through the opening and liberate 
new electrons which move toward the anode. On their way to the anode 
they produce increased ionization through collision with gas molecules. 
At times when the hollow electrode is positive, some of the positive ions 
pass only slowly through the opening toward the cathode. If an electron 
should be liberated at the solid cathode, it will be attracted to the positive 
space charge and only a few will reach the anode, thus producing a very 
small inverse current flow. 

B6. Rectifiers for Obtaining B and Other Voltages for Tube Circuits,— 

Figure 124 shows the full-wave rectification obtained by the use of two 
thermionic diodes. A single tube with two sjrmmetrical anodes will 
accomplish the same result. When no smoothing device is used, rectified 



RECTIFICATION AND INVERSION OF CURRENTS 


183 


impulses 7, as indicated, will be obtained. As in the case of all rectifiers 
of this type^the cathode forms the positive terminal for the direct-current 
load. The figure also brings out the effect on the wave shape of tem- 


W/Ihouf -filter 



Fig. 124. — Full-wave thermionic rectifier action with and without "brute-force” filter. 



Fio. 125. — Double voltage in output branch. 

perature and space-charge effects, respectively, which tend to limit the 
current flow. In the case of a full-wave rectifier with a “brute-force” 
filter, as used in conuuercial receiving sets, the voltage Et across the 
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output is about as indicated. A smoothing device of this kind, though 
satisfactory for receiver work, is by no means a filter in the tfie sense and 
merely smooths out the impulse charges by means of choke coils (about 
30 henries each). The condensers of 4 and more microfarads serve as 
storage tanks in order to keep the output voltage fairly constant. This 
is, however, true only for small load currents. We must distinguish 
between condenser-input filter (large condenser connected directly across 
the output of the rectifier) and choke-inpvt filter (rectifier output 
goes to a choke coil and then is bridged by a large condenser). The 
condenser-input filter gives higher output voltages but poor voltage 
regulation and higher rectifier peak current. The choke-input gives 
good voltage regulation and smaller rectifier peak current. 

Figure 125 shows a circuit which obtains a direct-current supply with 
a voltage of about twice the amplitude value of the alternating voltage. 
The rectifier to the left conducts the electrons («) to the left condenser, 
the upper plate of which is charged to potential —E, while the other 
rectifier attracts about the same number of electrons from the hot cathode. 
Therefore the upper plate of the condenser to the right becomes charged 
to potential -\-E. The voltage difference between the two upper plates 
of the left and right condensers is then 2E volts. 



CHAPTER VII 

VOLTAGE, CURRENT, AND POWER AMPLIFIERS 

An amplifier is a device for increasing the amplitude of electric current 
or voltage through the control by the input power of a larger amount of 
power supplied to the output circuit by a local source. We can distin- 
guish between voltage, current, and power amplification. The first is 
given by the ratio of variable voltage produced at the output terminals 
to the variable voltage impressed on the input terminals, while current 
amplification is the ratio of the variable current which flows in the output 
branch to the variable current supplied to the input circuit. By “power 
amplification ’’ is understood the ratio of the variable power produced in 
the output branch to variable power supplied to the input circuit. When 
the output power reacts back on the input branch, the amplification may 
be either increased or decreased, depending upon whether or not the 
phase of the regenerative or the feedback voltage produces a higher or a 
lower input voltage than without the back action. The different kinds of 
direct-current amplification are defined in a similar way except that it is 
understood that the output refers only to that portion which is the 
change due to the input. Relays also belong to this class but by their 
use more or less power can be released which is normally of a different 
character from that acting at the input. A relay is, for example, a 
device by means of which contacts in one circuit are operated by a change 
in conditions in either the same or associated circuits. 

87. Magnetic Amplifiers.^ — The system indicated in Fig. 126 used 
in the Alexanderson modulation arrangement affects the high-frequency 
energy by a comparatively small current with a periodicity which may 
have any value or follow any transient law. As in all magnetic-modu- 
lation schemes, the action is based on the degree of magnetic saturation. 
When an iron core is partially magnetized by a direct current, the induc- 
tance of a high-frequency coil wound on the same core will be different 
from that for no direct-current flow. For a sufficient number of direct- 
current ampere-turns, the inductance of the high-frequency coil can be 
reduced so that it acts like an air coil. This system has the advantage 

L., Jahrh. dr, Tel, 7 , 221, 1913; BTZ, 36 , 916, 1018, 1914; E. F. W. 
Albxandbbson and S. P. Ndcdorff, Proc, I,R.E. 4 , 101, 1916; R. V. Hartley, U. S. 
Patent No. 1287982, suggests two separate ferromagnetica in order to diminish the 
distortion of the high-frequency current; A. Feige, E.N.T,, 2, 96, 1925, describes 
the magnetic modulator with special reference to the system of L. Pungs. 

186 
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that no direct power transfer occurs between the control coils and the 
high-frequency coils. In order to accomplish this, the high-frequency 
turns are so wound that their magnetic flux affects the control turns 
just as much in one direction as in the other. Therefore the resultant 
e.m.f. vanishes. In spite of such a neutralization, the effect upon the 
permeability still exists. 

Impedance curves of one high-freqiiency coil dependent upon the 
direct-current magnetization are also shown in Fig. 126. It can be 



Fia. 126 , — Magnetic amplifier. 


seen that, for zero direct current in the control turns, the highest high- 
frequency impedance is obtained, while for a certain direct-current 
magnetization, so to speak, only a portion of the high-frequency turns 
are affected by the presence of iron if it is assumed that some of the 
turns act as coils with an iron core and the remaining turns as air coils. 
The following derivations explain these statements : If 

A sa cross-sectional area of iron in square centimeters 
E = voltage across high-frequency coil in volts 
i =* instantaneous current in amperes 
L = inductance in henries 
I = length of magnetic path in centimeters 
M = permeability 
N - number of turns 
♦ «a flux interlinked with coil 

then 


as 


m.m.f. 

magnetic resistance 


4irAN.. 


{4T/10)Ni 
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IP- N _ ,..dt _ \4f^AN»]di 

* “ wH ~ ~ L ion \dt 


that is, 


or 


^ ^ 10»/ 

L is a function of ii 


As already mentioned, the parallel connection of the two high-frequency 
coils avoids a power transfer to the control coil. This is also the case 
when the iron is unsymmetrically magnetized. Moreover, the parallel 
connection forms a short circuit for the second harmonic which is another 
advantage. The two stoppage condensers Co prevent the existence of 
any low-frequency changes in the high-frequency coils; otherwise short- 
circuit currents would flow and the average value of the inductance L 
would be unchanged. 

88. The Ordinary Triode as an Amplifier. — When a tube of this 
type is used for the amplification of variations impressed between the 
grid and the hot cathode, the deductions in Sec. 25 (page 66) show that 
the tube acts as a generator (Fig. 31) of voltage yLCg Ihrough the internal 
dynamic plate resistance Vp, WTien the variations are confined to an 
almost linear portion of the dynamic tube characteristic (Fig. 33), the 
instantaneous values of the variable plate current and grid voltage acting 
through an external plate resistance R are then interconnected by the 
relation 


^ fp + R 


( 1 ) 


It should be remembered that this relation^ holds strictly only for 


‘ Strictly, ip ~ ae^ + he.g'^ -f- . . . and 








Oihp VJSip OJUdg 


[Tp + R? 
dIp/dEg 


eg^ 


which for a constant amplification factor tx = holding for a constant-emission 

current gives the Carson equation 

• __ dE^ j , 

rp-\-R 2 [r, + iep ‘ ' 


(Carson, J. R., Proc. I.R.E., 7, 187, 1919; F. B. Llewellyn, Bdl System Tech, B, 
433, 1926.) Unless the load resistance R is small compared with the internal plate 
resistance the modulation due to variations in m may be appreciable. For a 
negative grid bias, the general ip — expression can be simplified by making use of the 
approximation fidfA/dEp =* dix/dEg. For no convection current flowing across the 
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relatively small variations and special precautions must be taken when 
it is applied to output tubes where the variation eg is large and con- 
siderable power output is required. Since the amplification factor 
internal plate resistance rp, and mutual conductance gm are interlinked 
by the relation 

^pQm =* ( 2 ^ 

because 



_ (for constant grid voltage, plate voltage, 
plate current, respectively) 

de\ 


we need consider only two of these three characteristic^ quantities. 
Therefore, by knowing and m of a tube, the internal plate resistance Vp 
is given by (2). Since small voltages across the grid and the hot cathode 
should produce large variations in the plate current, it is essential that 
the operating point be chosen on a steep portion of the /p, Eg character- 
istic, The steepnesi is expressed by the mutual tube conductance gm- 
Its magnitude is limited in practical tubes, since the negative space- 
charge effect tends to reduce it. The closer the grid is placed to the 
filament, the greater is gm- It also increases with the active surface of 
the filament and is, to some extent, also dependent on the area of the 
plate. For the ordinary three-element type of receiving tube, much 


grid-filament electron path of an amplifier (class A amplifier), the output current ip 
can then be computed from eg by means of 

, l[ nh'pdrp/dE p _ 2rp{dn/dEg) l , 

~ r, + fi®' 21 [r, + [ry + g]« r “ 

II modulation term 

^ Since the instantaneous plate and grid potentials » i?b + ep and 

Eg Ee *4* 

are composed of the steady terms Eh and Eej respectively (owing to plate supply and 
grid bias), and the corresponding instantaneous plate current Ip ^ h ip, we have 
the more specific definition 

r ^ (^Np\ ^ / a/p\ ^ (dEp\ 

\d/p / \^Eg/ SpirnooxmtMni XpEg) /p-KJonateDt 

The variations take place about the steady values Eht Ee, and h, fixed by the operating 
point whose position along the tube characteristic is of special importance for fp and 
gm- To express tp, Qm, and /u in terms of the variable components Sp, Sp, ip is justified 
from a mathematical point of view, if it is understood that the position of the operating 
point about which the variations take place has an effect. 
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better values than about — 2 ma/volt are not customary and the 
varies with different types of receiving tubes from 0.2 to 2 ma/V. The 
maximum value of g^ for a particular tube is obtained along the middle 
portion of the Ip, Eg characteristic for which g^ may be considered 
constant. Such a favorable operating point P is maintained by the 
negative grid bias Ec (amplifier representation of Fig. 120). Tubes 
with a high value of gn, are in general more efficient amplifiers if they are 
compared with tubes of similar characteristics. The amplification 
factor fi is affected but little by the location of the operating point 
except for extreme portions of the characteristic but fi is more or less 
dependent upon the grid mesh, being larger for a mesh that is finer. 
The applied voltages do not much affect the value of ix except that at low 
plate potentials there is a slight decrease. There seems to be no limit 
to the magnitude of /x as for gm, and for pro])er grid designs it can be made’ 
up to 30 and even higher. From Eq. (1), it can be seen that a variable 
grid potential eg acts in the plate branch /x-fold. Hence a certain variation 
in the plate potential Ls only l/^th as effective on the plate current as 
would be the same variation applied to tho grid. This is of use in 
measuring very high voltages by smaller compensating voltages applied 
to the grid. Sopie writers use the reciprocal value of /x to express the 
same tube property. It is then known as the ‘through grip^^ D = l/ju 
of the tube. For example, D = 4 per cent corresponds to an ampli- 
fication factor of M = 25. 

Since, for an external load resistance R ohms, Cp = —ipR, wc have 

Inasmuch as the dynamic tube resistance Vp = fx/gm has a meaning only 
when current changes ip are concerned, it is a tube constant depending, 
because of the denominator upon the operating point P along the 
Ip, Eg characteristic (Fig. 120). It becomes smallest when gm is largest 
(at the middle, almost straight, portion). It can be seen that an ordinary 
three-element tube always has a low internal plate resistance Vp when the 
amplification factor fx is low. Thus an output tube of about Tp = 2000 Q 
has a M of only about 3 to 4 for gm — l-S ma/V, while a high-ju tube 
of /i == 30, for instance, has Vp = 150,00012 and gm = 0.2 ma/V. Figure 
127 gives the variations of the tube constants of a commercial receiving 
tube (Cunningham CX-301A or its equivalent) for normal plate voltage. 

An amplifier should draw no appreciable grid current so that the input 
voltage does not undergo a change and true voltage amplification is 
possible. A proper negative grid bias will accomplish this unless the 
frequency of the impressed grid voltage is so high that the tube 
capacitance becomes so pronounced that the passage of an appreciable dis- 
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placement^ current is made possible. When selecting a tube for amplifi-- 
cation work, we must distinguish between voltage, current, and power 
amplification. The amplification factor n can also be termed ‘Woltage 
amplification factor^' since it determines the degree of voltage gain. The 
quantity /x denotes the quotient of 

C hange of anode potential 
Change of grid potential 

for one and the same change in the anode current. Since it is almost 

constant for most of the voltage range 
used on a tube, it is an easy matter 
to determine this quantity. 

1. The voUage amplification of a tube 
is almost identical with the amplifica- 
tion factor only when the plate load is 
a very high impedance. Such ampli- 
fication is normally used not to produce 
large power outputs but merely to 
obtain amplified voltages in the plate 
circuit and to affect, with the magnified 
variations, another stage of amplifica- 
tion or an output tube. The formula 
for the voltage amplification, obtained 
from (3), is 

Cc V0IT5 J 

Fig. 127. — Tube factors. * Cg B ^ ^ 

which becomes a maximum and equal to /x when the external plate resist- 
ance R is very large compared with rp. It is customary to make R or 
X = coL (for a choke load) not more than about lOrp (page 207) since 
the voltage amplification proceeds asymptotically toward the limiting 
value Pf and for R = lOrp the voltage amplification is already 0.9/x. 

2. The current amplijication is defined as current output per volt 
input and is given by the expression 





P 

rp + R 


It can be seen that current amplification is always smaller than p. 

3. The power amplification is given by 


Ap 


pm 

iTp + RY 


( 5 ) 


( 6 ) 


when expressed by power output per volt squared input. This formula 
is obtained from the power output which is W » ipm « P%m/[rp -f- 72]®. 
^ For effective input reedstanoe and tube capacitances, see p. 203. 
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Maximum power amplification occurs when R « tp, which can also be 
seen from Fig. 137. 

89. Special Remarks on Voltage and Power Amplification. — From 
formulas (4) and (6) it can be seen that, for a load resistance ii = <», 
no plate current at all can exist, and = — Cp. The plate reaction 
completely neutralizes the action of the grid. Hence by using a very 
high resistance R in the external plate branch and by measuring e, with 
a tube voltmeter across R, the ratio Cp/Cp practically gives the amplifi- 
cation factor. Choosing a load resistance R which is low compared 
with Tp, the voltage amplification becomes 



R 11 

since — ^ — Therefore it is evident that the voltage 
Tp n 1 1 

^^~R R 


amplification must be correspondingly small. For example, for /x = 8, 
Vp = 5000 and a load resistance oi R = 500 U Ae is 


8 X 500 
5000 


0 . 8 , 


which means that the output voltage is only 80 per cent of the 
voltage impressed across the grid and the filament and deamplification 
occurs. Choosing R = Vp provides maximum power transfer from the 
tube to the load resistance R although not without some distortion. 

A distinction must be made between the case of a resistance JK' 
reflected back into the external plate branch by means of an output trans- 
former and that of the load resistance R connected directly in the plate 
circuit. With respect to the notation of Fig. 128, the anode voltage 
at any instant is 

Ep = Eb — Rip 

while for the transformer output it is 

Ep = Eb — R'ip = Eb — p^R^ip 

if the resistance of the primary turns is neglected. The quantity p 
denotes the ratio of transformation of the transformer and R^ the load 
resistance. This method is employed in order to match tube resistance 
Tp with a fixed load resistance R^. 

When a certain number of tubes of similar design (same filament, same 
electrode areas, etc.) but of different p, and Qm are available, the particular 
tube to be used will depend on the purpose for which the amplifier is 
intended, especially when the load resistance is not fixed and can be 
adjusted. Hence, when a maximum power output is desired, R is 
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adjusted to the tube resistance r, or equal to about 2r, depending upon 
whether or not some distortion is permissible. In the latter case, a 
tube of low amplification factor and having a more suitable value of 
should be chosen. But, when voltage amplification only is of interest, 
there is no objection to a high plate resistance (resistance or reactance 
coupling being used) and it is of greater advantage to use a high-M tube. 



With respect to power amplification, the variable power in the load 
resistance R for an effective grid voltage E is 


W = n^E’^r 


R 


IR + 

which, for the maximum power transfer (R = Vp), becomes 


W 


4ro 


For maximum undistorted power output {R about equal to 2rp) 

2 


W = 


9 Tp 


(7) 


( 8 ) 


(9) 


The condition R — 2rp for maximum undistorted power output can 
be proved by making use of the grid-voltage plate-current characteristic^ 
‘ Bbown, W. J., Proc. Phyt. Soc. London, S6, Part 3, 218, 1924. 
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or by using the plate-voltage plate-current characteristic^ where the 
plate current and plate voltage at any instant are given by the function 

Ip = F{Ep, llEg) 

and therefore 

Ep = Eh — IpR 

The first equation is not linear since the plate-current plate-voltage 
curves for different values of grid bias are as indicated in Fig. 128. 
For the supply voltage Eh of the plate battery, the relation Ep — Eh — IpR 
is a slanting line of slope 1/R and passes through the operating point P 
for which the constant supply voltage is Eh. The resistance line 1/R 
with R in Q, the plate voltage in volts, and, as customary, the plate 
current in milliamperes gives the scale 10®/jB“. For a load resistance 
of 5000 12, the slope of the resistance line would be 1 : 5. Between the 
dot-and-dash horizontal lines for the minimum and maximum values 
of the plate current Ip, the various static characteristics are essentially 
linear. This linearity is even more pronounced when the external plate 
branch is loaded by a resistance R. The clmracteristics are then as 
indicated by the heavily drawn set of curves (Fig. 129 for R — Vp), 
while the dotted set of curves represents the corresponding charac- 

^ Warner, J. C., and A. V. Longhrbn, Proc, LR.E., 14 , 736, 1926; the case of 
output power of vacuum tubes has also been treated by G. W. Kellog, Design of Non- 
distorting Power Amplifiers, J. A.l.E.E,, 44 , 490, 1926; discussion 646, 1926; W. P. 
Radt, Uber Maximalleistungen von Verstarkerrdhren (On the Maximum Power of 
Amplifier Tubes), E.N.T., 3 , 21, 1926; F. B. Llewellyn, Operation of Thermionic 
Vacuum Tube Circuits, Bell System Tech, J., 6 , 433, 1926; F. C. Willis and L. E. 
Melhuish, Load Carrying Capacity of Amplifiers, Bell System, Tech. 5, 673, 
October, 1926; A. Clavier and I. Podliasky, Sur les amplificateurs de puissance sans 
distorsion (On Power Amplifiers without Distortion), Uortde 4lec., 6 , 71, 1927; A. 
Forstmann and E. Schramm, tiber Arbeitskennlinien und die Bestimmung des 
giindigsten Durchgriffes von Verst&rkerrohren, (On Working Characteristics and the 
Determination of the Most Favorable Amplification Factor of Tubes), Jahrh. drahil. 
30 , 89, 1927; t3ber Maximalleistungen von Verst arkerrohren (On Maximum Output 
of Amplifier Tubes), Jahrh. drahtl,, 32 , 196, 1928; A. Forstmann reviews the entire 
subject matter, Jahrh. drahtl., 36 , 1109, 1930; C. R. Hanna, L. Sutherlin, and C. B. 
Upp, Development of a New Power Amplifier Tube, Proc. I.R.E., 16 , 462, 1928; B. 
D. D. H. Tellegan Endverstarkerprobleme (Problems of Amplification in Output 
Tubes), Jahrh. drahil., 31 , 183, 1928; M. von Ardenne, On the Theory of Power Amplifi- 
cation, Proc. I.R.E., 16 , 193, 1928; H. Bartels, tJber Hochstleistungen und Verzerrungen 
bei Endverst&rkem (Optimum Output and Distortion in Output Amplifiers), E.N.T., 
6 , 9, 1929; B. C. Brain, Output Characteristic of Thermionic Amplifiers, derives his 
formulas by means of the actual tube characteristics since the assumption of the 
linearity of the Ep — Eg curves is not quite true and gives a formula from which the 
proper load resistance can be calculated from the alternating-current resistance rp 
at the specified grid bias, Exptl. Wireless, 6 , 119, 1929; H. A. Pidgeon and J. O. 
McNally, A Study of the Output Power Obtained from Vacuum Tubes of Different 
Types, Proc, I.R.E., 18 , 266, 1930. 
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teristics for J2 = 0. With a load resistance R which Ls still higher in 
comparison with the internal tube resistance the characteristic is 
rotated still more about th(» ope^rating point P toward the horizontal for 
^ 5= 00 . Therefore, the higher R is chosen the more horizontal the 
characteristic and the less distortion in the variable plate current ip since 
the load characteristic cuts all the static characteristics (for R = 0 and 
different values of Eg) at almost the same angle. Thus distortion due 
to plate-voltage plate-current curvature is more or less avoided. The 
power output is, however, small. Therefore a high-quality output ampli- 
fier cannot be very efficient since, besides avoiding distortion effects 
due to Epy Ip curvature, care must also be taken that the grid is at no 
time positive. Otherwise the input impedance might vary as the result 



Flo. 129. — Shows that for full-hne (R - rp) characteristif’s almost no (listt)rtion compared 
to the case of dotted characteristics (/? =0). 


of changing grid currents. For this reason, some engineers design their 
output amplifiers according to one of three classes. 

1. Class A amplifiers are high-grade repeaters for which the variable 
plate current ip is of practically the same shape as the impressed variable 
grid voltage eg and the distortion due to the tube docs not exceed 5 per 
cent. By “distortion'^ is meant the amount of second harmonic in ip 
which is not present in Cg, The load resistance R is then usually about 
2rpy where Vp is the alternating-current resistance of the tube for the 
specified operating voltages. In some cases values of R in the neighbor- 
hood of 1.6 to 1.8rp give sufficiently good results. The power amplifica- 
tion fi^R/[R + rpY is ihen high but the efficiency is rather low. The 
reason for this is that the negative grid bias is chosen so that plate 
current flows at all times during the cycle of eg, and the grid voltage Cg is 
of such a small magnitude that the dynamic operating characteristics 
are essentially linear. Even at the respective maximum values of €„ no 
grid current flows and the minimum of Ip (Ip ~ Fig- 128) is large 
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enough so that it does not reach into the curvature region of the plate- 
voltage plate-current characteristic, 

2. Class B amplifiers are not true repeaters since a negative grid bias 
Ec is chosen so that the power output is proportional to eg. To do this 
efficiently, the lower bend of the tube characterLstic is employed and Ee 
chosen so negative that there is practically no plate current when eg is 
not applied. The grid voltage is made of such a magnitude that the 
variable plate current consists essentially of half sine waves correspond- 
ing to the positive half cycles of the applied variable grid voltage eg. 
For such amplifiers some grid current may flow when eg swings through 
the very positive peak of the cycle and harmonics with a specially pro- 
nounced double-frequency content are jiroduced in 2 p, They must be 
eliminated by tuning out or by using two equal tubes amplifying in push- 
pull. An amplifier of this type has a relatively low ratio of power 
amplification, but an efficiency which is higher than that for the class 
A amplifier. 

3. Class C amplifiers are for work in which the wave shape of ip is of 
no concern, but a high efficiency is of impoi^ance, even if the power 
amplification ratio is small. The negative grid bias Ec is then chosen 
so great that it is more than sufficient to produce zeio plate current if no 
variable grid voltage eg is impressed. The applied grid voltage eg is 
made large enough so that large amplitudes of ip are produced during 
the most positive portion of the positive eg half cycle. Almost rectangu- 
lar tp impulses are produced since the saturation tube current will flow 
during each very positive swing of eg. Within limits, the output varies 
as the square of the plate voltage, which accounts for the high efficiency. 

4. Devices for which the ^vorking characteristic of special tubes^ lies 
practically in the positive region of grid potentials may be added as 
class D amplifiers, A grid current is then essential since the gi*id bias is 
quite positive and the entire operation about thLs potential is essentially 
positive except that the instantaneous grid potential Eg ^ Ec + eg must 
always be less than the instantaneous plate potential Ep — Eb + ep. 
Such special tubes give a comparatively large omission current at moder- 
ate plate voltages {Ip about 150 ma, Ip = 30 ma at Ep = 200 volts and 
Eg = +100 volts; the fixed grid bias is then about Ec = +45 volts). 
High-ju tubes (m about 30) with a comparatively high mutual conductance 
qrn (about 1.5 ma/volt) are then used. For maximum power transfer, 
the relation R = rp, which holds for tubes in the negative potential 
region, no longer holds but a load resistance 


iKadt, W. P., E,N,T,, 8, 21, 1926. 
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gives a pronounced power output 
for a grid bias 

jp A* ^ jp 

4/i 

if Et denotes the voltage of the steady B supply in the plate branch and 
Tp = n/gm- The theoretical optimum output for an ordinary output 
tube with a working characteristic which is substantially in the region of 
negative grid voltages would be 


Therefore the optimum power output of the class D amplifier is more than 
for ordinary output tubes. It must be remembered, however, that 
because of working practically all of the time in the positive — and even 
in the highly positive — grid-potential region, considerable power is 
required on the grid side and care must be taken that the previous stage 
can supply the power which operates the grid. This grid dissipation is 


W, 



2 


if r/ denotes the effective internal resistance between grid and filament. 
This input power is, for instance, of the order of ^ watt if about 10 watts 
of power is delivered to the load resistance R. 

When the load in the external plate branch is an impedance Z, we 
have for the voltage amplification 


A. 


Cg + Z 


and, as is shown in Figs. 129 and 34 as well as on page 60, the dynamic 
characteristic forms a closed area which, when working over almost 
linear sections of the static characteristics, generally forms an inclined 
ellipse. This is because the plate current and grid voltage are no longer 
in phase. Generally, for a load impedance Z - R ± jX, the effective 
value of alternating plate current I for an effective alternating grid 
voltage E is 

Y „ 

Vir, + BV + X* 

and the phase difference between E and I is 


±X 

rp + B 


<p »» tan~‘ 
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The instantaneous values of the alternating grid voltage and correspond- 
ing plate current for the impedance Z ^ R ± jX are given by 

eg = 
ip = 

where the complex amplitudes are of the form 4 = that is, con- 

tain the amplitudes and the phase (p. Hence for an impedance 

Ifip 



Fia. 130. — Dynamic characteristic is an ellipse. 


? ^ R ± jX, the phase of the ratio I/E must give the same phase as 
exists between eg and ip, and we find for the vector ratio 


~ — tan <pi + j tan ^2 

determining the dynamic characteristic, which is an ellipse, as indicated 
in Fig. 130, For a pure resistance load Z - R, the vector ratio is J /E - 
tan (Pi and gives the well-known dynamic characteristic indicated by the 
line AB, 

Moreover, according to Eq. (2), Eq. (1) can also be written in the 
form 



gives the steepness of the work curve of the amplifier in comparison with 
the steepness gm of the Ip, Eg characteristic. It becomes larger as gm 
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increases, and Eq. (11) shows that it becomes flatter (more horizontal) 
the higher the ratio R/vp, Also, introducing the steepness gw of the 
work curve in the expressions for voltage, current, and power amplifica- 
tion gives the simple expressions 

A-e “ QwR) Ai = Qwf Ap = g^wR (1^) 

The power amplification as given by Ap in (12) and Ap in (6) expresses 
only the ratio of the power output delivered to the load in the plate 
branch to the square of the impressed grid voltage. Normally, under 
true power amplification, the ratio of. the power output in the plate 
circuit to power input in the grid branch is taken and we have 


W, E\yr, 


(13) 


where Ex and E 2 denote the effective values of the alternating input and 
output voltages acting on the grid and plate, respectively, 1 2 the effective 
inphase value of the plate alternating current, and Vg the grid resistance. 
But for a resistance load fi, 


E 2 


f^Ei p j _ nEi 
Tp + iU ^ Tp + 22 


the minus sign indicates that the plate potential decreases with an 
increase of plate current. Hence 


__ IX^RVg 


(13a) 


For optimum true power amplification (22 = Vp) but not without dis- 
tortion, we then find 


Amu 


4 Tp 


(14) 


Assuming for a particular case Vg = 10®f2 and using a tube of /x = 2 and 
Tp = 2000 Q, the optimum power amplification becomes five-hundred fold. 
When the grid goes appreciably positive, the value of Vg becomes lower, 
the amplification decreases, and the distortion increases. In the fore- 
going example, the tube amplifies only for grid resistances larger than 
200012. The effect of the tube capacitance, as is brought out on page 203, 
is to make amplification difficult at very high frequencies. If the case for 
which maximum power amplification with practically no distortion 
(22 about equal to 2rp) is chosen, then 


A' * 0.222m*^ 


( 16 )- 
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which shows that true power amplification is not so much smaller than 

for optimum condition with distortion. The square-root 

value of true power amplification [Eqs. (13), (13a), (14), and (15)] is then 
a linear amplification. It corresponds in proper amplifiers to voltage 
amplification and is identical with it when Vg = 22. 

90. Estimation of Power Output and Amount of Second -harmonic 
Distortion. — Reference to Fig. 128, the power output is 


W = 0.125(i7a^ - Emin) (I ~ / miu) 
and second-harmonic distortion is given by 


D, 


0.5[/m*x + /min] — Ib 



(16) 

(17) 


If this distortion becomes more than 5 per cent, the load resistance 22 should 
be chosen higher. As previously mentioned, 22 =* (1.6 to 2.)rp, as a rule, 
provides good repeater action. If the 
dynamic plate resistance is unknown 
for a particular operating point P, it can 
be found graphically as indicated in Fig. 

131 where the static /p/J5p characteristic 
for the desired constant grid bias Ec is 
drawn. A tangent along the operating 
point P for any two points A and B 
gives the slope at this point and 

E2 — El 



Tv = 


/2-/1 


Plate voltage Ep 

(18) 131. — Graphical method for finding 

dynamic plate resistance. 


From the relation [Eq. (8) on page 192] for the effective values E and I 
of alternating grid voltage and plate current, respectively, and for 
optimum power output (22 = r^), we obtain 

w = 1^== = QE^ (19) 

4rp 4 


where Q denotes the quality of an amplifier tube. 

91. Plate-current Grid -voltage Characteristic and Grid Bias for 
Loaded Plate Circuits. — The heavily drawn characteristic of Fig. 132 
denotes the static Ip — Eg characteristic when the plate is directly con- 
nected through the B source to the filament, and the dot-dash curve the 
corresponding dynamic characteristic for a resistance load 22 in the 
external plate branch. The working characteristic for optimum power 
transfer (22 = Vp) has the steepness gm/2 only. For maximum undis- 
tpilied power output (22 = 2rp) the fractipn jrm/3 only is effective. The 
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negative grid bias Eo can be found by the construction indicated in Fig. 133. 
For optimum power output extend the straight portion of the static char- 
acteristic until it intersects the /p = 0 line at A and draw the line AB oi 
steepness ^m/2. The line OC, with C as mid-point of AB^ intersects the 

static characteristic at the operating 
point P, giving the desired grid bias Ec. 
For undistorted maximum power trans- 
fer, the lower curvature of the /p, Eg 
characteristic cannot be used. Hence 
draw reference line XY which eliminates 
this curvature and a line UV a distance 
of about —1.5 volts. Practically no 
grid current exists for such negative 
voltages. The intersection of these two 
lines is O', and the construction is as 
Fig. 132. — Static and dynamic steepness before. 

characteristics. gg Lumped Character- 

istics. — Suppose the plate of a triode is connected through a B battery of 
negligible resistance to the negative end of the filament and a steady grid 
bias connected between the grid and the negative end of the filament. The 
lumped tube voltage is then given by 



El = Eh “h fiEc (20) 

and by plotting Ei against the plate current we have the lumped tube 
characteristic. When a positive grid bias Ec is added, more plate 



current flows. The same can also be accomplished by increasing Eh by a 
voltage equal to fiEa. The opposite effect results when the grid bias is 
made more negative. Since for zero grid potential the lumped tube 
voltage is identical with the effective plate potential, the static plate- 
current plate-voltage characteristic for «* 0 (Fig. 134) can be used to 
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compute the plate current for any condition of plate voltage and grid- 
bias. Suppose that the characteristic indicated in the figure refers to a 
tube with = 3.3 and that Ep = 70 volts corresponds to /j, =» 8 ma. 
In order to find at —5 volts grid bias we have 

Ei^ Ep + nEc = 70 - 3.3 X 5 = 63.5^^"*^ 

and 53.5 volts on the lumped characteristic for Eo — 0 gives about 
4.7 ma, which is the desired current 
value. By choosing several different 
values of plate voltage and finding the 
plate current when = — 5 volts, 
the characteristic for such a grid bias 
is obtained. 

In dealing with lumped triode volt- 
ages, a distinction must be made 
between the effects of the steady volt- 
age of the grid and plate battery and 
those due to the variable voltages. 

When a sinusoidal voltage eg = 
eg' sin <*)t is impressed on the grid of an 
amplifier, with a fixed grid bias Eg and plate supply voltage Eby w(^ have 
for the resultant lumped voltage 

Er = Ei + ei sin <at == txEc + Ei, + [neg — Cp] sin o)t (21) 

A minus sign occurs since the plate voltage Cp = ep sin ut decreases with 
the load current ip = ip sin o)t which flows through the external anode 

resistance. This was used on page 66 when 
the formula for the variable-current tube 
resistance of a triode was derived. The 
amplitude of the variable lumped triode 
voltage ei = ei sin cot becomes 

e/ = l^^e/ - ep'] = (22) 

Hence, when /u reaches the value of ep /eg , the 
dynamic lumped voltage e/ vanishes. From 
Eq. (22) it can be seen that the amplification 
factor M must be made larger the higher the 
operating voltages of a tube. 

As far as static lumped characteristics are concerned, reference is 
made to Fig. 135 where each characteristic corresponds to a certain con- 
stant-filament current. Each curve is given by the function 

Ip — F[Ep + iiEg\ F{Ei) 



Fia. 136. — ^Lumped static charac- 
teristics. 



Fio. 134. — Lumped characteristic for 
finding 7p for any Ee bias. 


(23) 
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where E, is for unloaded external plate circuit {R — 0) equal to the 
voltage of the plate supply. The steepness of this curve represents a 
conductance and is not constant but is 


_ dip _ dF(Ei) 
^ dE, dEi 


(24) 


A small change hEp in Ep produces a change 8lp in Ip and dF{Ei)/dEi 
is practically the same as dlpjdEp, With this in mind 


dEi 

W{Ed ~ 


(25) 


For the almost straight-line region of the lumped characteristic, 
drp/dF{Ei) is very small while for the curved portion this is not true. 
When the external plate branch is loaded by an ohmic resistance R, the 
plate current Ip = h sinks to some value Ip — h and the effective lumped 
tube voltage to a correspondingly smaller value Ei and we have for the 
voltage Eb of the B battery 

/i = F[(Eb - UR) + ixE,] = F{E^) ( 26 ) 

When the tube is used as an amplifier, some small variablfe grid voltage 
Cg is superimposed on the constant grid bias and produces a variable ip 
in the plate current so that, besides the voltage contribution in the 
plate circuit, the external drop Cp = —ipR must also be taken into 
account. Then 


I\ + ip F{E\) + F{fxeg — ipR) = F{Ei + p) 

if p = neg — ipR, Expanding the right side according to Taylor^s 
theorem, we find 


+ tp 


F{E{) + + 


pi* dW{E,) 

2 dEi^ 


p’ d^F{Ei) 
6 dJS,* 


(27) 


Substituting the value of (26) and (27), we find for the variable-current 
component 


. _ dF(Ei) p^d^FiEi) p^d^FiEi) 

dEi 2 dEx^ 6' dEx* 


(28) 


which indicates, for small values of p, a linear voltage amplification since 
only the first term remains and the well-known tube relation 


IJ^Gg ZpR ^ 


or 


ip 


rp + R 


is obtained because dF{Ei)/dEi ** l/vp and f> ^ neg — ipR. Unless 
this relation is obtained, distortion occurs in the amplifier since terms 
in and higher powers become important. 
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93. Effect of Interelectrode Capacitance and Gnd Resistance on the 
Amplification. — As brought out in Sec. 34, the effective grid capacitance 
and dynamic grid resistance are by no means the geometrical capacitance 
Cgf and the resistance Rg = Eg/Ig, respectively, but are values which 
depend on the load in the external plate branch since any actions which 
take place in the plate circuit react back through the plate-grid capaci- 
tance Cgp into the input circuit. The static grid resistance Rg due to any 


convection current through the elec- 
tron path from filament to grid is 
not the value to be taken, since the 
dynamic input resistance depends 
upon the rate of change of the grid 
current with the grid voltage. For 
instance, when the saturation value 
of steady grid current is flowing, 
dlgjdEg gives zero grid conductance 
and an infinite value for the dynamic 
resistance Vg, although the static resist- 
ance is fairly low. When the inxmt 
impedance is represented by an appar- 
ent resistance Vg' in parallel with an 
apparent capacitance C^', as in Fig. 
136, and the effect of the plate capaci- 
tance together with the load resistance 
R is assumed to be that given by the 



input 

P'lo. 136. — Tube taking interelectrode 
tube capacitances into account. 


dynamic tube resistance r,,, we have, for a properly biased tube, 


'' arA2 + Ml 
C/ = C,f + 


« = 

/S = 4 + ar* 


geometrical grid-filament 
capacitance with tube alone 
(without plate return) 



The geometrical interclectrode capacitance at the input side, when the 
tube is connected as in the indicated circuit, is Cgf + Cgp. Therefore, it is 
evident that the apparent capacitance in each case is larger than the 
geometrical value. For instance, taking a commercial receiving semi- 
power output tube (112A or its equivalent), we have 



Tp — 500012 for 135 volts supply voltage on plate and 9 volts negative 

grid bias 

We then find the values in Table IV. 
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Table IV 


/, kc/seo 

^68.6X10~« 

farads 

ohms 

OiLg 

v = 

. . p . 

Remarks 

6 X lO^a 
ohms 

] 

68.5 X 10-'» 

2.72 X 10« 

1.84 X 10^0 

/? = 4 + 5, .where 6 is 

10 

58.5 X 10-'» 

2.72 X 10‘ 

1.84 X 108 

\isiially small compared 

100 

68.5 X 

2 72 X 10^ 

1.84 X 108 

with 4. For this example 

1000 

67 X 10- 

2 79 X 10^ 

1.89 X 10^ 

6 = 0.109 at 1000 kc/sec, 
and 1.09 X lO”"^ at 1 kc 
which is the olher limit 


It can be seen that the effective dynamic resistance offered by the 
grid-filament gap as well as’the reactance of the effective parallel capacity 
are high enough in the audio-frequency range to require the use of grid 
leaks of several megohms resistance in resistancM-oupled amplifiers. 
Also, even at frequencies as low as 100 kc/sec, the capacity reactance is 
so low that it practically determines the voltage drop across the input 
side. In the broadcast range, the effective input impedance offered by 
this tube is already very low and at 100 kc/sec we deal with impedances 
of only a few thousand ohms, and grid leaks in the megohm range would 
be useless. It should be understood that the example refers to a semi- 
power output tube with a fairly low plate resistance Vp and loaded for 
maximum power transfer. As seen from formulas (29), the apparent 
resistance r/ becomes higher with a higher external load resistance R 
and the apparent capacitance Cg' becomes correspondingly smaller. 

The apparent tube capacitance can be understood by considering the 
charging current which flows toward the input side of a tube. It divides 
into a current which charges the geometrical grid-filament condenser to 
the voltage and a current which charges the geometrical grid-plate con- 
denser to the voltage e, + Cp. The voltage amplification is A« = Cp/e- 
and therefore 


C, ■+• Cp = Bgll + Ae] 

If e„ and Cp' are the respective maximum values of alternating grid and 
plate voltages and i' the maximum value of the corresponding total 
charging current which flows toward the input side of the tube, we have 

i' «= toe/CW + wfe/ - ep']Cgp 

charges Cg/ charges Cgp 

“ + a + A.)Cgp] =» «e/C/ 
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or 

Cg' = Cgf + [1 + Ae]Cgp 

= + AeCgp 

geometricftl input capacitance 
with tube connected in circuit 

This formula shows that the apparent capacitance varies with any 
factors that afifect the voltage amplification and is especially useful if 
audio-frequency amplifiers with resistance-capacitance or resistance 
coupling are under consideration. According to Eq. (4), the voltage 
amplification for a load resistance R is equal to fiRKvp + R) and, ignoring 
the effect of the plate-filament capacitance, we have for the apparent 
input capacitance 


C 


uf 


+ C 1 -f 

-t- ^ ^ /e + rpj 


(31) 


which is exactly the same result as obtained in formula (69) on page 86. 
Taking the case of maximum power amplification which occurs for 
R = rp, we have 


Cgf + Cg 


1 + 


(32) 


and, applying this to the tube used in computing Table IV, we find that 
Cg' = [6 + 10.5 X 5] X 10-^2 == 58.5 x 10-i‘^ farad 

checking, of course, with the results in the table if only the lower fre- 
quencies, and especially the audio-frequency range, are to be considered. 

The capacity reactance l/{o)C/) for the highest operating frequency 
is quite important. Suppose the tube forms the final stage of an audio- 
frequency amplifier which is to amplify audio currents up to 10 kc/sec 
without appreciable distortion. No frequency dependency should exist 
for the entire range and the critical test is that for the most severe limit, 
which is 10 kc/sec, and the reactance l/(wC') == 2.72 X 10^ ohms should 
be much larger than the load resistance R in the plate branch of the 
preceding tube. 

When the dynamic grid resistance is derived from the static grid- 
voltage grid-current curve, the lower portion of this curve plays a part 
only when a proper grid bias is chosen and any Cg variations — so to speak 
— sweep into the ^‘starting grid-current^' range for which a small current 
flow for small negative grid potentials (small retarding potentials) is 
possible. Then the ordinary tube law no longer holds but rather Eq. (10) 
on page 7 for which 

/, - /.t 

q 10“ ov 1 u 

k - u 
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It is assumed that the entire available electron current given by this 
relation passes to the grid. The quantity T denotes the absolute tem- 
perature of the filament and the current for zero electrode potential. 
The theoretical dynamic input resistance of the tube is then 

dEg 






'8.6 XTO ‘T 


8.6 X 10-*T 


(34) 


Assuming a tungsten filament operating at 2300‘’K, we have 

10^ 

8.67 

and 


». (OhtlM*) 
' il 


8.6 X 2300 = ®-®® 


7, 


(34a) 


if /, is, as usual, in milliamperes and the effective grid voltage Eg in volts. 
Suppose the saturation current h is 20 ma. For the different effective 
grid potentials wc then find the values of Vg given in Table V, showing 


Table V 

Negative Grid Potential 
Egy Volta 
-0 6 
~1 
-2 
-2.5 


Tg - 996 ^®"*®, 

Ohms 
1230 
16,600 
2 46 X 10® 
31 X 10® 


that near zero grid potential very unfavorable low grid resistances can 
prevail. 

94. Resistance- and Resistance-capacitance-coupled Amplifiers. — 

From Eqs. (4), (5), and (6) we obtain, for an effective value E of the 
variable grid voltage, output curves for voltage, current, and power as 
indicated in Fig. 137 when a load resistance R is used in the external plate 
branch. Putting 

R = a^rp (35) 

for the degree of plate loading R in terms of the internal dynamic tube 
resistance r^, the variable power output becomes 


W = 


rp[l + ar 
4a 




[1 + aP 




(36) 


Hence, when choosing B half as small (B = rp/2) and twice as large 
(B “ 2rp) as for optimum power output (B = r^), we find for each case 
(a * H and 0 = 2, respectively) 


W - HW. 
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that is, 11.1 per cent less output than for optimum condition. The 
range from a = to a = 2 still gives considerable power output and 
= (1.6 to 2)rp for undistorted output does not mean so much power 
reduction after all. For the voltage output, we have 

E, = (37) 

1 + a 

Hence, for R = 4rp only, that is, a = 4, already 80 per cent of the maxi- 



mum obtainable voltage amplification and, for a = 10, practically 
maximum voltage amplification is obtained. For maximum undis- 
torted output, a about equal to 2, the voltage amplification is 66.7 per 
cent of the maximum obtainable value. Since the effective value of the 
variable output current is 

fxE 


I = 


[1 + a]rp 


(38) 



the current amplification of a re- 
sistance-coupled amplifier becomes 
greater the smaller a, that is, the 
smaller the external load resistance, 
and reaches its maximum value fiE/vp 
for R — 0. 

For several stages of voltage am- (aperiodic) 

plification either resistance coupling 

(Fig. 138), with comparatively large grid bias, must be used in order to 
compensate the positive plate potential or resistance-capacitance 
coupling (Fig. 139) employed. The straight resistance amplifier (Fig. 
138) is also known as a direct-current amplifier (when no output con- 
densers C are used) since it amplifies down to the lowest frequencies as 
well as amplifying direct-current changes. The amplification per stage 
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can be readily measured by noting the change i in the plate current I 
when a certain small direct potential e, is impressed. The voltage ampli- 
fication is then ep/e, = R ■ ile,. Usually the output tube of a cascade 
amplifier as in Fig. 139 has a much lower plate resistance and requires a 
different grid bias from that of the two first tubes which are conveniently 
high-pi tubes of the same rating. 



Fig. 139. — Resistance-capacitanoe-coupled amplifier. 


96. Supply Voltages for Resistance-coupled Amplifiers.— The normal 
voltage specified by the manufacturer should be used for the filament 
supply. However, the grid bias depends upon whether a class A amplifier 
(working practically with no distortion) or an amplifier with more or less 
grid current (working characteristic reaches into the positive region) is 
to be used. In each case, the steady positive plate potential 
Eb — Eb — Rib due to the voltage Eg of the B battery and the amplifica- 
tion factor n determines the suitable value of the bias, although the 
graphical construction shown in Fig. 133 can be used to find the value of 
Ec. If k = (R rp)frp, the supply voltage of the B battery is 

Eg = kEb (39) 


Hence, for optimum power output, the supply voltage must be 2Eb, or 
double the specified value, while for maximum indistorted output 
(R = 2rp) it must be three times the normal value specified by the tube 
manufacturer. For values of the load resistance R that are small in 
comparison with the internal plate resistance r,, the plate and supply 
voltages do not differ greatly and the grid bias may be calculated from 




Eb 

1.5ju 


(40) 


Hence, for a tube of /t = 3, we find for Eg = 180 volts the bias Ec == —40 
volts, and for Eg = 135 the value —30 volts. Such small load resist- 
ances would be of little use for amplification work. For the average 
resistance loading, the bias may be foimd approximately from 


Ec - 


Eg 

2m 


( 41 ) 


VOLTAGE, CURRENT, AND POWER AMPLIFIERS 


209 


which, for a supply voltage Eb = 180 volts in the foregoing example, 
would require only —30 volts bias. The Ip — Eg characteristic is less 
steep and the working value of correspondingly smaller. 

96. Effect of Capacitance-resistance Coupling and Grid-plate Inter- 
electrode Capacitance on the Frequency Characteristic of an Amplifier. — 
The coupling condenser C in the amplifier section indicated in Fig. 140 
absorbs a certain part of the available plate potential. When denotes 
the vector of the alternating voltage across the load resistance R, it 
produces a current i in the equivalent variable-current network and 
leaves the vector value to be passed on to the grid of the succeeding 



factor is always smaller than unity and 

increases, for a fixed coupling capaci- — r 

tanco C, toward unity as the fre- Circu.t for y • T* — 

quency becomes higher. For a fixed currents <^ , v -9 

frequency, it approaches unity as the HO-lnterstageloupW 

capacitance is increased. Since in 

amplifiers C is fixed, p is a function of the frequency only and 
should be such that it changes but little for the range of frequency for 
which the amplifier is used. Hence, when an amplifier is to be designed 
to cover the range from 15 to 100 kc/sec, the voltage loss due to C 
coupling should at any frequency not exceed a certain percentage. 
Suppose the limit required is 5 per cent, then p = 0.95 and p — 3. 
Assuming the grid leak to be r = 10® ohms. 


C 


pio® _ 3 X 10® 

rco 27r X 15 X 10® X 10® 


0.000032 pf 


If a coupling capacitance C = 0.002 pf were used instead of the com- 
puted value, we should have 

p « «Crl0~® « 6.28 X 15 X 10® X 2 X 10”® X 10® X 10-® == 188.5 


which corresponds to hardly any voltage drop in C for the most severe 
limit (15 kc/sec) of the frequencies to be transmitted through the 
amplifier. 
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Figure 141 shows the case in which the grid-plate interelectrode 
capacitance is effective and feeds some of the plate voltage back into the 
input branch of the tube. The grid-filament and plate-filament inter- 
electrode capacitances are not taken into consideration here since they 
are in parallel with r and R, respectively, and r and R are to be chosen 
according to the frequency range. (These capacitances are discussed 
in the analysis of Sec. 98.) If E = E 2 denotes the effective value 
of the variable voltage which exists between the grid and the filament, 
it is made up of two components, one due to the actual impressed grid 


voltage and the other due to the back action of the plate on the grid by 

means of the intorelectrode capaci- 
tance Cgp. The latter component is 



Er = 


rEi 




pEz 


^ if Ez denotes the effective value of the 
Fig. 141. — Grid-plate capacitance feeds Variable Output voltage across the load 
voltage back. resistance ft. This voltage is pro- 

duced by the effective value of the voltage between the grid and the 
cathode. 

For 



we find 


(43) 


fts = -yE = ^y[Ei + E2] = -y[^Ez + E2] 
ftall + ^7j = -yEz 

The effective voltage gain is the ratio of the plate voltage to the impressed 
grid voltage. The ratio of the plate voltage to the effective grid voltage 
is always 7 . Hence for the gain per stage 

Ez y 

~ “1“+^ (44) 

This relation is of importance in the higher frequency range of resistance- 
capacitance-coupled amplifiers, while in the normal audio-frequency 
r^ge the reactance l/{uC,p) is comparatively high. The ratio of 
high-frequency to low-frequency amplification 

p' = y . 1 = 1 

1+^7 7 1+187 


( 45 ) 
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is then a measure of the faithfulness of the resistance-loaded amplifier 
due to back feed. 

97. Special Remarks on the Design of Resistance-capacitance- 
coupled Amplifiers. — A closer inspection of formula (45) shows that the 
factor p' decreases when either the frequency or y is increased. The 
former effect expresses the well-known fact that a resistance-coupled 
amplifier becomes most inefficient in the higher frequency range. With 
ordinary receiving tubes, the voltage amplification falls off considerably 
for frequencies higher than about 300 kc/sec, and for frequencies as high 
as those used in the middle broadcast range (1000 kc/sec) practically 
no useful voltage amplification occurs. 



Fig. 142. — Interslage network for variable eurrenls. 


The decrease of p with an increase in y = pR/{R + ?;>) = pK, for a 
fixed loading, shows that in the higher frequency range p should not be 
chosen unreasonably high (not more than about 20). For the lower 
frequency range for which y denotes practically the voltage amplification, 
high-p tubes are of advantage. The internal plate resistance is also 
liigher and consequently U can be higher, since it can be the value of r,,. 
It is to be noted, however, that, for high-p tub(\s, the grid-voltage plate- 
current characteristic is less displaced into the region of negative grid 
voltage. In many cases, higher plate-supply voltages bring the working 
portion more into the negative region. If there is no objection to dis- 
tortion, the operating point can be chosen more toward the lower bend 
of the Eg, Ip characteristic, which simultaneously increases the value of r,,. 

To judge the usefulness of a cascade amplifier of this type over the 
entire frequency range, we must compare the effe(*ts of all resistances and 
capacity reactances (Fig. 142). It should be noted again that Cg^ and 
Vg' denote the effective dynamic grid-filament capacitance and resist- 
ance offered by the grid-filament gap for a particular loading and that 
Cg' is larger than the geometrical capacitance Cg/ (pages 86 and 203). In 
the design of such an amplifier, the following points are then of interest. 

1. Decrease in amplification due to reactance of coupling condenser [formula (42)]. 

2. Change in amplification due to back feed from plate [formula (45)]. 

3. Decrease in amplification due io reactance of input interelcctrode capacitance 
C/ [formula (31), page 206, for Cg]. 
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4. Decrease in amplification due to effective resistance experienced between 
grid and filament. 

6, Change in amplification due to Cpf capacitance. 

6, Time constant C ro if effect of c/ is neglected and ro ~ 

T ’T r a 

Cases 1, 2, and 5 have been discussed in Sec. 96. As far as the effect 
of the reactance of the interelectrode input reactance is concerned, we 
note from Tabe IV on page 204 that in the low-frequency range this 
reactance can be assumed to be several megohms. This reactance is in 
multiple with the grid-leak resistance r and there is, therefore, no gain 
in using leak resistances much higher than 5 megohms in amplifiers used 
for the audio-frequency band. We note from Table IV that the input 
capacity reactance for frequencies only as high as the broadcast range 
can be as low as several thousand ohms, indicating again the unsuitability 
of such amplifiers for the higher frequency range. From the same table, 
it can be seen that in the lower and audio-frequency range the effective 
resistance r,/ which is also in parallel with the grid leak r, is high enough 
to allow high grid leaks up to 10 megohms. If, however, the reactance 
l/(coCtf') is comparatively low, grid leaks of lower revsistance can be of use 
only (about 0.5 to 5 megohms). For the high-frequency range. Table 
IV indicates that Vg can assume quite low values, although the shunting 
effect of l/(a;Cy') calls for even smaller values of r. 

The Cpf capacitance shunts the load resistance R and limits its 
magnitude, that is, the value of a in formula (35) on page 206. For 
many receiving tubes, the reactance due to this capacitance is very high 
in the low-frequency range (about 100 megohms at 60 cycles/sec) and 
about 1 megohm in the middle audio-frequency range. But for fre- 
quencies only as high as 50 kc/sec, it drops to values of about 0.1 megohm. 
In the lower broadcast range (500 kc/sec), this reactance has values in 
the neighborhood of 10,000 ohms. The voltage amplification of resist- 
ance-coupled amplifiers is also limited by this capacitance and the value 
of a in formula (35) can only be chosen high (up to 10) when working 
up to medium frequencies. It can also be seen that, owing to this 
capacity effect, such amplifiers are useless for the broadcast range and 
give no voltage amplification at all for frequencies in the short-wave 
band. This statement can be readily checked by means of the gener- 
alized formula for the voltage amplification. It is obtained from Eq. (4a) 
on page 191 as 



for the case of an effective load impedance Z low in comparison with 
Such a low value will result from the parallel combination of the load 
resistance R and the reactance l/{iaCpf). This happens when l/(wCj,/) 
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practically determines the value of in the higher frequency band. 
Consider a high-M tube with the constants m = 25, Cp/ - 6 X 
Tp — 250,000 at the operating voltage and a load resistance R of about 
0.5 megohm when the supply voltage is about 200 volts. At 3000 kc/sec, 
we have l/(uCpf) = 885011. This reactance practically determines the 
plate load impedance Z and A, = 25 X 8850/250,000, which is smaller 
than unity. Therefore a decrease in voltage instead of voltage ampli- 
fication is obtained. This speculation, of course, has reference only to 
what happens as a result of the effect of the plate-filament interelectrode 
capacitance. As a rule, such receiving tubes with a high-^ value have a 
comparatively large effective input capacitance so that for this reason 
alone it would have value as an audio-frequency amplifier only. There- 
fore, it can again be seen that a tube with a high-/i value does not neces- 
sarily guarantee high-voltage amplification when applying it to the 
high-frequency range. From the effects due to r„', C„', and Cp/ as well 
as n, it is evident that a fixed grid leak r and a fixed coupling condenser C 
for a certain tube by no means give a good tiansnussion characteristic 
in a resistance-coupled amplifier when working over a wide range of 
frequency. The quality of transmis.siou is evidently dependent on the 
width of the frequency band and the lowe.st pass Irequency. Such an 
amplifier when used in the audio-frequency range may work satisfactorily, 
for instance, when using a leak resistance r = 2 megohms and a co\ipling 
condenser C = 0.003 /*f but requires a much smaller leak resistance for 
the higher frequency range and therefore also a smaller coupling capaci- 
tance, since the reactance of the effective input capacitance may have 
values as low as a few thousand ohms. A coupling condenser of about 
0.0005 may be more satisfactory. When high-/* tubes (such as the 
UX240 or its equivalent) are used, they give fairly good transmission 
characteristics in the audio-frequency band when their load resistance 
R is made about 2rp and a coupling condenser C = O.OOO/if is used. A 
leak resistance r = 2 X 10® ohms is suitable. With many amplifiers of 
this type, it does not seem to be an advantage to give r„ a high value, 
especially when cascade amplification is under consideration, since 
multistage amplifiers are much more stable if r, is not much higher than 
about megohm. 

Another important point is the proper choice of the time constant t. 
If the value X ro'”*”*"*’ = t*"®’ is not properly chosen for 


the amplifier may block (no plate current) during certain intervals. 
The C • ro product denotes the time in seconds for C to discharge to 
37 per cent of its original value (falls off to l/2.718th). When a dis- 
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turbing impulse enters the input side of the amplifier and C is chosen too 
large, it may take altogether too much time to charge C of the first 
coupling condenser and the plate current of the succeeding tube may fall 
to zero so that this tube ceases to function for quite an interval of time. 
This action passes through all stages and the various capacity couplings 
may produce different time constants, so that the disturbing pulse may 
set up a circulating disturbance which is fed back again to the input, 
propagated again, and so on. This is more apt to happen when a common 
B battery with quite an appreciable internal resistance is used. There- 
fore it is essential that the effective resistance across the grid and filament 
be properly proportioned in comparison with the coupling condenser C. 
With respect to Fig. 140 and formula (42), we have, for the effective 
voltage ratio p = and C • ro = r, the expression 


COT 


(46) 


The quantity p is always smaller than unity and expresses the loss of 
voltage due to the coupling condenser for a certain time constant r and 
frequency w/(27r). The magnitude of the coupling condenser C is found 
by means of (46) by at first assuming a suitable grid-leak resistance r 
(somewhere between 0.5 and 5 megohms). For the low-frequency range 
where the alternating-current resistance ol the grid-filament gap is one 
to several megohms, the upper limit for r is chos(4i; but for the range of 
high frequencies where the apparent dynamic resistance rj is of the order 
of a few thousand ohms, the value of ro = rj • r/ {rj -f r) becomes 
correspondingly low. Hence the coupling condenser C is not the same 
for each case. When, for instance, a single-stage amplifier is under con- 
sideration and the audio-frequency band is to be covered, a time constant 
of about r = 0.005 sec is suitable. Putting this value in Eq. (46) for the 
lowest frequency gives the percentage voltage loss (1 — p) 100 due to the 
C coupling at this frequency and the ratio r/ro for ro in megohms gives 
the coupling in microfarads. Since with two and three stages of ampli- 
fication the values are to be taken as about and p®, the time constant r 
must be increased. 

98. Design Formulas for Resistance-coupled Amplifiers and Width 
of Pass Band. — As noted above, a resistance-coupled amplifier is espe- 
cially suitable for voltage amplification over a considerable frequency 
band, provided the band does not reach into the very high-frequency 
range. It is possible to obtain almost undistorted amplification. It 
was shown that the voltage amplification increases with the fi of the 
tube as well as with the load resistance R but that in many cases R can 
be increased only when the B voltage in the plate branch is correspond- 
ingly higher in order to bring the operating point to the middle of the 
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straight portion of the Ip, Eg characteristic again. When only ordinary 
B voltages (120 to 200 volts) are used, the plate load cannot be made too 
high (about 50,000 for ordinary tubes) in an attempt to increase the 

n 

voltage output ^ > For high-A* tubes, such as UX240 or its 

equivalent, R is then chosen about equal to 2rp = 250,0000 with a supply 
voltage of about 180 volts. Resistance-coupled amplifiers of such pro- 
portions are most frequently used and the derivation^ of the performance 
for a certain frequency band is then an easy matter. On the other hand, 
experiment and theory show^ that very high plate resistances {R up to 
3 megohms) can be used at ordinary supply voltages {Eb = 90 to 
160 volts) so that only about 10 to 30 volts can be operative on the plate. 
The operating point would then seem to be far down on the curved portion 
of the characteristic. Nevertheless, the working characteristic is again 
almost linear and high-voltage amplification is possible, even with normal 
supply voltages. This can be readily understood from Eq. (28) on 
page 202 which refers to a straight-line dynamic lamped characteristic 
when the quantity p = — ipR is small, since the higher powers of 

p such as p^, p*, etc., must make the terms to which they belong negligible 
in comparison with pdF{E\)/dE^. We have again the well-known relation 


%pR/ — " 


flCgR 

R + Tp 


for the voltage output which, because of the high value of R, must be pro- 
nounced. Therefore, with a high-p tube, the quantity in 


p - ^Cg — ipR 


can be large as long as R is high enough to make p suflBciently small. 

As far as the frequency characteristic of the resistance-capacitance- 
coupled amplifier is concerned, a lower and an upper frequency limit 
exists since, according to Fig. 143 (where all effective resistances and 
reactances are considered), the coupling condenser C partially determines 
the lower frequency limit, and the apparent interelectrode capacitance 
Cg and the plate-filament capacitance Cz partially determine tlie upper 
limit. These cutoff frequencies may be called /z and/^, respectively, and 
they can be approximately computed from 


2irCro 

( 47 ) 

f — ^ 

00 


1 WiooB, H., Z, Hochfreq,, 86, 24, 1930. 

* Von* Ardbnnb, M., ‘*Der Bau von Widerstandsverst&rkem’' (Design of Resist- 
ance Amplifiers), 2d ed., R, C. Schmidt, Berlin, 1927; F. M, ConBanooK, BxpU. 
Wirelm^ 4 , 196 , 1927 , 
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and the frequency at which maximum amplification occurs is 



, L,.,_ ... 

2WroRi[C\C* + CC,] 

(49) 

if 



— = — +—+—• 

/Jo Tp ro’ 

i-hh + 



= Cl + C 4 ; 

(50) 

Co about 50 fjLni and is mostly due to Ci + Ca and the socket capacitances. 

The width of the pass 

band is then 



w = fu- ft 

(51) 

for 

A, = - j-Qgj 

(52) 


where it is understood that /» and are such cut-off frequencies that 
beyond them (outside the pass band) the voltage amplifi(‘ation Ae is 



Cc+horl* 

Fig. 143. — Equivalent network of resistance>capaoitance~coupled amplifier. 

never more than r? = 30 per cent of the maximum amplification 
which occurs for frequency /o somewhere in the pass band. The justifica- 
tion for these formulas can be readily obtained from the network of 
Fig. 143 if ei' denotes the maximum value of a sinusoidal e.m.f . impressed 
across the grid and filament of the first tube and the maximum value 
available across the filament and grid of the succeeding tube. The 
solution becomes simpler when it is assumed that the variations take 
place only about the operating point of least distortion, that is, only along 
the almost straight portion of the plate-current grid-voltage charac- 
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teristic. Then gm is the maximum value of the mutual conductance 
(steepness) and the internal plate resistance rp is at its minimum value. 
The voltage amplification is 


A. = 


e*' 

Cl' 


L 9fn ] 


for 


11^1 + ^ + [1 + a + v’wCdrp] + h + 7wCirp| 


(53) 


i? = — and n = ^ (53a) 

% O' b 

For frequencies which are not too high, cjCz is much smaller than g^, and 
the numerator of (53) becomes practically equal to the amplification 
factor fjL and we find 




Qn 


Ro iCrofti 


, Cl . C,ro , . C,C 4 


— 9^ _ __ 


9m 


A+jB y/A^ + B^ 


for 


1 + 


Cl 


1 + 


C4 


A = 




+ 


ro 


(54) 


(54a) 


Maximum voltage amplification takes place when the term -B, whi(*h 
contains the frequency co/27r, vanishes, that is, for 

A - Om _ _ I* 1 


Ti 1 j. 1] -L Ti . 


(56) 


This happens at the frequency /o = co/2jr found from 5 = 0, or 


\r 4- 1 

- zcR 


wCfliro 

which confirms formula (49). According to (56), Ama* reaches an 
optimum value when the loading resistance R and the effective input 
resistance r© across the grid and filament are both high compared with r,, 
and the interelectrode capacitances are small compared with the coupling 
capacitance C. For such a condition, 

1 


A 


opt 


rp 1/r, 




(555) 
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On the other hand, when the interelectrode capacitances are small com- 
pared with the coupling capacitance C, the terms Ci/C and (C 2 + Cz)/C 
in (56) will be small compared with unity and 

AmM ~ ~ (55c) 

Tp 

If the amplification drop is ri per cent [Eq. (62)J and is chosen small for 
the pass band w of the amplifier, the voltage amplification for the entire 
band is given by the approximation 

A. = (56) 

JL j_ £ 4. ± * 

To 

Hence for a tube with Qm = 200 X 10“® mho, Vp = 150,000 f2, R = 
250,00012, and an effective input resistance ro = rj • r/(r^' + r) = 10® 12, 
in the audio-frequency range, the voltage amplification for the entire pass 
band would be seventeenfold instead of about m = gmTp == thirtyfold as 
for the optimum condition. From the foregoing formula, it will be 
evident that it is convenient to use tubes with a largo mutual conductance 
Qfn and an amplification factor somewhere betwet^n 10 and 30. 

The width w of the frequency band for which the amplifier must work 
depends upon the maximum percentage decrease rj [P]q. (52)] of the 
voltage amplification from the maximum value at frequency /n [P2q. (4d)]. 
Combining (52) with = gm/A from (55) and A, from (54), we find 



Substituting this result in the expression for B of Eq. (54a) leads to 
the quadratic equation 

0)K\ + wAr - 2) = 0 



since only the plus sign before the square root gives positive frequencies 
o)/2nr. The frequency limits fi and /„, between which the voltage ampli- 
fication Ae never drops more than rj per cent, are then 
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giving a pass-band width 

= (60) 


where, according to (50) and (54a), 

c. = C, -I- C* -t- Cs -I- 


C2 + C, 




D 


mv, 


■vii - (V 


~ 1 


(61) 


111 ~ (n/lOOr 

Hence, when the interelcctrode capacitances are small compared with 
the coupling capacitance C, we have the approximation 

+P+1 

ti Tp Tg r 

and Eq. (60) leads to a pass-band width 

. [s + r. + ^ + rV 


fu-f, 


2rCi 


27rC6/2o 


(60a) 


Making the load resistance R about ten times the internal plate resist- 
ance rp as is conveniently done in the audio-frequency range, and realizing 
that the apparent grid resistance Vg as well as that of the grid leak r is 
also usually large compared with Vp when the frequency is not too high, 
leads to 




1 

[1 ~ {v/i00)Y 


^trCaVp 


(606) 


Therefore, the pass band is widest for the straight portion of the tube 
characteristic because Vp is then smallest, and an increase in the inter- 
electrode capacitances Ci, C 2 , and Cs decreases the pass band, while an 
increase of the coupling capacitance C makes the pass band wider. 

Since, according to (59), 

“ 4ir!‘C* 


and, according to (55a), the frequency fo for which maximum voltage 
amplification occurs is given for B = 0, from (64a) wCt — (D/«) = 0 
we obtain 


[D 


1 
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fo = VfTTu (62) 

and the frequency for maximum voltage amplification is the geometrical 
mean of the two limit frequencies. For this reason, when the amplifier 
is to work between 16 cycles and 10 kc, maximum amplification occurs at 
= 'y/fO X 10,000 == 400 cycles, while for the lower limit at 30 cycles 
this frequency would be shifted to 550 cycles. Since, for R several times 
the internal plate resistance Vp in \/Rx = 1/22 + 1/rp ^ l/r^ and in (49), 
CiCi is small compared with CCs, the maximum frequency can also be 
approximately computed from 



where Cs = Ci + C 2 + Cs with the tubes in their sockets and in operat- 
ing conditions may be as high as 50 MMf- If a resistance-capacitance- 
coupled amplifier is to be designed for the band whose lower limit 
fi = 16 cycles/sec, and whose upper limit /« = 10 kc/sec, we find from 
Eq. (62) that the maximum voltage amplification occurs at /o = 400 
cycles/sec. Using tubes with Vp = 30,000 12 and assuming that the 
parasite capacitances Cs do not exceed 50 and that ro is 2 megohms, 
we find, from (63), that the coupling capacitance 


47r2/oVorpC6 X 2 X l6« X 30,000 X 50 X lO-i* 


that is, about 0.021 /xf. If the capacitance approximation is also made as 
in Eq. (606), we have Ce == Cs and 


V[i - L 


(Vioo)]* 


— 1 = 6.28rp • w • Ch 


which gives F - 0.094 for w = (10,000 — 16). In Fig. 144, the voltage 
amplification in the pass band never deviates more than rj « 0.44 per cent 
from the value at 400 cycles/sec, which corresponds to maximum ampli- 
fication. Hence almost distortionless amplification should prevail. 
From this example it can be seen that formulas (59) need not be applied 
at all and that the entire calculation may be based upon the application 
of the formulas used in the example. 

The approximate formulas (47) and (48) are used when the voltage 
amplification does not deviate anywhere in the pass band more than 
about 30 per cent from the maximum voltage amplification. When 
several frequencies occur at the same time, such a deviation can hardly 
be noticed. Hence, for the foregoing example when Vp « 30,000Q and 
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ro == 2 X 10® ohms, we find, for 7 / =* 30 per cent, that T =* 1.04 and from 
(60&) the width of the band becomes 


L04 

6.28 X 50 X 10-'2 X 30,000 


« 110,000 cycles/sec 


For the sake of simplicity, by taking this width to be about 100,000, wo 
find, for the limits fi = 16 cycles/sec and /„ = 100,016 cycles/sec, that 
at/o = VlO X 100,016 = 1267 cycles/sec maximum voltage amplifica- 
tion takes place. From (63), the coupling capacitance becomes 



004 0 06 0 08 0(0 0.12 0.14 016 0.18 

Fig. 144. — Curve for T against 1 ; %. 


C *= 0.0053 juf. The approximate formulas (47) and (48) for ft = lOr^ 
would give 

l‘ - 6.^X 0.005 3 X 10- X i X i Oi " 

!■ - 

since 1/fio = 1/ii + l/r, + 1/h “ 0.367 X 10-<. The formula for /„ 
also shows that the upper cutoff frequencies are limited since ro must be 
chosen much smaller for the high-frequency range and because the plate- 
filament capacity reactance cannot be taken very high. 

When a straight resistance-coupled amplifier as in Fig. 138 is used, 
the alternating-current network is as in Fig. 145. The voltage ampli- 
fication becomes 

A rss J SS! ■■ - - - —rr-::; 

VA* + B* 


( 64 ) 
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1 + 1 ) 

T ) 

w(Ci + C 2 + Cz)\ 


(64a) 


Maximum amplification then occurs for direct currents since, for B = 0, 
the frequency /o = 0. The width of the pass band is the same as for the 
resistance-capacitance amplifier and is 


6.28rplC, + Cj + Ci] 

when R as well as Vg' is large compared with Vp, This width gives 
directly the upper cutoff for a maximum amplification variation of rj per 
cent within the pass band since the lower limit is at zero frequency. 



Fig. 145. — Equivalent network of resistance-coupled amplifier. 


99, The Transformer-coupled Amplifier. — In the arrangement of 
Fig. 146, the effective value Ei of the variable plate voltage of the first 
tube is passed on to the next tube by means of a transformer. Therefore 
the effective voltage E 2 applied to the second grid can also be increased 
by means of the step-up ratio of the transformer. The equivalent circuit 
also contains the components Cg' and of the dynamic input impedance 
Zg of the grid-filament gap where, according to Eq. (30), Cg can be com- 
puted from 

C/ = Cgf + [1 + Ae]Cgp 

if Ae stands for the voltage amplification Ez/E^ due to the second stage. 
When the transformer Li, L 2 is matched to the respective terminating 
impedances, the number of primary and secondary turns iVi and iVa, 
respectively, are given by 
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if Zp stands for the impedance formed by the parallel branches of and 
Cpf, This expression gives the turn ratio only. The absolute values 
are limited by the coil capacitances, especially that of the secondary 
which has more turns, and the ohmic resistance. 



Fio. 146. — Equivalent transformer-coupled amplifier. 


If the input capacitance C„' as well as the distributed capacitance of 
the transformer windings arc at first neglected, the secondary of the 
transformer is essentially loaded by r/ and, as in the case of matching a 
filter in the external plate circuit (page 590), the resistance value r/fN^ 
is reflected back into the primary. This means that, for no leakance 
and negligible coil resistances Ri and f? 2 , the equivalent circuit of Fig. 146 



Fia. 147. — Equivalent network for transformer-coupled amplifier. 


simplifies to the network shown in Fig. 147, if the plate-filament capaci- 
tance is also neglected. The effective value I of the current is then 

~ rp + (r//N^) 


I 
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The efifective value Ei of the plate voltage is the drop across the equivalent 
load, that is, Ei = IrJ and the voltage amplification with respect 
to the primary terminals of the transformer becomes 

£ tJ + iVVp 

This value must be multiplied by the transformer ratio N = E%IE\ in 
order to give the expression for the entire voltage amplification per stage 
which is 


E% _ jiNvo 
El r/ + Nhp 


(67) 


Now, since Vp is fixed and the loading is held constant, the only 
variable that can affect the degree of voltage amplification is the ratio N 
of transformation. It becomes a maximum for 



Inserting this in (66) gives 

= 0.5Myl^ = 0.5mN 
This maximum condition requires that 


___ ojZ/i __ Li __ f'p _ 1 
X2 ~ ^2 ^ ~ 


( 68 ) 

(68a) 


and large primary and secondary reactances compared with rp and Vg, 
respectively, should be used. But, by taking the tube capacitance Cp/ 
and the effective input capacitance Cg as well as the distributed coil 
capacitances of the transformer windings into consideration, it can 
be seen that a good frequency characteristic can be obtained only within 
the audio range. A good frequency characteristic requires that the 
transformer be effective at frequencies considerably below its lowest 
natural frequency. Therefore it is customary to use ordinary trans- 
formers only in the low- and medium-frequency range and to employ 
tuned transformers and tuned reactances in the high-frequency band. 

When the transformer exhibits leakage flux, we find from Fig. 146, 
for negligible tube capacitanc es an d coil resistances Ri and 122 and the 
coupling coeflSicient k « Mfy/LiL^, 

fiE « IllTp + jwLJ + j<aI%K'S/%iL2 ) 
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or 


y.E 


h 



w^K^LiLj 1 

jv' + jwLj J 


Z. 


(69) 


The interstage transformer with the r,' load acts like an equivalent 
impedance 


w^LiLi[K^ — 1] + 

^0 + jwjt'S 


(70) 


Hence the closer the coupling, the smaller the factor (*• — 1), and foi 
no leakage (* = 1) the reflected impedance becomes 


juLiTg' 
r/ + juLt 


(j o>L0irg'/Np 
jwLi + 


(71) 


showing that the portion r//JV* of the grid resistance is reflected back 
as though it were connected across the primary inductance Li with the 
secondary circuit of the transformer entirely removed (Fig. 147). Hence 
the primary reactance Xi =« wLi (no load on the transformer) must be 
large compared with rg'/N'^ But, according to (68a), 1/N^ - Li/Lg 
and for efficient voltage amplification the condition wL 2 » rg is 
to be satisfied to prove the requirement brought out in connection with 
(68a). When iron-core transformers are used, the core losses must also 
be taken into account, since the no-load primary current is changed 
accordingly. Additional resistance Vc which takes care of these losses 
acts in series with Li. Moreover, from (69), we find 


fiE 



<x)^K^LiL2rg \ . f j o)VLiL2^ 

^ + K^rg'^ + MLi - k*Lo] 



(72) 


if r,'* <5C w*Ls», showing again that for no leakage {k = 1) and large 
secondary reactance only a pure resistance 


(Li/Ls)r/ = iNi/Nt)W = r//JV* 

is reflected back into the plate branch. 

When the secondary of the tube transformer works into an impedance 
(telephone receiver, loud-speaker, etc.), we have the equivalent circuits 
of Fig. 148. For the ideal audio-frequaicy transformer (« = 1 ; iJi « rp; 
Rt«.R; open-circuit impedance of secondary winding » Z), the 
simplified equivalent diagram holds. If Ri and Lo are neglected, and if 
the ratio Ni of primary to Nt of secondary turns is equal to the reciprocal 
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1/N of the transformation ratio, we have the approximation that the 
load impedance Z across the secondary is l/iV^fold reflected back into 
the plate branch of the tube. Hence, if the step-up ratio of an audio- 
frequency transformer is = 4, a condenser load C = lOOnnf across 
the secondary will act as though l&IOiiijf were connected across the 
no-load primary inductance L,. A telephone receiver, as the load Z 
of effective resistance r and inductance L, acts as a scries combination of 
r/N^ and L/N^ across Lx. 



induci^nce 

Fig. ms."' Equivalent networks for hiRh and audio frequencies. 

100. Remarks on the Design of Transformer-coupled Amplifiers.— 

Iron-core transformers are customary because for efficient voltage ampli- 
fication over a wide frequency range practically only the audio-frequency 
range can be covered. 

For interstage transformers, according to the previous section, the 
ratio of secondary to primary turns is given by 



For rp = 10,00012 and an effective grid resistance Tq = 10® ohms, this 
formula would lead to a tenfold transformation. But, according to 
Fig. 147, the primary reactance Li must be large compared with 
Tg^NijN^Y and a tenfold ratio would require that wLi be large compared 
with 10,00012. Using o)/2t « 25 cycles/sec, to calculate the lower limit 
would lead to a very high secondary inductance Lt which, unless designed 
very elaborately, would include considerable self-capacitance and ohmic 
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resistance drop. For this reason, it is customary not to go much higher 
than Nt/Ni = 3 to 4 for interstage transformers. Of course, Li can also 
be made large without too many turns by using a larger cross section of 
the core. The dynamic inductance Lj can be computed, given the cross- 
sectional area A, the length k of the iron path, and the dynamic permea- 
bility Ai', from 

L, = henries (74) 

where 

✓0.47r X 10“® = 1.256 X 10"“® (for the eore dmiensions in centi-) 
k ^ meters) > (74a) 

^3.2 X 10" » (for core dimensions in inches) ) 

If an air gap of length I is used, the formula is 


^ _ kANi^ 

" + I 


(75) 


The dynamic, that is, the incremental, permeability /x' is to be taken since 
the diagonal slope of the superimposed hysteresl^ loop must be considered 
and not 1h(* tangent to the static B-H curve at the operating point. The 
value of M changes with the location of the oi)erating point for a given 
current in the winding, and the dynamic inductance Li may be much 
smaller when the steady plate current h through the primary of the 
transformer is present. Often Li can be increased by using an air gap. 
This is true only when lioth direct and alternating currents pass through 
Li. This can be understood when it is realized that, in order to force 
the flux across the air gap I and the iron path U, the ampere-turns required 
for each path are simply to be added along the direction of the H coordi- 
nate. Therefore the hysteresis loop is sheared over. A given steady 
plate current h will produce a smaller value of flux density B. It is 
possible that th(' o])erating point about which the small dynamic hystere- 
sis loop is described may be moved from the almost saturated portion 
downward along the large static B-H curve to a point of more effective 
dynamic steepness. For a certain path a definite air gap I must exist 
for which /x', that is, Li, becomes a maximum. In many cases it is 
sufficient to assume that, for 14- to 20-mil high-grade audio-transformer 
iron, /x' is about 500 when considerable plate current flows as in single- 
output tubes, while for push-pull transformers /x' = 1000 to 1200. The 
reactance wLi is made about double the value of Tp since actual tests 
show that not so much is gained (although theoretically desirable) by 
making this reactance much larger. 

Hence when using a 201-A tube or its equivalent with Vp == 10,00012 
at 136 volts on the plate, we have wLi ~ 20,00012 for the lowest frequency 
of interest, since rg/N^, which is in shunt with Li, is affeeW mostly by 
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the magnitude of wLi at the lower end of the pass band. Choosing this 
frequency at 30 cycles/seo, we find Li *= 106 henries which is quite a large 
value. If a shell-t 3 rpe transformer core with 14-mil laminations is 
assumed, with .4 = 1 sq in and Z< = 6 in, according to (74) with the 
dimension constant fc = 3.2 X 10~®, we find 

“ V sOO X 3.2 X 10-» * 

and with a step-up ratio of 3 this would require N 2 = 18,900 secondary 
turns. When standard cores of fixed A and h are available, it is con- 
venient to use, as in ordinary transformer engineering, a specific number 
iVo of turns which gives 1 henry inductance exactly under normal oper- 
ating conditions. If fi denotes the lower frequency of interest, we find 
from 2ir/iLi = 2irfi(Ni/No)^ with a matching impedance equal to 2rp 



For the core in the foregoing example, N 0 is about 610 tums/henry. This 
is a comparatively small specific number of turns compared with the cores 
used in the earlier days of radio when very compact transformers had 
values of A^o up to 3000 and more turns per henry. With step-up ratios 
not more than about 4 and properly designed windings on conservatively 
large cores, the resistance of the coils will be comparatively small and the 
self-capacitance such that the lowest natural frequency is much higher 
than in transformers of an earlier date. When Co denotes the self- 
capacitance of the secondary winding (with more turns), the resonance 
frequency can be computed from 

" 6 . 28 JV*Vco 

For the design of the output transformer of any amplifier, it is also 
necessary to know the frequency characteristic of the load. Suppose 
we have the case of an old-time loud-speaker which, for instance, has 
L * 0.25 henry average inductance and R — 1500Q average resistance. 
According to the simplified equivalent circuit (Fig. 148), B and act as 
though R/N^ and L/N^ were connected in series across the no-load 
inductance Li of the transformer, if iV is equal to the turn ratio Na/Ni. 
At first, neglecting the primary resistance Ri and the leakage inductance 
Lo, and assuming a frequency u/2r high enough so that, because of the 
increased value of uLi, most of the current passes through the parallel 
branch with L/N* and B/N* in series, * 

uL , B 
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the voltage fxE will give such geometrical components across (r^ + R/N^) 
and L/N^, respectively, that their values are equal but smaller than 
nE/2 since a phase angle of 45 deg produces a power factor of 0.707. 
Hence, about 30 per cent of the voltage is lost. For a twofold matching, 
that is. 



only about 10 per cent would be lost. In each case the ear would hardly 
notice the difference for compound output tones, since 30 per cent is 
about the upper limit permissible for mixed frequencies. If /« is the 
upper frequency limit for which the voltage loss is 30 per cent, we find 
the turn ratio 


if L is in henries, R and in ohms, and /u in cycles per second. If the 
upper frequency range only were concerned and if the upper limit of 
fu = 5000 cycles/sec were satisfactory, the turn ratio, according to (78), 
becomes about N = 1.6 for an output tube whose plate resistance ~ 
250012. From Table VI it can be seen that, for the upper frequency 
range, is almost equal to Z/N^ while, for the medium- and lower 


Table VI 


/, cycles 
per 

second 

L = 1.57/, 
ohms 

Actual 
impedance 
load Z — 

Vft* + 

ohnjs 

wLi, ohms for Li 

Equivalent 
load Z/N^, 
ohms for 

N = 1.6 

Remarks 

6 hen- 
ries 

10 hen- 
ries 

10 i 

15 7 

1500 

314 

628 

585 

H * 15000 

20 

31.4 

1500 

628 

1,256 

585 


40 

62.8 

1500 

1,256 

2.512 

585 

L « 0.25 henries 

100 

157 

1510 

3,140 

6,280 

590 


200 

314 

1532 

6,280 

12,560 

597 

Tp — 25000 

500 

785 

1692 

15,700 

31,400 

660 


1000 

1570 

2170 

31,400 

62,800 

846 


2000 

3140 

3480 

62,800 

125,600 

1360 


4000 

6280 

6450 

125,600 

251,200 

2520 


5000 

7850 

8000 

157,000 

314,000 

3130 



frequency range, the term R/N^ determines more or less the reflected 
impedance Z/N^, Hence for the lower frequency range, R/N^ and Li 
act practically in parallel. When /i denotes the lower limit of important 
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pass frequencies and with a 30 per cent voltage loss because of the 
presence of wLi, we have 


and 


6 . 28 /, Li = A 

. 0.159fi 


(79) 


where all quantities are in practical units as in (78). If a 10 per cent 
loss (twofold matching), that is, 6.28/iLi = 2R/N^ is used, the inductance 
must be twice as large as found from (79). If the lower cutoff frequency 
fi is chosen as the value below which sound can no longer be perceived, a 
no-load primary inductance of about Li = 5 henries for 30 per cent 

voltage loss and 10 henries for 10 per 
cent voltage loss at this frequency is 
obtained. The performance over the 
frequency range from 10 to 5000 cycles 
can be understood from Table VI. 

In modern radio engineering the 
last tube usually works into dynamic 

2S 50 100 200 400 800 tjBOO 3,200 ^^0 speakers with a characteristic of 
Cycles/ Sec. about the shape indicated in Fig. 149. 

Fio. 149.— Frequency chwacteristic of a jg customary to consider a 

dynamic speaker. . rr 

speaker as an impedance Z equal to 

either the direct-current resistance or the direct-current value increased 

by 10 per cent. Using this assumption, and calling the load resistance 

of a certain speaker jR = 6S2, with a tube of about 25000 plate resistance, 

we can put the reflected speaker load R/N^ equal to either Vp or 2rp, 

Taking the latter value, we have the formula for the turn ratio 




which for the foregoing example requires about ninety-onefold step-down 
ratio. For a straight energy matching {R/N'^ = Vp) only a fourth of this 
value is needed. Since we deal here with step-down transformers fed by 
tubes of comparatively low plate resistance, the condition of a no-load 
transformer primary reactance that is large in comparison with the 
plate resistance Vp of the tube can be more readily fulfilled without too 
much increase in coil capacitance. Therefore it is customary to make 

«Li = (6 to 8)rp (81) 

at the lowest frequency fi to be passed, Matching against 6,28 Vp leads 
to the simple formula 
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Li = / henries 


(81a) 


if Tp is in ohms and fi in cycles per second. For Vp = 250012 and Ihe 
audio-frequency band extending down to // == 50 cycles/sec, L\ = 50 
henries is needed. Again introducing, for a core of fixed dimensions and 
material, the number of primary turns per henry, we have 




(82) 


^J-0 


rp-Z500-^ 




L,C 




Fig. 160 L<iuivaVnt cirouit for 
hig*’* fonipari'd with H/N^ 


ojLi 


When the core^ with Zt = 6 in. and A = 1 sq in. and ix = 50 is used, we 
have the specific number Wo = 610, and 4300 primary turns are needed. 
According to (80), in this particular 
case we need 4300/91 = 47 secondary 
turns. 

In all the cases brought out in 
these examples, care must be taken 
that the magnetic flux variation does 
not reach into th(» saturation region 
and in the foregoing example a suitable air gap [fonmila (75)] will avoid 
this. Also the leakage inductance Lq (Fig. 150) must be* a small per- 
centage of the useful inductance Li. This is es])ecia]ly important for 
output transformers. If this inductance is too large, ihe frequency- 
transmission curve of the output tube ^ill fall off at the higher frequency 
end of the pass band since cuLo will consume more voltage as/ increases. 
If Lo were only as much as 1 per cent of the useful inductance Li, its 
value for the foregoing example would be 0.5 henry and would lead to 
the reactance drop indicated in Table VII. Of (‘ourse, this drop acts in 
quadrature with Vp and R/N^ but its magnitude shows that the leakance 
inductance should be ev(‘n smaller than one-tenth of 1 jier cent if a good 


Table VII 


/, cycles per second 

licakanec reactance Lo in S2 for 

U = OOlLi 

U = 0 OOlLi 

10 

31 4 

3 14 

20 ! 

62 8 

6 28 

40 

125 6 

12 6 

100 

314 

31 4 

500 

1,570 

157 

1000 

3,140 

314 

2000 

6,280 

628 

4000 

12,560 

1256 

5000 

15,700 

1570 


1 See Fig. 192, p. 239, “High-frequency Measurements.” 
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frequency characteristic is to exist in the upper audio-frequency band. 
The frequency characteristic can also be improved by connecting a 
suitable resistance load or other equalizing shunt across the speaker. 
For interstage transformers, the leakance inductance is determined by 
measuring the inductance of the secondary with the primary short- 
circuited and open. The value measured with short-circuited primary 
should always be smaller than of the value with the primary open. 

For the design of the input transformer, the same procedure is 
followed. 

When push-pull transformers are working properly, the direct-current 
magnetization of the core (even for the practical unbalance which always 
exists) can be considered to be only about 10 per cent of that due to the 
normal plate current. An air gap can then be dispensed with and a 
permeability value of about 1000 to 1200 assumed for high-grade trans- 
former laminations (14- to 20-mil laminations work well). For ordinary 
single-tube output stages, the dynamic permeability ju' is about 500 and 
an air gap is required [formula (75) J. For input transformers and inter- 
stage transformers of ample dimensions, m' = 1000 to 1200 can be used 
since the steady magnetization is small. 

101. Tuned Amplifier. — As brought out in the preceding section, 
ordinary transformer-coupled amplifiers are as a rule efficient only over a 
large frequency band when in the audio-frequency range. ^ High-voltage 
amplification is obtained when the external plate impedance is large 
compared with r^. Therefore if a coil L, R in parallel with a condenser C 
forms the external plate load, a high external plate impedance 



is obtained if the parallel branch is tuned to the frequency of the 
grid exciting voltage,* However, an amplifier of this type requires a 
coupling condenser or considerable negative grid bias in order to prevent 
grid currents due to the positive plate potential of the preceding tube. 
To avoid this, a resonance transformer with coupling inductance M is 
used. For the condition * = rp7^2 which gives maximum voltage 
output of a resonance transformer, wc have the expression 

= 0.5 (83) 
VR2 • Tp 

^ Lowell, P. D., Bur. Standards^ Sd. Paper 449, deacribes special constructions 
of air- and iron-core transformers which also work in the higher frequency range. 
The air-core transformers, although working more efficiently, have only a small pass 
band, while open-cored iron transformers, although less efficient, can be made to work 
over a somewhat wider band. 

* For details, see ** High-frequency Measurements,” McGraw-Hill Book Company, 
Jno., Nw York, 1933, pp. 6^-61. 
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for maximum voltage amplification. Hence for a given tube (vp and m 
fixed), .the optimum voltage amplification is proportional to the reactance 
of the secondary coil Lz and inversely proportional to the square root of 
its resistance Rz- The tube chosen should have a large ratio 
Only the mutual inductance M is important in this case, and the ratio of 
secondary to primary turns does not matter. Where only a few primary 
turns are used, the coupling must be made closer in order to make M the 
same value as for more primary turns and a looser coupling. If the 
mutual inductance M is smaller than for optimum amplification 




both i ?2 and Vp play a greater part in the voltage amplification 
and their effect lies somewhere between the square-root value and 
the first power of the resistance. From these results, it can be seen that 
the ratio [xly/vp for tuned radio-frequency amplifiers plays the same part 
as the mutual conductance in resistance-coupled amplifiers, while the 
ratio o^Lz/x/Rzf which refers only to the secondary coil, characterizes 
the usefulness of this coil. 

The foregoing formulas do not take into account the capacity coupling 
between the primary and secondary i — 

coil of the resonance transformer. q 

The presence of such capacitive ^ ^ f ^ 1 

coupling changes the amount of mu- i x;‘ j ivAv 
tual inductance^ necessary to obtain zs ^ 

optimum amplification at a given o ^ • 

frequency; that is, it reduces the opti- L I | y 

mum voltage gain. The equivalent l^l.-Equivalent-variable current 

. ... • -n- Iff-* 1 ^ network with capacitance effects between 

circuit is as m rig. 151, where Cm primary and secondary transformer 

denotes the equivalent lumped capac- windings. 

ity coupling between the primary and secondary coil of the resonance 
transformer. The amplified voltage Ez passed on to the next stage is 
then at a maximum when the resonance current I reaches an optimum 
value. This happens for 


■font 


inEAMCz - (Lx - M)Cm] 

(Li/«) - o.RzTpLiCzCm - WiLjLz - M^) ~ {Rzrp/o>)][Cz + C„ 


Now since Ez = (aLzI, the voltage amplification becomes 

. Ez wLzI 

* Diamond, H., anej E, Z. Proo. 16 , 1194, 1928. 


( 85 ) 
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Therefore the optimum amplification is obtained by inserting the value 
of lopt in (85) and occurs at resonance, obtained by making the capacity 


_ + Lj - 2M] 


( 86 ) 


If the coupling capacitance were neglected {€„ = 0), this setting would 
satisfy the ordinary resonance law 


C, 


1 


and the optimum current would become jo3ixME\/io3^M^ + RiTp). 

When a tuned circuit with an anode tap is under consideration, the 
equivalent circuit is as shown in Fig. 152. The impedance of the external 







Fig. 152, — Tuned circuit with anode tap. 


plate circuit acting between points 1 and 2 for the resonance frequency 
o)/{2Tr) and m = M + L 2 is 

for 

= Ri + R2-\- L = L, + La + 2M 

The dynamic grid capacitance may be thought of as a part of C. Wo 
then have 

JE'2 fjiEiZ 

El Z + Tp 

and 

El 

Ei m 

since Vp >> mta. The total voltage gain at the grid of the next tube is 

El 

El + TpRe 

.The anode tap determines the coupling and with it the step-up ratio of 
the tuned autotransformer. The maximum value of the over-all ampli- 
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fication is obtained by means of ~ which leads to the simple 

result that the plate resistance and the external plate impedance Z 
must be equal. Hence maximum voltage amplification gives the value 

A,„^ = 0.6 (87) 

y/Tp' Re 

an expression resembling formula (83) which holds for the tuned resonance 
transformer used as coupling between tubes. Also in this case we can 
split up the result of (87) into two factors. The factor determines 

the quality of the tube for this kind of coupling and should be as large as 
possible, and the factor oiLly/lte ^ oiLly/^Ri + R 2 determines the 
quality of the entire winding of the autotransformer and indicates that 
maximum amplification is directly proportional to the reactance of the 
entire winding and inversely proportional to the square root of the entire 
resistance. 



Fig. 153. — Choke-condenser coupling. 


102. The Amplifier with Choke-capacitance Coupling. — The amplifier 
shown in Fig. 153 has an advantage over the resistance-capacitance- 
coupled amplifier because a choke coil L is used in place of a resistance for 
the external plate load. Practically the full voltage of the B battery 
is effective on the plate if the resistance R of the plate choke is made 
low. When the amplifier is to cover quite a frequency range in the lower 
high-frequency band, it is customary to wind the choke coil of resistance 
wire so that its lowest natural frequency is about 100 kc/sec. In the 
range of lower frequencies the resistance R is mostly responsible for 
the amplification, while in the upper range of the pass band the reactance 
determines the output voltage mortly. An amplifier of this type will 
cover a range between 15 and about 160 kc/sec. Maximum amplification 
in this particular case will take place at 100 kc/sec and for frequencies 
higher than 100 kc, that is, above the natural frequency of the external 
plate load, the amplification rapidly decreases. Open-core laminated- 
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iron chokes are also used to obtain a more even frequency characteristic 
in the pass region. Iron-core chokes when properly designed can be 
used up to about 1000 kc/sec. When air-core chokes are used, single- 
layer coils of fine resistance wire are used for pass bands above 200 kc/sec, 
and a value of several millihenries is chosen for L, The core then consists 
conveniently of bakelite tubing of about in. diameter and about 4 in. in 
length. If fine resistance wire is used, the resistance of the choke may be 



Fio. 164. — Equivalent circuit with constant-current output OmE. 


made a few thousand ohms and the self-capacitance kept about of the 
order of the plate-filament interclectrode capacitance. The choke-coil 
amplifier can be used up to very high frequencies (up to 6000 kc/sec) 
when current resonance is provided. The value of L is then small and 
ordinary copper wire is used. The magnitude of L is chosen such that. 



/y . II m 

Z|=l/(jwCgp), T2“Tp+J“Cpf> 2=R+ju>L 


Fig. 155. — Equivalent and simplified equivalent circuit. 

for multistage amplifiers, resonance occurs by means of the effective 
interelectrode capacitance Ci = Cp' -h Cpf and the self-capacitance Ca 
of the choke. The choke coil acts like a resistance L/[{Ci + C%)R]. If 
the amplifier is to work over a band of frequencies, the value of L is 
chosen different for each stage and such that the resonance frequencies 
of the successive chokes are evenly distributed over the band. The 
coupling condenser C and the grid leak r are chosen as in resistance* 
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capacitance-coupled amplifiers so that l/(a>C) for the lowest pass frequency 
is small compared with the effective grid resistance Vg' * r/ (vg' -|- r). Not 
much is gained by making r too high, especially in the higher frequency 
range. For the range from 10 to about 200 kc, values from 3 to 0.6 meg- 
ohms are satisfactory. Moreover, since the equivalent tube circuit can 
also be treated as a (jonstant-current generator of current ^lE/vp =» QmE 
with the dynamic plate resistance Vp in parallel^ (Fig. 154), we find, for 
one stage of the amplifier shown in Fig. 153, the equivalent network 
indicated in Fig. 155. If all the voltages and currents indicated are 
vector values, according to Kirchhoff^s law, we have 

^ = Zi/ + and / = + /2 


The added input impedance becomes 

E _ + ^ 2 ] + ^ 1^2 /QQ\ 

/ Z\\ + + Z 2 

For the equivalent constant-current generator, the effective plate load is 
equal to 

’ Z -h Za 

to which parallel combination the current 

T ~ [1 ~ fl^mZl][Z + Z 2 ] p 
“ Z[Zi + Zd + ZiZa^ 

flows. Hence the output voltage 

El = J2ZZ 

and the voltage amplification 

^ [1 - g,.Zi]ZZ2 

E Z[Zi -h Z 2 ] + Z 1 Z 2 

Since, for the pass band of a properly designed amplifier, the voltage drop 
across the coupling condenser C is small compared with that applied to 
grid and filament of the succeeding tube, the resultant grid resistance Tq 
(including the grid leak r and apparent grid resistance Vg') is also in 
multiple with Z 2 and Z, and h flows into the load Z 4 determined by 


(89) 


(90) 


Z4 


Z2 





^ Maybr, H. F., Telegr. Fernsprech, Tech., November, 1926; N. R. Bliqh, ExpU. 
Wireless, 7, 480, 1930 (also editor's reference in this paper to a manuscript (^1 W. S. 
Percival). 



238 


PHENOMENA IN HIGH-FREQUENCY SYSTEMS 


The output voltage is then 


= 


liZi 


( 91 ) 




A 


Eb*r 

H 






and -FiV^ gives the entire amplification per stage from which the fre- 
quency characteristic for negligible l/io>C) drop can be computed. For the 
higher frequency range, the effective grid capacitance Cg must also be 
taken into consideration since it is practically in multiple with Cp/ of the 

preceding tube and can be added to 
f this capacitance. The value of Cg' 
j can. be computed from the reactive 
i term of (88). For a more accurate 
I _ I ^2 analysis, the method in Sec. 98 for 
i the resistance-capacitance amplifier 
i can be used. 

j When the tuning capacitance 
-i.. C\ — Cg' + Cpf plus the self-capaci- 
tance Cz of L is set for current reso- 
nance, the effect of the choke load 
acts, as brought out above, like a 
resistance L/l{Ci + C 2 )R] and the 
i shunt resistance Vp should be large in 
order to give a sharp resonance set- 
Eg ting. The equivalent circuit of 
Fig. 155 also confirms Eq. (56). This 
equation holds approximately for the 
-.X- resistance-coupled amplifier for which, 
in the pass region, the tube resistance 

Tp, load resistance JR, and the total 
Fio. 166.-Regenerative amplifiers. resistance /•„ = r/r/(r/ + r) 

may be considered to be in multiple. Hence Vp as well as Qm should be 
large; that is, high-/x tubes are better. 

103. Regenerative Amplifiers. — Regeneration in tubes can cause 
increased amplitude without any appreciable effect on the frequency. 
It can also give rise to an increase in frequency^ when working in the 
ultrahigh-frequency band. Figure 156 indicates two tube circifits where 
the amplified voltage Ez across the load Z is again fed back to the input 
side by a mutual inductance M or by a capacitance Cm or by both. 
When the voltage fed back into the grid has a component in phase with 
the original grid voltage, the ultimate resulting grid voltage will be 
greater and the ratio of final output voltage to original grid voltage can 
be considerably higher than without regeneration. When the feedback 




A 




^ With respect to frequency regeneration, see pp. 18 and 136. 
to the generation of new electrons and ions (see p. 272). 


It can also give rise 
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voltage is in antiphase, the resultant amplification will be less. The 
amplification usually takes place for a case in which the back-feed voltage 
is more or less out of phase but is such that regeneration, that is, increased 
voltage gain results. As brought out in the consideration of tube 
generators, the back-feed voltage affects the CLR branch connected 
across the input by either increasing or decreasing its effective resistance. 
When the negative resistance action due to a regenerative back feed just 
neutralizes the value of /?, the amplifier becomes a generator. This 
condition sets the upper limit for normal regeneration. A more effective 
back feed without self-oscillation may be secured by the use of super- 
regeneration, in which the grid and plate are made alternately positive 
and negative (by means of an auxiliary source). 

For no back feed, the voltage amplification is 


FJ2 jJ'Z 

El Tp + Z 


(92) 


if for simplicity's sake and E 2 denote the maximum values of the alter- 
nating input voltage across the grid and filamemt ‘.nd the output voltage 
across the external plate load Z, respectively. If E denotes the resultant 
output voltage, amplification with back feed is defined as 


Ar 



(93) 


Hence, when Ar > Ae, regeneration takes place, and 

^ Ar _ EEi 
" Ae ElEt 


(94) 


is the resultant ba(‘k-feed factor which must be larger than unity for 
regeneration. 

The derivation for the ultimate grid voltage, which exists after a 
series of back reflections, is as follows: The original grid voltage E\ 
(which would exist without back feed) is amplified into the plate circuit 
and a certain portion of it acts backward, adding to the original voltage E^ 
the portion pEie^^p, After amplification of this portion, the voltage 
Ei(p€^^Y must be added at the input side, etc. The final input voltage is 


E' = Bill + + {pt^^Y + * • • ] 

1 ~ p,^^ 


(96) 


The result shows that, for back feeds for which p > 1, the resultant 
voltage grows to an unlimited high value which is, of course, limited 
by the saturation condition and energy balance of the tube. The 
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amplifier turns into an oscillator and any impressed signals will beat with 
the self-oscillations. The result produces the well-known whistling and 
howls. If, however, p < 1, the series in Eq. (95) reduces to 

and the resultant input voltage E” is larger than the original voltage Ei 
when the denominator (1 — p«’^) is smaller than unity. Figure 157 
indicates this case where for the sake of simplicity only a few terms are 
used instead of the entire series. 



Fio. 157. — Building-up of the final input voltage E' due to regeneration. 

The same process of derivation can be used for the resultant final 
output voltage. If Cg = is the original input voltage which would 

be maintained for no back feed, the output voltage across any load 
impedance Z in the external plate circuit is 

(97) 

if <pi denotes the difference in phase produced by the amplifier and Ae 
again denotes the normal voltage amplification without back feed. If, 
as above, p stands for the back-feed factor, we obtain the additional grid 
voltage 

ei ^ (98) 

since the portion of the reflected original plate voltage €p is generally out 
of phase by an angle <p 2 - The new input voltage is eg + ei and the new 
output voltage becomes 

Ci = Aeleg + (99) 


This feeds back the next additional grid voltage 


( 100 ) 
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since only the portion p of is reflected back with a phase angle 

with respect to the original grid voltage Cg, The additional com- 
ponent amplified into the plate load is then and the new output 

voltage becomes 

eu = AXcg + ei + (101) 

leading for the final output voltage to the series 

= Ae{eg + 4" ^2 + es + 64 + * * * (102) 

whexe 

^ = = = pAce~^^ 

6m— 1 64 62 61 Bg 

for jS = + ^ 2 . The graphical vector solution for the final output 



Fig 168. — Graphical construction of the final output voltage E'" in a regenerative receiver 

voltage is as indicated in Fig. 158 since, for k = the geo- 

metrical series 


F" = + k + k^ + k^ + k^+ • ‘ 

= [1 + fc + fc" + fc* + + • • • ]ep 


due to regeneration 


1 k^ 

^r^k 


'k - 1 


(102a) 


is obtained. 

For the anal 3 rtical evaluation, Eq. (102a) can be used or Eq. (102) by 
means of eg = written in the form 
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E'" = A.jBie''"'-*’*’ + 


normal output 
voltage 


general term 


due to back feed 


E'" = 


due to back feed 

• • • (102b) 

if the significant general terms hold from n = 0 to n = oo since, for 
n = 0, the normal voltage output is obtained. From (102a), we obtain, 
for an infinite number of terms and k smaller than unity, the final output 
voltage 

if a — (d -- <pi and + ^ 2 . Maximum output voltage in a 

regenerative amplifier is obtained when & = ip\ + <p 2 = since the phase 
angle produced by the external and internal plate impedance must be 
equal and opposite to that due to the phase angle (p\ of the back feed. 
We then have 

For regenerative and maximum regenerative voltage amplification, W(‘ 
find according to (93), (103), and (104) that 

A Aff Ae 

” [1 - kK ■“ T-lc ~ 1 “ 

A Ae 

“ 1 - pA, 

From these formulas it can be seen that the maximum amplification can 
be increased to an optimum value by properly choosing the back-feed 
factor p with respect to the normal voltage amplification Ae. The more 
the product pAe approaches unity, the larger the maximum amplifica- 
tion, and for p = l/A, the amplification would become infinite and would 
set up its own oscillations. 

In order to express (105) in absolute values, we put 

^ .I 

1 — pAe€~^^ ~ 1 — pA«.[cos P —j sin p] [l — pAe cos fi] +jpAe sin 

_ Ae[l — pAe cos g] _ . pAe^ sin 

1 — 2pA« cos p + p^Ae^ •^l — 2pAe cos + p^Ae^ 

-a — jb (105a) 

The absolute value of At is then 


A = 

^max 


1^.1 = 


— 2pA, cos /3 4- p*A,* 


(1066) 



VOLTAGE, CURRENT, AND POWER AMPLIFIERS 


243 


which for /? = 0 confirms the value Ae/(l already found in (105) 

and holds for maximum regenerative amplification when phase compensa- 
tion is provided. Since self-oscillations just begin for pAe == 1, according 
to (1056), the upper limit of amplification without whistles must always 
be smaller than 


A e A e 

Vl - 2 cos + 1 2 sin fi/2 

The phase angle ^2 (Fig. 158) between the final and the normal 
voltage is 

4»2 = = \Ar\ -p sin fi 

The angle <pi (Fig. 157) can be found by the same procedure, 
total phase shift ^ = ipi + ^ 2 , for any external plate impedance 

Z ^ R ±jX 

and internal plate resistanci' Vp, the angle (pi is 

f -1 ±x 
= tan 

The angle ^2 is likewise determined by the reactive and resistance com- 
ponents of the input side. Hence, when, for instance, the variable plate 
current is fed back to the grid coil by coupling output and input coils to 
one another, for a constant frequency the angle ^2 can be assumed con- 
stant even though the amplification is varied by means of the degree of 
back coupling. The degree of coupling affects the back-feed factor p 
only and the optimum value of p is obtained from 

d\^r\ _ .1 rf[l 2pAe cos jS + P^Ae^]-^^ __ ^ 

dp ~ ^ dp 

1=0 

giving the optimum back-feed factor 


(106) 

output 

(107) 
In the 


Popt — 


cos 

A. 


(108) 


Inserting this value in (1056) leads to the optimum amplification 


A 


opt 


sin |3 


(109) 


104. Notes on Practical Regenerative Amplifiers. — Any one of the 
tube generators with insufficient back coupling to the input side to pro- 
duce oscillations acts as a regenerative amplifier. Unless a resistance- 
capacitance-coupled amplifier with a resistance back feed is employed, 
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regenerative amplifiers do not give a good frequency characteristic over 
a wide frequency band. If a variable voltage is impressed on the grid 
coil LB of the tuned-grid circuit shown in Fig. 24, the arrangement may 
act as a regenerative amplifier. In that case, the back coupling M 
is connected with the other circuit constants as in 

R + > 0 (110) 

where Qm = /x/r^. The regenerative amplifier begins to set up self- 
oscillations when the expression of (110) vanishes. This condition fixes 
the possible upper limit of maximum regeneration, unless superrcgenera- 
tion is employed. The correctness of (110) can be readily understood by 
a closer inspection of Eq. (13) on page 71 where, in the cxpnjssion for 
n = a ± joif the effective damping factor of the input resonator 


effective resonator resistance 



true damping increase true resistaiioe increase r>r 

factor of CL or decrease of CL circuit decrease due 

circuit due to back to back feed 

feed M 

This relation shows that the back feed for regenerative output must be 
such that M is negative in order to reduecj the effective resistance R of 
the grid coil L and increase, as a consequence of the greater selectivity, the 
resultant grid voltage. Therefore plate and grid coils must be wound in 
opposition (as in tube generators) unless a small back-feed coil (tickler) 
wound in the proper direction causes a negative value of mutual 
inductance. Taking the proper direction of the back-feed coil, we must 
choose M such that it is never larger than RCIgm- Otherwise the 
effective resonator resistance is either zero or negative and the amplifier 
produces self-oscillations. For the tuned-plate circuit shown in Fig. 37 
(not so important for amplifier work), effective regenerative amplifica- 
tion occurs when the magnetic back feed is chosen such that 

M < — + ^ (111) 

and close to {CRvp + L)/tx, 

Figure 46 illustrates a case in which regeneration takes place by means 
of the back-feed condenser Cz when 


L2] 

[L, + L2][Ri + R2]rp 


Regeneration becomes more effective the closer Cz is to the expression on 
the right side. Equation (112) is the outcome of Eq. (86) on page 91 
when applied to the case of no oscillations* ' 
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For the three-tube resistance-coupled and resistanco-capacitance- 
coupled amplifier shown in Figs. 138 and 139, any change bh in the plate 
current of the third tube will, for a common plate-battery supply of 
internal resistance Tb, produce a potential drop Tb * bl% at the plate of 
the first tube. A potential drop is also produced at the grid of the second 
tube which finally increases the original change bh in h- Therefore 
regeneration takes place and in some cases is responsible for self-oscilla- 
tions in resistance-coupled amplifiers. In such cases, the oscillations 
can be suppressed by biasing the B-battery supply with a large con- 
denser (about 2 /if). Figun' 159 shows a circuit in which this method of 
feedback is utilized. Since the back feed for a proper resistance n is 



Fia 169. — Resistance-oapaoitaTice-couplod amplifior with resistance (ri,) back feed. 

independent of the frequency, this regenerative amplifier works faithfully 
over a wide band of frequency and with an amplification which is several 
times the value of the normal amplification (without regeneration). 
The back-feed resistance n is usually in the neighborhood of a few 
thousand ohms and should be made adjustable in order to control the 
degree of amplification. If again denotes the normal amplification 
and Ar the effective amplification w’^hen regeneration is present, wc have 

A, = ^ (113) 

\ ffe + ro 

where r© denotes the effective grid resistance Vg » r/(r^' + r) which, for 
the lower frequency range, is about equal to the grid-leak resistance r. 
According to Eq. (56), the normal amplification A^^for the pass band can 
be computed from 




(1/fi) -h dX) + (lAo) 



246 


PHENOMENA IN HIGH-FREQUENCY SYSTEMS 


It should be noted that, because grid and plate potentials of the same 
tube are in antiphase, the back feed must bridge over an even number of 
tubes. 

104a. Superregenerative Circuits. — As indicated in Sec. 103, maxi- 
mum regeneration occurs near the point where self-oscillations set in. 
In dealing with the tuned-grid amplifier (which is the most important), 
the input circuit becomes very selective for optimum regeneration and a 
modulated voltage wave may be distorted by amplifying the side bands 
much less than the portions near the carrier. 

To increase the regeneration either the ‘^superregenerative^' circuit 
of E. H. Armstrong^ or the Flewelling circuit may be used. In the latter 
system, rhythmic grid charges arc provided in order to suppress transient 


Out OsciUotior 



self-oscillations of the amplifier. In the Armstrong circuits, oscillations 
are interrupted for certain intervals by changing the effective resistance 
of the grid circuit or the plate circuit abruptly. In both schemes, 
increased regeneration is possible since during certain times the amplifier 
input has a negative resistance (is superregenerative). Figure 160 
shows such a superregenerative amplifier in which the left tube acts as 
an amplifier and the back feed is obtained by means of Cm = O.OOOS/xf. 
The resistance of the grid circuit is varied by means of oscillations of 
much lower frequency produced by the tube circuit to the right. In this 
particular case, the lower freq\iency oscillation affects the grid circuit 
although it could be made to affect the plate circuit. By means of Cm, 
the regenerative back feed of the amplifier circuit is increased just until 
self-oscillations set in. The back feed Cm' of the oscillator, as well as 
the tap T coupling the oscillations into the amplifier circuit, is varied 
until the whistling just disappears and a very pronounced regenerative 
amplification sets in. When the circuit is used for amplification in the 
broadcast band, the frequency of the oscillator to the right is about 30 to 
60 kc/sec. This system has never gained much prominence in broadcast 

^ JProc. l,B,E., 10, 244, 1922j see also Electronical p. 42, February, 19?4. 
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receivers since the critical adjustment and the ‘‘spilling over^^ of the 
amplifier make it useful only in the hands of a skillful operator. But for 
the amplification of very high frequencies, the superregenerative amplifier 
works in a rather stable manner and shows much promise. Figure 161 
shows a superregenerator with a single tube which acts simultaneously 
as a radio-frequency superregenerative amplifier and as a low-frequeney 
oscillator. L2C2 has a natural frequency of about 20 ke/sec. By means 
of the feedback M, an oscillation of this low frequency is maintained. 



Fig. 161. — Single tube superregenerator. 


The grid coil Li of the low-frequency generator circuit is shunted by a 
high-frequency by-pass condenser Co of about 0.002/xf. The auxiliary 
voltage of the lower frequency in this circuit is in series with the voltage 
of the B battery and impressed on the plate. This again affects the 
effective resistance of the circuit LL4C and a tight back coupling Mi 
between the amplifier coils Lz and L4 is thus made possible. When a 
voltage variation E of the same frequency as that given by 

acts in the grid circuit, a number of cycles can occur before the low- 
frequency cycle of the local oscillations is completed. The circuit acts 
so that no free oscillations are generated when no impulse is impressed 
on the grid circuit. But, when E acts, free oscillations of 20 kc/sec exist 
and the corresponding current in the input branch of the tube attains an 
amplitude which is proportional to that of the value of E at the instant 
the free oscillation begins to build up. Therefore the rectified plate 
current consists of a series of 20-kc impacts, the envelope of which is the 
greatly amplified modulation of the incoming voltage E, 

The Flewelling circuit shown in Fig. 162 acts so that the variable 
plate current makes the grid more negative and the tube can produce 
oscillations only during certain intervals. In order to accomplish this, 
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plate and grid circuits must be interlinked in addition to the back 
coupling Lht L. For this reason, the upper end of the back-feed coil Lt 
is connected directly to the grid branch (connected a, b) but a 0.005-Atf 
condenser is interposed in order to separate the direct connection from 
the hot cathode. The variable current i, which is a component of the 


a 



^ QOO^f HP 
Fig. 162. — Flewelling circuit. 


plate current, will then flow through the 0.005-/if condenser; and when a 
high enough grid leak r (from 3 to 6 megohms) is employed, self-oscilla- 
tions occur only intermittently. 

106. Self-oscillations in Cascade Amplifiers and Their Prevention.— 

The general network of a cascade amplifier is as shown in the lower repre- 



Fig. 163. — General network of cascade amplifier. 


sentation of Fig. 163. The external input impedance across the grid and 
filament is Zi « fii ± jXi and the load impedance in the external plate 
branch is Z 2 ^ Rz ± jXz- The coupling between two successive stages 
iR Xm and may be a coupling condenser, as in resistance-capacitance- 
coupled and choke-coupled amplifiers, or a mutual inductance as for a 
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tuned-grid amplifier as shown above. The grid-plate interelectrode 
capacitance Cgp forms a path for the alternating current so that an energy 
exchange is possible from grid to plate as well as from the plate to grid 
branch. It is the latter which, for certain conditions, gives rise to unde- 
sirable self-oscillations in amplifiers. This subject has been described 
in detail in Sec. 34 and it was shown that the input impedance of a tube 
depends upon the plate load even though a proper grid bias is provided. 
The reaction of the plate load is such that the grid gap acts in effect as 
an impedance 

Z, - r, - jXg (114) 

When the plate load is a pure resistance (Z 2 = /22), as in resistance- 
coupled amplifiers, the effective grid-gap impedance is 

Z. = r, + (115) 

that is, it acts as an ohmic resistance Vg in series with a capacitance 
Cg = Cl + Cii. The first part Ci = Cgf + Cgp is the true or geometrical 
grid capacitance, while Cti = iiB^Cgp/ {R 2 + r^,) denotes an apparent 
increase. For an inductive reactance load (Z 2 = WL 2 ), we have 


showing that a negative resistance Vg is reflected into the input gap as 
well as a negative reactance. Unless the coil resistance K 2 is large, Vg 
will always be negative and Zg, together with the input impedance Zi, 
may cause a resultant zero or even negative resistance and produce self- 
oscillations. For a capacitive load Z 2 = l/(jwC 2 ), the resistance com- 
ponent Tg of Zg is always positive. For the tuned-gnd amplifier shown 
in the upper diagram, all three cases may occur and experience shows 
that negative-resistance action takes place with tuned-grid amplifiers 
employing several stages unless special precautions are provided. A 
very effective means for avoiding self-oscillations would be to choose 
Ri of Li high or work with reduced filament current or low plate voltages. 
But all of these expedients result in rather low-efficiency amplifiers. 
When Zi and Z 2 are both inductances Li and L 2 , respectively, of resistance 
Ri and R 2 , the grid-plate capacitance Cgp will give rise to self-oscillation 
whose frequency is determined by the oscillation constant Cgp[Li + L 2 ] if 


Cgp K. 


L2[fALi — Lj] 

[Li -|- L2][Ri + R2]rp 


(117) 


as can be proved by Eq. (85) on pages 84-89. The oscillations can 
be stopped by connecting a variable condenser C across the grid and 



250 


PHENOMENA IN HIGH-FREQUENCY SYSTEMS 


the plate and increasing its value until (C + Cgp) reaches a value which is 
just larger than the right side of (117). An alternative method of 
preventing oscillations is to increase either Ri or K 2 . While any of these 
expedients may be used, no one of them strikes at the cause of oscillations 
and each will result in reduced amplification. Although, according to 
Eq. (114), a resistance-coupled as well as a resist an cc-capacitancc- 
coupled amplifier cannot give rise to self-oscillations due to interelcctrode 
back feed, self-oscillations arc possible due to external back feed as in all 
other amplifiers. This case is described in Sec. 104 in connection with 
Fig. 159. 

All these examples have reference to one stage only, for which in 
ordinary amplifiers no self-oscillations due to interelectrode back feed 
as a rule, occur. When several stages are added, the external plate 
impedance Z 2 is usually lowered to some value Z 2 — AZ and conse- 
quently the voltage amplification to some \ alue 


Ae = At — AAe 


n[Z2 ~ AZj 


= FA, 


[Z 2 — AZ] + Tp 

because some voltage acts through the interstage coupling to excite 
the grid impedance of the succeeding tube. If this happens, there is less 
tendency to self-oscillations althoiigh the eff(*ct is usually small. As in 
the case for external back feed we can assume that by means of the Cap 
capacitance a certain amount of the output voltage acting across Z 2 
is fed back. When the amplification of the A’’ stag('s produces an output 
voltage F^^'~'^'^A/E for an effective input voltage E, F is a factor 
for multistages (AT more than 1) which ls smaller than unity. For N 
stages, the portion is reflected back to the input side, while 

for one stage = 1 and A/" = 1) only 'pA,E is reflected back. 

Hence the first requirement is that pAr be smaller than unity so that a 
single stage will not give rise to self-oscillations, p is usually a small 
fraction for customary values of Cgp and plate loads. But from 






it is evident that, even with the foregoing requirement, a critical number 
of stages exist above which pF^^^^^A^ exceeds unity and the amplifier 
sets up oscillations. 

The effect of the interelectrode back feed can be balanced out in 
several ways, as suggested by C. W. Rice, L. A. Hazeltine,^ and others. 
It can also be avoided by using double-grid tubes^ in the screen-grid 
connection. Figure 164 shows a tuned radio-frequency amplifier where, 
by means of the setting of the neutralizing condenser Cn and the tap T, 

1 Bice, C. W., U.8 Patent No. 1334118; L A. Hazbltinb, Proc. Radio Clvh Am , 
2 , No 8, March, 1923; U.S. Patent Nos. 1489228 and 1533858; J. F. DREYr4H Proc. 
LR.E.y 14 , 217, 1926; R. S. Glasgow, /. AJ.E,E., 47, 327, 1928, 

*Seepp. 27-32. 251-264, 
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the displacement current through the grid-plate capacitance is balanced 
out. Although the neutralization has a frequency term, for instance, 
for the broadcast range, it is possible to find a setting which holds prac- 
tically over the entire range although at the higher end of the frequency 
band there is a tendency toward oscillations. When new tubes are 
inserted, the setting of Cn must be changed accordingly. For a proper 



g^Oot 


Fio. 164 — Neutralization by means of exiernal condenser Cn and tap T. 

tap r, Cn is about oi the order of the C^p capacitance. Figure 165 
illustrates how the effect of the Cyp interelectrode capacitance can be 
neutralized. An inductive load is used as an evternal plate load. If 
Li == Lo = L, the steady B-battery voltage is supplied to the center tap 
T of coil L + L, For this case, T forms a voltage node and the potentials 
+ep and —ep exist at the ends of the coils. Because of the grid-plate 
capacitance, the current lyp = jo)Cgpep flows toward the input eir(‘uit. 
Therefore, if Cn = C\,p, the current In = —joiCnCp neutralizes the effect 
of the back feed. This compensation 
assumes that the effect of the inter- 
electrode capacitance between plate 
and filament is small. This capaci- 
tance (Cp/) aclKS across coil Li. The 
input capacitance Cg of the fol- 
lowing tube also has a small effect. 

Figure 166 shows several schemes of In Cn 

neutralization used in tuned high-fre- Fia. 166 —Current in neutralizes diB- 
qucncy amplifiers. placement current I„. 

Another method of utilizing the full amplification of a multistage 
amplifier is by the use of shield-grid tubes for which the grid-plate 
capacitance can be reduced to about 1 per cent of the value that could be 
attained with ordinary single-grid tubes. Tubes having back-feed 
capacitances with respect to the control grid as low as Cop = 28 X 10~‘® 
farad are then possible. Consequently, according to A. W. Hull,' 



. Cn 


To next tube 


^ Phys. Rev.f 27, 439, 1926, With three-grid tubes (control grid, space-charge 
grid, and shield grid due to W. Schottky, Arch. Elektrotech^ 8, 821, 1919) voltage 
amplifications up to 100 per stage are possible without self-oscillations if the frequency 
is not higher than about 1000 kc/sec. For still higher frequencies Ae decreases. 


262 


PHENOMENA IN HIGH-FREQUENCY SYSTEMS 


tuned high-frequency amplifiers can be built with a voltage amplification 
per stage as high as 45 at 1000 kc/sec, while at 10,000 kc stable amplifi- 
cation of about il, = 18 is possible. The theory of A. W. Hull is briefly 
as follows: In the alternating-current network of Fig. 167, the back feed 



Fig. 166. — Conditions for different neutralized circuits. 


occurs through the grid-plate interelectrode capacitances and, for tuned - 
plate circuits (coil L,R in parallel with a tuning condenser C), the effective 
external plate resistance is practically Re = L/(CR). The effect of the 
coupling condenser Cm (not shown) between the external plate load and 



Fig. 167. — A.c. network for the back feed of a cascade tuned-plate amplifier. 

the grid of the next tube is neglected, as is that of the grid leak, which acts 
in parallel with R,. If the grid-leak resistance r and the effective grid 
resistance r,' are also taken into account, ro = r • r,V(r -|- r^') acts 
practically in multiple with B, and the equivalent resistance Incomes 
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Re • ro/(jK« + ro). Since eo, ei, 62 , etc., denote the plate potentials pro- 
ducing the back-feed currents n, u, if,, etc., we have 


ii = (63 C 2 )wCop; 

ei 


^*2 = iz = (62 ~ 6 i)a>( 7 (,p; 


“ i2.’ 


t6 = 


Vr^+ iX/^C,y 


ii — ii ““ is “ 0; 


%z 


U — is = 0 


The value of {l/o^Ogp)'^ for high-frequency currents is very great and 
much larger than R'^ so that R^ may be neglected and, upon elimination 
of 62 , ii, i 2 , is, u, and is, we have the attenuation 


S == + 2j - 1 

But this decay ratio extending over two stages of amplification must, for 
stable high-frequency amplification, outweigh the voltage amplification 
Ae^ holding for two stages. That is, 

which leads to the approximation 

But, according to Eq. (56), for a comparatively large effective grid 

resistance ro, we find A e = y and 

jL 4. i. 

R^ Tp 


A, < J-^ + ll* - s-4— + 1 (119) 

jI ojCy gp |^2w(7yprp J 2(t)C/ gpTp 

which gives the condition for stable amplification. Hence the voltage 
amplification Ae per stage must always be smaller than the expression to 
the right and Eq. (119) can be used to find the optimum amplification 
that can be employed without self-oscillations. Thus, with an ordinary 
single tube having gm = 400 fimhos, Vp = 30,000S2, and Cgp == 2.5 /ijuf, 
the maximum stable voltage amplification is -A® = 5 at 1000 kc/sec. 
For a double-grid tube in the space-charge connection with a steepness 
which is considerably greater (g^ about 1600 mhos) and Vp and Cgp as 
above, Ae can be as high as 10. Now, when the same tube is used in the 
shield-grid connection, the effective back-feed capacitance Cgp with 
respect to the control grid can be made very small indeed — only about 
1 per cent of the geometrical capacitance. For screen-grid tubes, rp 
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is very high and the term 1/rp in Eq. (119) can therefore be neglected, 
and the optimum condition for stable voltage amplification is 

Hence for a tube with gm == 400 X lO"®, Cgp as low as 28 X lO”^® farad, 
at 10 Mc/sec the voltage amplification Ae per stage must be less than 19. 
When a tube with a space charge and shield grid is employed, very 
stable amplification is possible since gm is then much higher. From the 
relation 


Ae 


(1/Re)^+ (l/Tp) 


— gmR gmRe 


( 121 ) 


it can be seen that for a given gm the amplification Ae per stage can be 
increased by making Re higher. This condition can be only partially 
fulfilled and, when tuned-plate amplifiers in the shield-grid connection are 
used, the condition of (120) is usually satisfied since for a grid leak r 


Ae[r + R'] 
/e'r 


that is, the value of rR '/ (r -f- ft') must be very high in order to approach 
quality in Eq. (120). With shield-grid amplifiers, the circuit con- 
ditions of the load and the coupling are normally such that the effective- 
stage amplification is well within the region of great stability. A. W. 
Hull^ reports a case where the maximum-stage amplification was about 
Ae = 7 at 10 Mc/sec, while formula (120) would call for stable amplifi- 
cation up to Ae = 19. A load impedance as high as ft* = 45,00011 
(which seems impractically high) would have to be provided to make 
Ae about 19. 

From the foregoing analysis of stability conditions, it is seen that 
the back-feed current depends upon the reactance l/{(aCgp)y that is, on the 
frequency. Hence an amplifier becomes more stable the lower the 
frequency. For this reason, a modulated high-frequency current of 
carrier frequency fi is sometimes made to beat with an auxiliary high- 
frequency current of frequency /2 within the same octave, and, upon 
rectification, the beat frequency /i — /2 = /& of lower frequency value 
than /i is amplified in the usual way, then rectified again in order to 
separate the low-frequency components from the high-frequency carrier 
of frequency /j. A very sensitive and selective detector system is 
secured in this way and is known as the ‘^superheterodyne." Figure 168 
indicates the principle of such a circuit where, for instance, /i = 1000 kc, 
ax 900 kc/sec, ft =« 100 kc, a frequency for which stable amplification 


^Loe, Ht 
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is readily obtainable. The auxiliary frequency fi is obtained by means 
of an autodyne detector although a separate heterodyne oscillator can be 
used. Amplification systems of this type can be used to great advantage 
in the determination of field intensities. 

106. Notes on Frequency Limitation and Tube^ and Other Noises in 
Amplifiers. — As far as the frequency limitation is concerned, amplifica- 
tions are possible from the lowest frequency (/ = 0 cycle/sec, direct 
current) up to the condition for which the ^^schrott effect^' (or ‘‘shot 
effect, 1918) becomes important. The duration of an impulse to be 
amplified cannot be shorter than the time taken for an electron to pass 
from the filament to the plate. 
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Fig. 168 — Principle of superheterodyne reception. 


If no space charge is present, the true shot effect takes place and 
amplification noise can be observed due to irregularities in the stream of 
the uidividual electrons which pass toward the plate. When temperature 
saturation of the hot cathode prevails, the shot effect disappears and the 
noises still existing are due to the ions within the tube, to production of 
secondary electrons or ions, or to thermal agitation, the last playing a 
large part in high-vacuum tubes. Noises produced by ions are more 
pronounced when the grid is very negative. In any conductor, electric 
charges are in a state of thermal agitation. They are in a thermo- 
dynamic equilibrium with the heat motion of the atoms in the conductor. 
Hence at the terminals of the conductor a corresponding variation of the 
potential difference must take place. Therefore when a high-impedance 
input circuit is used the potential fluctuations due to thermal agitation 
are amplified, while for a low-input impedance only those thermal noises 
resulting from the heat motion of atoms within the conductors in the 
plate circuit occur. Therefore noises due to thermal agitation can be 
greatly reduced when low-impedance input circuits are employed. This 
condition, however, cannot always be fulfilled. 


1 Hull, A. W., and N. H. Williams, P%a. Rev,, 26, 147, 1926, and 27, 432, 1926; 
T. C. Fry, J. Franklin Inst, 199, No. 2, February, 1926; H. Nyquist, Phys Rev , 
32. 110, 1928; J. B Johnson, Phys. Rev , 82, 97, 1928; F. B. Llewellyn, Proc. I.R.E , 
18, 243, 1930, gives a very clear discussion of this subject. 
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There are also noises due to the microphonicness of the tubes and for 
this reason it is customary to mount tubes in elastic sockets and keep 
the tubes mechanically shielded so that sound waves from a powerful 
loud-speaker cannot form an acoustic back feed. It has already been 
indicated that the time constant of the grid leak r and the coupling 
condenser Cm must be properly chosen. Threshold howls can also occur. 
They are due not to the interstage coupling but to back feeds partly 
controlled by the inductive reactance in the external plate load. To 
find out whether a threshold howl or an interstage-coupling noise exists, 
vary somewhat the value of the grid leak r or of the coupling condenser. 
When the pitch of the howl is not changed, we have a threshold howl. 
The coupling howl depends upon the Cm * r product, while the threshold 
howl is partly determined by the time constant L/p if p denotes the entire 
series resistance (including Vp) through which the current producing the 
noise flows and L the apparent inductance in the platci branch. Therefore 
a decrease in L or an increase in p gives a rise in pitch of the observed 
disturbance. 

In the upper limit of voltage amplification, for amplifiers working in 
the lower frequency range (audio frequency), noises other than those due 
to shot effect and thermal agitation arc more prominent and it may be 
said that total voltage amplification much higher than about 50,000 to 
100,000 can with ordinary means hardly be called practical. But, as 
far as tuned high-frequency amplifiers with proper tubes (multiple-grid 
tubes) are concerned, total voltage amplifications up to a few millionfold 
seem possible, especially when the shot effect is practically avoided by 
means of temperature saturation of the filament. It. is then only neces- 
sary to keep the noises due to thermal agitation and due to ions and 
formation of secondary electrons as low as possible. With the modern 
power detector which uses several volts on the grid, the ratio of noise 
voltage to useful voltage can be smaller than with old detector tubes in 
which about 0.5 volt variable grid voltage was the allowable maximum 
voltage. When no precautions were taken with respect to the shot 
effect, the shot voltage of an ordinary receiving tube would also 
produce about 1 volt if the total voltage amplification were one 
millionfold. 

107. Notes on Push-pull Amplifiers. — The arrangements of Fig. 169 
have the advantage that the two tubes working in push-pull produce 
only currents of the fundamental frequency and its odd harmonics in the 
output branch since, for equal work characteristics for both tubes, the 
effects of even harmonics are balanced out. By ‘fundamental frequency’’ 
is understood the frequency of the impressed input voltage. However, 
when the input voltage is distorted and contains even harmonics, the 
output of the push-pull amplifier will also contain even components. 
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The symmetrical push-pull amplifier avoids only even harmonics in the 
output branch that are due to the characteristic of the amplifier. It 
should be noted that, for the ideal case, the steady plate current vanishes. 
In practical amplifiers on account of lack of symmetry, about 10 per cent 
of the direct-current component remains, but it is still possible to design 
output transformers without an air gap since the remaining direct-current 
component does not shift the operating point of the magnetization into 
the neighborhood of saturation. Since second-harmonic distortion is a 
very important kind of distortion, the push-pull output amplifier should 
avoid much of the distortion, as can be seen from the wave shape 




Fio. 169. — Action in push-pull amplifiers. 


indicated in Fig. 169. This figure shows also a push-pull amplifier with 
resistance coupling. It can be used for the lower frequency range down 
to the amplification of voltages due to direct currents. 

Balanced tube circuits can also be used to separate frequencies accord- 
ing to their respective phase relations in two or more similar modulating 
circuits since the phases of the output components depend upon the 
relative phases of the input currents. Such applications are the work of 
J. R. Carson (U. S. Patent No. 1343306) and have been described by E. 
Peterson and C. R. Keith. ^ With filters it would be hardly possible to 
suppress a carrier frequency and second-order side-band frequencies 
which are very close to it. Figure 170 indicates what happens in such 
circuits. Ordinary push-pull amplifiers are also convenient when ampli- 
fied output currents are to be indicated by an ordinary oscillograph since 
the direct-current component is practically zero. It is unnecessary to 


^ Bell Syetem Tech. J., 7, 106, 1928. 
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offset the zero position of the image of the vibrator mirror. This is of 
interest especially when amplified impulses, for instance, those due to 



Fandf 

inpuf 




Fig. 170. — Push-pull circuits for the scpHration of froiiueucies. 


reflection echoes from the ionized layer, are to l)e pictured. When no 
push-pull amplifier is available, this zero adjustment can be made by the 
arrangement indicated in Fig. 171, where the neutral position of the 
image of the vibrator mirror is set by means of the slider S of the potentiom- 
eter. When a 210-type tube or its equivalent* 
with about 350 volts on the plate is used as 
the last stage of an amplifier, a vibrator of 
ordinary sensitivity can be readily operated. 

108. Notes on Amplifiers Using Tubes 
with Several Grids.— The action of tubes 
using two and three grids, respectively, is 
described in Secs. 11 and 12. An amplifier 
using double-grid tubes in the space-charge 
connection has a very steep work characteristic 
with a moderate supply voltage Eh in the plate 
branch. An appropriate positive potential on 
Fig. 171.— Single tube for regis- the grid next to the filament minimizes the 
tering current impulses. negative space charge. The mutual conduct- 
ance of the tube becomes very high and, if the filament were an equi- 
potential surface and all electrons were emitted with zero initial velocity 
along radii, an infinite mutual conductance would be obtained. With 
such grid^ connections, for a low control voltage (slightly negative), some 



VOLTAGE, CURRENT, AND POWER AMPLIFIERS 259 

of the electrons emitted from the filament fall through the space-charge 
grid and, on coming close to the control grid, turn around and pass 
either to the positive space-charge grid or through its openings to the 
region near the hot cathode. After this they are returned again, and 
so on, until finally the space-charge grid has captured all of the electrons. 
But, as soon as the control grid becomes positive, the electrons fall 
through its openings to the plate. 

In order that the tubes in an amplifi('r should have a high amplifica- 
tion factor, together with a comparatively low plate voltage and negligi- 
ble grid current, the grid next to the plate (shield grid) is given a positive 
potential. Since, for a proper constant shield-grid potential, the plate 
is electrostatically screened off from the control grid, any potential varia- 
tions on the plate can react only slightly on the control grid. Therefore 
a high-ju value is obtained as can be understood from the formulas of 
Sec. 11. The tube characteristic is then sufficiently displaced into the 
region of negative control-grid voltages so that the control grid is rendered 
a true electrostatic electrode. 

Generally it may be said that the double-gri<i tube in the shield-grid 
connectiofi is of gieat value for high-frequency amplification, while the 
double-grid tube in the space-charge connection is a ready means for 
obtaining a very efficient amplifier in the audio-frequency range. It is 
also possible with such connections to build a very effective direct-current 
amplifier with which can be amplified, for instance, very weak thermo- 
electric currents even thoiigh these come from a source of a low internal 
resistance (a few ohms). 

When the two grids of a double-grid tube are connected together, the 
internal resistance Vp becomes high and the tube acts like a high-M tube. 

For three-grid tubes, it is of utmost importance to distinguish between 
tubes which are for amplifier output stages and tubes which are for volta-^e 
amplification only, that is, for use in the preceding st ages. When a throv*- 
element tube is used for output work, it should be operated so that it has 
a comparatively low output resistance. It is then of little value as an 
efficient voltage amplifier. But when a three-grid tube is so designed 
and operated that it acts as a high-resistance low-power output tube, 
that is, of the screen-grid type, it is most suitable for voltage amplifica- 
tion. Tubes with three grids are known as “pentodes.” The pentode 
that acts as an efficient voltage amplifier is to be credited to W. Schottky 
and its arrangement is shown in Fig. 13. It combines the features of the 
shield-grid tube with those of the space-charge-grid tube. The control 
grid is placed between the space-charge grid, which is next to the filament, 
and the shield grid which must be next to the plate in order to reduce the 
plate-control-grid interelectrode capacitance. The control grid again 
has a negative bias of about 1.5 volts so that practically no grid current 
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flows. An electrode arrangement of this type practically removes the 
negative space charge and increases the resultant amplification factor 
of the tube without decreasing its mutual conductance at the operating 
points. When, for the sake of simplicity, it is assumed that all electrons 
leave the filament with zero velocity, some of them pass through the 
openings of the space-charge grid with a velocity of 25 volts; that is, 
V = fiOOV^ = 3000 km/sec, and then lose velocity until, when they are 

close to the control grid, which is at 
jBc = — 1.5 volts, zero speed is obtained 
again. Hence, for a symmetrical elec- 
trode arrangement (cylindrical elec- 
trodes), the apparent emitter of the 
< electrons is a cylinder somewhat 

? smaller than the cylinder of the 

~ control grid and, when D denotes 

the diameter of the control grid and 
d that of the filament forming the 
axis of the grid cylinder, the space- 
charge density is reduced to d/Dth 
Fig. 172.— Output of triple grid tube, original value. The shield 

grid, which in Fig. 13 is at a positive potential of about +50 volts, acts 
like a screen and practically all electric lines of force coming from the plate 
terminate on its mesh. Hence the space between space-charge and 
shield grid is practically free from variable lines of force due to variations 
in the plate potential, even though the control grid has a wide mesh and 
therefore a high value of effective mutual conductance gm exists. 

Reference is made to Fig. 172 for the arrangement of an output 
pentode. It will be noted that the control grid is again next to the fila- 
ment, as for the ordinary single-grid tube and the two-grid tube in the 
shield-grid connection. The grid next to the control grid may be called 
the accelerating grid because its primary function is to speed up the 
electrons. The mesh is wide open so that only a small portion of the 
arriving electrons are attracted to the grid wire but the majority pass on 
to the plate. This grid should not be confused with a screen grid because 
its function is not necessarily to prevent the output from reacting back 
on the input side by means of the plate control-grid capacitance. It is 
also not a space-charge grid in the true sense although it does tend to 
reduce the space-charge effect near the cathode. The accelerating grid 
is the cause of the high resultant /i value as well as for the resultant Qm 
value of this tube. For ordinary double-grid tubes, the normal rated 
plate voltage and auxiliary accelerating grid voltage are such that second- 
ary emission of electrons (plate produces secondary electrons) does not 
occur to an appreciable extent. But with output pentodes the electrons 
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flying through the wide meshes of the accelerating grid meet the plato 
with sufficient velocity to produce secondary electrons through impact 
and at times the accelerating voltage is higher than the effective plate 
potential. Consequently secondary electrons are pulled to the more 
positive accelerating grid. The secondary electrons speeding back to 
the accelerating grid then produce a negative resistance action as in the 
dynatron and, under certain conditions, an increase in the plate poten- 
tial can produce a decrease in the plate current. In order to reduce 
the formation of secondary electrons and check their flow toward the 
accelerating grid, the cathode grid (at the average potential of the 
cathode) is interposed between the plate and the high-voltage accelerating 
grid. Since the center or neutral point of the filament usually leads to 
ground, the cathode grid acts like a grounded shield and increases the 



/ Load I me 
R ^7, 000 A 


200 400 600 Vol+s 

Plorfe Vol+oi 0 e 


Fig. 173 — Chiiractoristics for a triple grid tube. 


voltage gradient toward the positive field of the plate. Thus the emis- 
sion of secondary electrons is greatly reduced and the output is freer 
from distortion. The power output may then be very great, for instance, 
equivalent to that of a 171-type tube or its equivalent, but with increased 
sensitivity since the accelerating voltage decreases the internal plate 
resistance. 

Tubes of this type have, for instance, the following constants : filament 
voltage 5 volts, plate voltage +300 volts, accelerating voltage +150 
volts, control-grid bias —20 volts, normal plate current 40 ma, current 
due to the electrons captured by the accelerating grid about 2.5 ma, 
alternating-current plate resistance 38,000 S2, effective mutual conduct- 
ance gfm — 2500 iumhos, effective amplification factor m = 95, and opti- 
mum external load resistance Jfi = 7000 Q. The tube characteristics are 
as in Fig. 173. For the mesh of the cathode grid, a compromise must be 
made with respect to the electron flow toward the plate and the flow of 
secondary electrons from plate toward the acceleration grid, 'l^he 
cathode grid keeps the voltage gradient near the plate more or less posi- 
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live so that secondary electrons are absorbed near the plate and kept 
from the accelerating grid. This action becomes more pronounced the 
finer the mesh of the cathode grid. But for a fine mesh fewer electrons 
pass toward the plate and thus the internal plate resistance is increased, 
while for too coarse a grid too many secondary electrons reach the 
accelerating grid. A suitable mesh and relative spacing of the electrodes 
is therefore essential. It must also be remembered that Vp as well as /u is 
variable through wide limits but can be considered fixed for a certain 
operating point. 

109. Amplifiers Utilizing Devices with Negative Resistance. — High 
amplifications are possible especially when a positive and a negative 
-■ resistance are either in series or in 

multiple. For the series connection 
f I I \ voltage amplification and for the 

Vi T y VVanabkvoHoyeh Parallel connection current amplifi- 

amplified) cation take place. The dynatron, 

I \ credited to A. W. Hull,^ is a device 

,^|||. — < R which exhibits a negative resistance 

1 S over quite a range of its plate- 

Fig. i74.--yoUage amplification by nega- voltage plate-curreiit characteristic. 

tive resistance action. ^ i i . 

Figure 174 shows a dynatron ampli- 
fier in which e is the variable voltage to be amplified and K the 
positive load resistance. The amplified voltage is taken off across R 
or across ( — r). The voltage amplification increases as R approaches 
the value of the negative plate resistance — r. The dynatron is especially 
effective when a grid is added. The resulting device is known as the 
“pliodynatron.’^ The grid potential changes the space-charge con- 
dition as in the ordinary double-grid tube. Hence the electron emission 
toward the plate and the number of secondary electrons reflected back 
from the plate can be varied by the grid potential. Since the tube 
resistance is negative and the plate potential has but little effect on the 
emission of primary electrons, it is evident that any voltage variation 
between grid and filament must produce corresponding amplified vari- 
ations in the plate circuit. 

Very effective amplification can also be obtained in the parallel 
connection of a negative and positive resistance. Applying this to the 
case of a dynatron in multiple with an ordinary three-element electron 
tube, we have the amplifier shown in Fig. 176. When the dynatron 
voltage is properly chosen, the respective plate currents Ip and Ip are 
equal and in antiphase. A very sensitive current indicator can then be 
inserted in the supply lead and the amplification actions noted thereby. 

^Proc. I.R.E., 6, 6, 1918; see also “Hochfrequenzmesstecluiik,” 2d ed., Julius 
Springer, Berlin, 1928, pp. 32^336, 
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According to A. W. Hull,^ if the tube in parallel with the dynatron has a 
positive plate resistance = 10,000£i and if the positive load resistance 
li = 250,00012, the twelvefold amplification of the ordinary tube could 



Fio. 175. — Negative resistance ( — r) in parallel with positive tube resistance Vp. 


ho increased to a 650-fold amplification. Figure 176 shows the kalliro- 
tron amplifier of L. B. Turner^ where E denotes the voltage to be amplified 
and in which two ordinary three-element tubes are aperiodically coupled 
back by means of the resistances Ri and /? 2 . If gi and gz denote the 
steepness of the respective work characteristics Ii — Ei and h — Ez, 
we have 

. 1 1 = giEi == gi[E -h 722 / 2 ] 

I 2 = g^Ez = giRili 

Hence 


g\E 

1 — gzRiR'. 


( 122 ) 


and, by increasing the back-feed resistances Ri and 722, the value of I\ 
can be greatly increased. The amplification action can also be under- 
stood by direct inspection of the circuit. A rise in the impressed voltage 
E causes an increase in h and a fall of potential across 72 1 , that is, a fall 
of potential in Ez. This reduces the current h and tends to increase 
Elf and so on. When a load resistance 72 is used instead of the indicator, 


^ hoc. cit. 

* Radio Rev.f 317, 1020^ see also Jahrb, drahtl,, 17, 52, 1921. 
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the voltage across it denotes the output voltage and E^/E the voltage 
amplification ; which can be several thousandfold. 

110. Notes on Special Grid Tubes. — Grids can also be used outside 
the glass bulb. When an ordinary thermi- 
onic two-element tube with a coaxial exter- 
nal grid is used, we have the Weagant tube. 
Such a device has a dynamic tube character- 
istic only, since any steady potentials taken 
from a direct-current source (lanriot affect the 
plate current. This can be understood when 
it is realized that, for N electrons of charge 
q and velocity y, the electron emission Nqv 
toward the inner glass wall is equal to 

E , ,dE 
- + 
r at 

and for any steady grid potentials 
E 

Nqv ~ = 0 (practically) 



Fig. 176.- 


-The kallirotron ampli* 
fier. 


since the resistance r of the glass wall is high. 

There are also single-grid tubes such as 
the thyratron^ and grid-glow tube,^ in which 
the grid is useful practically only when the discharge sets in since, 
under operating conditions, both negative and j)ositive ions are present 
in such tubes and there is not a pure electron discharge as in ordinary 
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Fig. 177. — Thyratron and high vacuum tube compared. 
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vacuum tubes. The characteristics of such tubes therefore change 
abruptly at the time when the plate current is suddenly allowed to flow 

^ Langmuir, I., U.S. Patent No. 1289823; P. Toulon, U.S. Patent No. 1664949; 
I. Langmuir, Science, 68, 290, 1923; Oen. Elec. Rev., 26, 731, 1923; I. Langmuir and 
H. M. Mott-Smith, Gen. Elec. Rev., 27, 449, 638, 616, 762, 810, 1924; L. Duno^br and 
P. Toulon, J. Phys., 5, 257, 289, 1924; A. W. Hull, J.A.I.E.E., 47, 798, 1928; Radio 
Indueifiee,^. 233, 1930; D. C. Princb, Gen. Elec. R.ev., 81, 347, 1928, 

♦ For references and more details, see pp. 42-45. 
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and are roughly as indicated in Fig. 177. The starting amplification or 
grid-control ratio corresponding to the true amplification factor at the 
instant when the discharge sets in is 



since no current exists just before the discharge sets in. It can be as 
high as 100; that is, a much smaller voltage acting on the grid can 
suddenly start the operation. Hence, as far as preventing a plate- 
current flow from the hot cathode to the plate is concerned, the grid 
functions as in an ordinary high-vacuum tube and as long as the grid bias 
can produce a negative field around the hot cathode no plate current is 
possible. After the discharge is formed, the grid no longer controls the 
discharge current passing to the plate. It can neither modulate nor 
stop it unless the plate voltage goes off. However, when an alternating 
plate voltage is used, the discharge goes off intermittently and the grid 
voltage controls the average current. Theoretically (Fig. 177) the plate 
current rises to infinity since Qm = ^ and = 0 However, this is not 
strictly true since the external load resistance sets a limit to the current 
flow and the number of original electrons depends upon the size, material, 
and temperature of the hot cathode. 

In order to understand why the grid-controlled arc rectifier can control 
only the average but not the instantaneous value as in an ordinary high- 
vacuum tube, reference is made to Langmuir's^ positive-ion sheaths 
(P'ig. 178). Suppose we have an ionized gas as in any glow-discharge 
tube. The current is then generally carried jointly by electrons and 
negative and positive ions. These charged particles are distributed 
through the space between the cathode (cold cathode in a grid-glow tube, 
hot cathode in a thyratron) and the plate. While the discharge currents 
flow, there will be places where the negative-charge density is in excess 
and places like those near the cathode where the positive-ion density is 
larger. Hence there must be places where there are an equal number of 
positive and negative ions. On the other hand, in high-vacuum tubes, 
for normal operating conditions, there are practically only electrons and, 
while a positive grid may attract some of them, a negatively charged 
grid cannot since it repels electrons. But in the presence of positive and 
negative ions an interposed grid, for a definite critical potential, will cause 
positive and negative ions to arrive at equal rates. When a more nega- 
tive grid potential than the critical potential is chosen, some of the 
arriving electrons will be rejected and an excess of positive ions will exist 
near the grid. For a more positive grid potential, the negative-charge 

^Phys, Rev,, 2, 460, 1913; also I. Langmuir and K. B. Buopgbtt, Phys, Rev., 
22 , 347, 1923, and A. W. Hull, Radio Industries, p. 233, 1930. 
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density next to the grid will outweigh the positive charges. We have 
then either a positive- or a negative-charge layer near the grid. Since 
the discharge current passing toward the plate may be appreciable, the 
positive and negative sheaths are rather thin and affect the value of the 
plate current but little. For small discharge currents, the sheaths grow 
in thickness. For the minute currents existing before the discharge is 
allowed to start, the sheaths must be very thick and positive and act like 
a screen to prevent the formation of a discharge current. For this con- 
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Fig. 178. — ^Lanf^muir's positivo-ion sheath explaining trigger action of thyiatron and grid- 

glow tubes. 


dition, the normal plate current existing after ignition is prevented. 
Therefore it can be seen that the charge sheath acts as an insulating layer 
and, whatever the potential of the grid forming the inner surface of the 
sheath, the potential of the outer surface is that of the effective discharge. 
When, during the normal operation of the tube, the grid is made more 
negative, the only effect is as though the grid wire were made somewhat 
thicker. Since, for normal discharges, the sheath is not thick compared 
with the diameter of the grid wire, it is evident that a grid with a sheath 
(when the grid is negative) acts (as far as physical dimensions are con- 
cerned) like a grid without an insulating layer but without any controlling 
voltage on the grid. Therefore the grid has hardly any effect upon the 
plate current. But when the plate current is kept very low, the sheath 
around each grid is very thick and can become so thick that the outside 
surfaces (boundary of sheath) of the adjacent sheaths touch each other 
and prevent plate-current flow altogether. For a small gap between 
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sheaths, a small current is possible. This case refers to a continuously^ 
controlled arc discharge, and the grid can modulate and act as in any 
high-vacuum tube. From the foregoing it can be seen, however, that the 
available plate current must be small and a suitable vapor pressure must 
be chosen. It is a (juestion whether the ordinary high-vacuum tube is 
not better. 

Now, for tub£\s in which the plate current passes through an ionized 
gas, the total number of positive ions is about equal to the number of 
electrons and in the case of a thyratron there are about 10^® to ions/cc. 
Since the retarding potential of the grid must be negative, the positive 
ions attracted toward the grid region form the positive sleeves around 
the grid wires (Fig. 178), while the electrons are repelled by the negative 
grid. The positive grid sleeves appear as dark spaces or dark sheaths 
around the grid. According to Langmuir,^ the thickness of the 
sleeve depends upon the negative grid bias and the positive-ion 

current. Hence, for j)laiH‘ electrodes, Langmuir's well-known space- 
charge equation for the current density 

= 2.33 X 10 ® (123) 

holds, where the number n = G08 depends on the mass of the ion and 
accounts for the mercury vapor in the thyratron tube. It is obtained 
by extracting the square root of the ratio of the mass of the mercury ion 
to the mass of the electron. When positive ionization is due to traces of 
helium gas as in certain glow-discharge tubes, the number 86 is obtained. 
For neon ions n = 193, and for argon ions n = 271. The symbol S 
denotes the surface of the electrode in square centimeters, and I the 
positive-ion current to the electrode in amperes. It should be noted that 
Ec denotes the negative potential in volts of the electrode with respect 
to the surrounding gas. For cylindrical electrodes (I = length, and 
d == diameter in centimeters) we have, for the positive current per 
centimeter length, 

7 ^ 29.38 X 10-^E r^ ^ 

I ' n ’ d 

where the factor depends on the ratio D/d and D denotes the outside 
diameter of the insulating sleeve. Putting y == log (D/d), can be 
computed from 

= T — (H)y^ + (^H^o)7® — (^%soo)y^ + (124) 

which holds only when y is small. The value obtained will be somewhat 

' Luebckb, Z. tech. Physik, 8, 445, 1927. 

*I/OC. cU, 
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smaller than the correct value. For more accurate values, the formula 
by H. M. Mott-Smith^ can be used. The values are tabulated in the 
paper by I. Langmuir and K, B. Blodgett. 

It is evident from formula (123) that the thickness t of the positive 
grid sleeve increases with the three-fourth power of the negative grid 
potential but decreases as the square root of the current density of the 
positive ions increases. But the number of positive ions is proportional 
to the discharge current coming from the hot cathode, and the thickness of 
the insulating sleeve is consequently inversely proportional to the square 
root of the emission current. The same relation holds approximately 
for cylindrical electrodes when t is small compared with 'd. This shows 
that, for normal space current coming from the cathode, the thickness t 
must be very small and D almost equal to d, whereas for a blocking grid 
bias and a condition close to the grid potential which will just allow the 
discharge to occur, the sheath must be thick. From this it is evident that 
the control ratio ^ = ep/cg is determined by the largest opening in the 
grid mesh, while for the ordinary high-vacuum amplifier tube the grid- 
control ratio depends on the average plate current and the average grid 
mesh. 

From the action of such tubes it can be seen that they behave as a 
trigger relay and as an intermittent relay if the plate voltage is made to 
vary in cycles. When either a pulsating or an alternating plate voltage 
is applied, the plate current can be made to vanish on each zero point of 
the voltage wave and the control grid can be used either to prevent or to 
allow the current to start again during the next half cycle. 

The positive ionization in thyratron tubes results from the presence 
of mercury vapor at a pressure between 1 to 50/i, while in the tungar 
bulbs pressures of about 5 cm are used. For other gases and especially 
for helium, somewhat higher pressures than for thyratrons are used for 
the best operation. In order to obtain mercury vapor at the required 
low pressure, a small drop of mercury (about a cubic millimeter is 
sufficient for moderate-size tubes) is inserted at the bottom of the tube 
and at about 40®C the pressure is 5^, so that the tube can operate any- 
where from room temperature to 60®C. Since the drop of mercury is at 
the bottom where no direct heating exists, the temperature of the filament 
and of the remainder of the tube has little effect. 

For the grid-glow tube, reference is made to Fig. 179 where the small 
tip reaching out of a thin glass stem denotes a nickel anode which has 
great electronic affinity and therefore shows little tendency to liberate 
electrons under the conditions encountered in the normal operation of 
such tubes. A well-insulated nickel grid bends toward the anode, while 
an aluminum cylinder (emits electrons readily) surrotmds these two 

^ See paper by I. Langmuir and K. B. Blodgett, cp. cit.^ footnote 1, p. 266. 
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electrodes and acts as the cold cathode. All electrodes are under a 
pressure of about 10 mm of neon gas expressed in terms of the mercury 
column. Suppose that, when the grid is connected to the anode, the 
discharge begins at Ep = 350 volts where Ep denotes the positive anode 
potential. When the grid floats freely, that is, without any impressed 
' potential, it acquires electrons emitted from the cathode cylinder and, as 
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Fig. 179. — Action in grid-glow tube. 


the plate voltage is gradually raised, the grid captures and holds 
electrons, thus producing a negative space charge next to the anode. 
Such conditions are maintained until the critical potential is reached at 
which the discharge occurs, and they have a tendency to repel the 
approaching electrons and thus to cut down their average velocity. 
Hence a much higher voltage than the critical breakdown value of 


Ignition voltage 



Fig 180. — Breakdown voltage increases with r. 

350 volts will now be required. The breakdown will occur instead at a 
voltage which may be as high as 1000 volts, depending upon the degree 
of grid insulation . Figure 180 indicates approximately how the insulation 
resistance r affects the ignition voltage. 

When in Fig. 179 the grid is made positive, the electrons are acceler- 
ated and produce ionization at a correspondingly lower plate voltage 
than 350 volts. The plate voltage required can be readily calculated 
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since the active ionization voltage now acts between the grid and the 
cathode as (Ep + Eg) and for the start of a discharge current must be 
equal to the upper critical voltage Eu, that is, 

Eu^ Ep + Eg (125) 

When 100 volts positive grid bias exists, 350 — Ep + 100 and only 
250 volts are needed between the cathode and plate, while, for a negative 
grid bias of 100 volts, 350 — Ep — 100 or Ep = 450 volts required to 
bring about a glow discharge. As in the ease of the thyratron tube, 
after the discharge current is established, the grid bias can have prac- 
tically no effect because of the positive insulating layer about the grid. 

If the plate voltage is reduced below the lower critical glow-discharge 
voltage El, the discharge current will disappear again, as is indicated by 
the breakoff characteristic of Fig. 179. It can be seen that, for any 
negative grid bias, a plate voltage of about 180 volts will maintain the 
discharge. Hence the original plate voltage, when higher than 180 volts, 
could be reduced almost to Ep = 180 volts without stopping the dis- 
charge. This is not true when a positive grid bias assists the starting of 
the discharge or when the grid bias is changed to some positive value 
after the discharge current exists. For zero grid bias, the lower critical 
or breakoff voltage must be the same as for a negative bias and is the same 
as would exist with a two-element glow tube (no grid present). With a 
positive bias of Eg == -hl80 volts, the grid voltage alone is sufficient to 
support the discharge. For any positive grid voltage betw(»en 0 and 180, 
that is, between 0 and the normal lower critical voltage, we have the law 

Ei^Ep + Eg (126) 

while for negative grid biases Ei = Ep holds. For a positive grid-biasing 
potential of 100 volts, 180 = + 100, the plate voltage could be lowered 

to 80 volts before the discharge current breaks off. Formulas (125) and 
(126) show that the grid-control ratio or amplification factor (since no 
current flows before discharge exists) to start the glow discharge is only 
unity and not a large value as it is for the thyratron. For positive grid 
biases, the grid-control ratio is again unity, while for negative biases it is 
zero since the grid voltage has no effect whatsoever. That the grid- 
control ratio of the glow-discharge tubes does not show any gain does not 
matter since the sensitivity of the device is utilized to trigger off a larger 
amount of energy. The sensitivity of the tube increases as the negative 
grid bias approaches zero grid potential and becomes very high near the 
point at which the discharge current builds up. In some tubes, only 
about 10 mm watts is dissipated in the grid circuit when the negative grid 
bias is about to allow a discharge current. Usually an alternating grid 
voltage is used to control the grid-glow relay. It is to be noted that the 
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maximum value of the voltage wave is to be taken into account and not 
the effective value. When both Ep and Eg denote alternating voltages 
of the same frequency, Eqs. (125) and (126) hold if the quantities are 
added vectorially. 

111. Glow-tube Amplifiers.^ — Grid-glow tubes and thyratrons cannot 
be used as amplifiers for modulations, etc., since amplification exists only 
in the threshold state, that is, at the time when the discharge just sets in. 
Recent experiments have shown that it is possible to make a glow tube 
amplify and therefore also oscillate like an ordinary thermionic tube 



Fio. 181." -Action in a glow-tube amplifier. 


One way of accomplishing this is to produce in the space next to the 
control electrode either an excess of positive ions or an excess of negative 
ions. The latter is more useful since it is then possible to utilize the more 
mobile electrons. Figure 181 shows a glow tube of this type in a typical 
circuit. In order to segregate negative ions from positive ions, an 
arrangement of four electrodes is used. With canal rays (positive rays) 
it would be an easy matter to segregate positive ions, especially when 
carbon dioxide gas is used. Such a tube would need only three electrodes 
but its frequency characteristic would not be very good since the current 
flow would depend on the motions of the relatively heavy ions. 

Tubes of the four-electrode glow type may be readily compared with 
ordinary three-element thermionic tubes. Instead of the incandescent 
filament, a primary ionization (glow discharge) is produced, for example, 

1 Developed in the Research Laboratory of Wired Radio, Inc., North American 
Company. 
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between a ring-shaped ionization cathode and a wavy circular ionization 
anode. For a proper gas pressure, only the tips of the wavy anode will 
show a glow although the ionization cathode will be fully covered with its 
characteristic glow. The excitation of these glows is brought about by 
a direct-current source of voltage R denotes a protective resistance, 
(nstead of the plate of a thermionic tube we have, for the tube shown in 
j'ig. 181, a work anode along the axis of the control electrode which 
Tresponds to the grid of a thermionic tube. The work anode is at a 
potential Et volts above the potential of the ionization anode. The 
potential is chosen so high that a ^secondary glow appears in the space 
between the work anode and the helical control electrode although no 
streamer discharge passes through the control turns. The secondary 
glow is an essential feature of this tube since without it practically no 
power would be available in the output branch. Instead of the high 
vacuum in thermionic tubes, a gas — nitrogen at a pressure of about 25 mm 
or some other suitable gas — ^is used 

These are glow tubes and therefore the glow should be used, so to 
speak, for all that it is worth. Tubes without secondary glow and requir- 
ing very pure neon gas at about 6 mm of mercury have been experimented 
with by G. Seibt and H. Bley. They require special electrode design 
since they are based on the ‘^edge effect for which only those electrons 
can be useful which sweep around the edges of the positive exciter elec- 
trode. -The work-anode potential is then only a few volts because 
it is necessary to avoid secondary glow and any glow in the space between 
the grid and the anode. The power output with neon gas at such a 
low pressure can be only very small. Tubes utilizing secondary ioni- 
zation and higher gas pressures can operate at high work-anode potentials 
and large space currents are possible. Their operating range of current 
and voltage is of the same order of magnitude as that of ordinary ther- 
mionic tubes. This is due to the fact that the original electrons which 
pass through the control openings produce electronic regeneration in the 
^pace between the control electrode and the work anode. Many new elec- 
trons are generated in this space by electrons which were controlled by the 
grid; the presence of these new electrons accordingly increases the current 
’ collected by the work anode. When glow-tube amplifiers of this type are 
considered, it must be remembered that it is more convenient to refer the 
control voltage Ec to the potential of the ionization anode since the control 
electrode in these tubes must accelerate the electrons. Otherwise they 
could never reach the work anode in time. With such a reference, the 
negative control-electrode potentials are of the same order as those for 
thermionic tubes. In glow tubes of this type, a steady control current 
flows, its magnitude usually being about 50/[4a. However, this does not 
matter since the operating point must be chosen such that it corresponds 
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to a portion of the h curve which is more or less horizontal; then the 
dynamic input resistance is high. It is about 1.6 megohms for the case 
indicated in Fig. 181. The tube indicated in this figure may be termed a 
glow tube with external primary ionization since the primary glow is 
produced outside and the useful electrons are driven inside toward the 
axial work anode. It is just as easy to design a tube for which the 
primary glow discharge is produced centrally and to have the wor) 
anode and the secondary glow discharge around it, as is shown in Fig. 18 
The four electrodes are again concentric. The ionization cathode is 
centrally disposed and made in the shape of a coil, while the ionization 
anode forms only 1 turn and is likewise centrally disposed. Surrounding 
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Fig. 182 . — Useful discharge region b-d for a glow-tube amplifier. 


the ionization electrodes, which together produce the primary glow 
discharge, is a helical control electrode and around the latter a wavy work ' 
anode. 

The characteristic shown gives the work-anode potential Eh with 
respect to the useful work-anode current when a bias of JBc — 27' 
volts is impressed on the control electrode. As mentioned above, 
both the work-anode potential Eh and the control bias Ec are measured 
with respect to the potential of the ionization anode. Owing to the scale 
on which the current values are plotted, the characteristic appears to 
start at 0 and to ascend very slightly toward the point a. Careful 
measurements, however, show that, with no external voltage Eh applied 
between the work anode and the ionization anode, a minute flow of cur- 
rent exists which apparently is due to the primary ionization (or spills 
through the control openings) toward the work anode. This minute 
current is comparable in magnitude with that customarily found in 
thermionic tubes when the plate is directly connected to the negative 
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end of the filament. In that case it results from the “electron pressure.'* 
It is of no significance in ordinary uses of these tubes. At about 80 volts 
of work-anode potential, the current jumps suddenly from point a to 
point 6, that is, approximately from 0.25 to 3.8 ma. This is due to the 



Work Anode Potential E^'^Volts 



Fio. 183. — Characteristics of glow-tube amplifier with load line. 


oeginning of the secondary glow discharge in the region between control 
electrode and work anode. With further increase of the work-anode 
notential, the work-anode current increases rapidly up to point d, where a 
treamer discharge sets in between the work anode and the control 
^^ectrode. 

' The unstable condition of the tube between a and b and the streamer 
discharge beyond point d determine the useful ranges for operating the 
tube as a customary demodulator, amplifier, and oscillator. The useful 
granges are therefore between b and d, also between 0 and a. The former 
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is much to be preferred, however, since in that range it is possible to 
control considerably more output power with a given fluctuation in the 
input potential applied to the control electrode. Where the tube is 
intended to function only as a threshold amplifier or trip relay, the 
operating voltage may be swung over the range which straddles the 
critical points a and 6. An alternative is to operate about the point 4 
so that a large streamer discharge current may be initiated with only a 
very slight variation in control potential. 

In Fig. 183, a number of characteristics corresponding to the useful 
operating range fe-d, as indicated in Fig. 182, are given. The different 
curves were obtained experimentally under the conditions of control- 
electrode bias shown. The dot-and-dash line passing through the operat- 
ing point c indicates the region for which best undistorted operation 
prevails. It is near the region of saturation and far from the region of 
streamer discharge d. The dot-and-dash line is chosen, in contrast to 
usual thermionic work, not only with respect to the hy Eh characteristics^ 
but also with respect to the Uy Ei curves since with gas-filled tubes steady 
grid currents h exist and care must be taken that the dynamic inpu^ 
resistance is high for the operating region. From the values given in 
Fig. 183, it will be noted that the ionization voltage Ex for this particulai 
tube is 308 volts and that the work-anode current h ^an swing well 
toward the ionization-current value /,• = 35 ma without serious distor- 
tion. This means that the tube will deliver to the work-anode branch 
practically all the available power controlled by the glow discharge. It 
is also of interest to note that the mutual conductance of the tube is 
better than that of commercial three-element thermionic tubes. Values 
of gm as high as 10,000 have been obtained. The following table gives 
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^ See also Fig. 128 for thermiouio amplifier, on p. 192. 
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data of several experimental glow tubes, most of them using nitrogen 
gas from 15 to 40 mm of mercury pressure. 

In the tube of Fig. 182, the primary ionization due to the voltage Et 
takes place between the helical central cathode and a small central anode 
turn. The negative ions which are segregated move radially outward 



Fig. 184 — Ionization anodo inside of perforated ionization cathode cylinder. 

from the ionization cathode. In the tube shown in Fig. 184, the ioniza- 
tion cathode is a perforated cylinder which is centrally located and 
surrounded by a helically shaped control electrode and a work anode in 
the form of a crimped cylindrical band. Inside the hollow ionization 
cathode and along its axis is the ionization anode. Hence the primary 
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Fig. 185. — Tube can be excited from a single source. 

ionization will cause electrons to pass toward the inside of the perforated 
cathode cylinder as well as toward the work anode. This means that 
electrons will be traveling, in opposite directions. Consequently most 
of the electrons passing toward the work anode can start out with almost 
aero velocity and their motion is essentially due to the field produced by 
the work anode and the control electrt^e. A much more effective 
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segregation of electrons and positive ions must therefore take place. 
This can also be seen from the heavily drawn characteristic of Fig. 184. 
The very long portion 6 to e of this characteristic is useful in amplifier 
work. For other types of tubes, the characteristic is as indicated by the 
broken line Oocd/, with df as the useful portion. The portions from 0 
to a and 0 to c, respectively, again represent conditions for which the 
output power is insufficient to set up a secondary glow discharge in the 
region between the work anode and a place close to the control electrode. 
A comparison of the fulHine and broken-line characteristics shows clearly 
the greatly increased operating range through which the work-anode 
current may be controlled, that is, between h and e. The minimum point 
h is very close to the zero value. Figure 185 shows how such glow-tube 
amplifiers can be excited from a single source. Another form of tube with 
improved electronic segregation is also shown. The ionization cathode is 
again centrally located and formed by a helical wire within which and 
along the axis is located the ionization anode. 

112. Trigger Circuits. — Circuits in which a large amount of energy 
is to be released (triggered off) may employ either grid-glow tubes or 



Flo. 186. — Trigger circuits. 


thyratrons. It is then only necessary to set the grid bias near the critical 
breakdown voltage, so that a small superimposed voltage will set the 
tube into operation. Figure 186 gives tpgger circuits which are highly 
regenerative, that is, on the verge of oscillation. Hence a very small 
voltage on the grid starts up self-oscillations. The circuit with the 
printer is the Bureau of Standard's adaptation of a scheme originally 
described by L. B. Turner^ to the reception of time signals from long- 
distance stations. The method utilizes a potentiometer across the A 
battery and a potentiometer across a grid battery in order to set the 
circuit for a very regenerative condition. The negative bias Ec is just 
sufficient to prevent self-oscillations when no outside voltage acts on the 

^Lmdon Electrician, p. 4, July 4, 1919; E. A. Eckhabdt and J. C. Karchbr, 
Wa$h, Acad. Sci,, 11, 303, 1921. 
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grid. This condition corresponds to operating point P and plate current 
I as measured with a direct-current meter. It exists when Qm is somewhat 
smaller than RC/M, in which R denotes the effective resistance of the 
grid coil and M the magnetic back feed from the plate coil. Hence 
when a small alternating voltage is induced in the pick-up coil Lo, the 
positive half waves of the induced voltage produce, because of the curva- 
ture of the Egj Ip characteristic, larger positive than negative fluctuations 
in the anode current and therefore also a larger average value hy, Self- 
jscillations can then build up and the plate current can assume values 
which are many times the original value /, even though the frequency of 
the incoming voltage is quite different from the natural frequency of the 
tube oscillation. An equality of impressed and circuit frequency 
increases the trigger action. The disadvantage of this system is that the 
jndition of self-oscillation prevails after the trigger voltage due to the 
ncoming signal stops. But the original condition of high regeneration 
and no oscillations can be restored automatically if the contact point to 
the left of the coil relay causes a short circuit on the plate coil. When 
a dash signal arrives, the starting self-oscillation pulls the contact arm 
to the left, stops the oscillation, springs back to the natural position, is 
attracted again to the left, and so on. The contact arm thus rattles to 
and fro during the duration of the dash and can be made to ♦operate a 
recorder whose differential winding becomes unbalanced during such 
periods. An ordinary receiver tube can be used with a coil relay operat- 
ing at about 2 ma. The critical current for which no oscillations exist 
is then set to about 0.25 ma. 

The other arrangement indicated in Fig. 186 was used by E. Alberti 
and G. Leithauser to measure the frequencies of remote stations. A 
capacitive back-feed adjustment C 3 was utilized so that the condition of 
self-oscillation could be very closely approached. A parallel-plate 
supply through the choke coil Li was then necessary. This coil also 
served to feed into an audio-frequency amplifier the audible beat currents 
produced in conjunction with the heterodyne. To obtain a highly 
regenerative system, the condenser Ca was varied until oscillations just 
appeared. The coil of the antenna was gradually coupled to the self- 
oscillating detector until the self-oscillations suddenly stopped. Voltages 
induced in the antenna would then trigger off the detector circuit. 

113. Thermal Amplifiers* — Oscillators and amplifiers of this type 
have been investigated by Yoji Ito.^ They depend on the fact that the 
ielectron emission can be varied by variations in the temperature of the 
hot cathode. Any changes in the filament temperature can be made to 
control the plate current and an ordinary two-element tube (filament and 
plate only) can be made t 6 amplify by thermal action. Because of the 

» Z, Hochfreq,, 85 , 12 , 1930 . 
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sluggishness of the thermal action, such amplification can be useful only 
in the low-frequency range. In a similar manner, undesirable low-fre- 
quency modulations may be set up when the hot cathode is directly 
heated by commercial alternating current. A useful amplifier of the 
thermic type is indicated in Fig. 187, in which the effect of a small low- 
frequency voltage E sin ut is to produce a magnified action in the plate 
current. Assuming that the average value of the hot cathode during 



iTio. 187. — Actual and equivalent thermal amplifier. 

the cyclic change is r ohms, we have for the loss W of the incandescent 
body which follows the black-body-radiation law 

W = kST^ (127) 

if T stands for the absolute temperature and S the surface in square 
centimeters of the filament. The quantity 


h 


1.37 X 


cal 

cm^ sec • deg^ 


denotes the radiation constant. Since the filament has a certain heat 
capacity Q = volume X density X specific heat, and the heat equivalent 
H is 4.18 wattsec/cal, we have, for the instantaneous value i of heating 
current, 


(128) 

The filament current is made up of a steady direct-current value /« and a 
small alternating component i. resulting in a constant temperature Ta 
about which small temperature fluctuations ta ■iake place. . We have 
for T* and P in (127) and (128) 

T* » [Ta + <.]* S T*a + iTaHa) 

+ iaY m /.* + 21, . iaS 
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Since ia 


for 


for ohe energy balance we obtain 


A = 4ifcsr/: B = — 


( 129 ) 

(129o) 


The steady and the variable component of the absolute temperature of 
the hot cathode can therefore be computed from 


a - \ 
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(130a) 


Therefore the alternating temperature fluctuation ta has the amplitude 
Dim and lags behind the amplitude Im of the alternating current which 
produces it by the phase angle Since the plate current is a function 
of the plate voltage and the filament temperature, we have, for the 
instantaneous values, 


Ip^h + ip - F(T, E^) = FCTa, E,) + 


d^T.E^. . 

Jf dE,, 


Subtracting from this expression the relation for the constant components 
which is 

= F(r., E,) 

we obtain for the remaining components 


ip 


dF{T, Ep) 
df 


ta + 


— 4- 


dF(T, 


(131) 


This result resembles the one obtained for the three-element tube using 
a grid as the third electrode. Hence by putting 


\dT /, 


constant 


— Qt 


(thermal mutual conductance or thermal dynamic^ 
steepness of the control characteristic) 


> constant 

we obtain from (131) 


» (thermal internal dynamic plate resistance) 


^p _ Qt* Tt * ta + ep 
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But for the three-element tube ^ = 9m* Vp] hence the corresponding 
thermal amplification factor fir - Qt* vt and (131a) leads to 

ip * Tt = “ 1 “ ( 132 ) 


But since, for an external plate load Z, the change in plate potential 
ep « — ipZ, Eq. (132) yields, for the variable plate current, the relation 


_ flrta 

“ rr + Z 


(133) 


where the temperature fluctuation ta takes the place of the variable grid 
voltage eg ip the case of an ordinary three-element tube. This result 
confirms the equivalent circuit (Fig. 187) for thermal amplification since 
the two-element tube acts toward variable currents as though an increased 
temperature fluctuation tida acted directly in the plate circuit comprising 
the internal thermal plate resistance and the external impedance Z. 
The product iirta has the dimension of a voltage. 

Since the temperature variation is due to a small variable e.m.f. 
impressed on the filament, voltage amplification is possible, ip • Z being 
the amplified output voltage. The thermal amplification factor is 
given by the relation 


tlT = 



> constant 


(134) 


expressed in volts per Kelvin degrees, while the work characteristic has 
a thermal steepness gr which may be expressed in milliamperes per Kelvin 
degree. The thermal resistance tt is in ohms. Since, for saturation 
current, Richardson’s law 


_ b 

Ip ^ a- S-Th ^ 


holds for the material constants o and h, we have, for the region 
{Ep ^ Entantion), the thermal steepness 


Qt = 



_b 

a-S[2T + b]t 


(135) 


When negative space charge is present {Ep < Entamom,), the three-halves- 
power law holds; that is, 

Ip = KE; 


and Ip is independent of the absolute temperature T of the filament. 
The dynamic thermal steepness gr is therefore zero and, since ht gr' tt, 
theoretically no thermal amplification is possible in the space-charge 
operating region, which is a basic criterion for thermal amplification. 
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Since in theory for complete saturation Mr = , it can be assumed that 

in the saturation region the thermal amplification factor is generally very 
high, while it must generally be almost zero in the space-charge operating 
region. Hence, unlike the case of three-element tubes, the thermal ampli- 
fication factor Mr of a two-element tube varies greatly along the charac- 
teristic; it depends to a great extent upon the operating point. From 
these deductions it is also evident that, for complete saturation, the 
thermal internal plate resistance tt becomes infinite although, according 
to (135), the steepness Qm = Mr/rr has a finite value because Mr is also 
exceedingly high. On the other hand*, in the operating space-charg(' 
region gr ^ 0 and Mr = 0, the resistance rr == Mr/g^r has a finite value. 

114. Notes on Telephone Receivers and Their Amplification Action. — 
We must distinguish between two classes of indicating instruments which 
may be connected in the output branch of the last tube. Those in the 
first class give indications which are directly proportional to the output 
current, while those in the second give indications proportional to the 
square of the output current. Thc*rmoelectric arrangc^ments of the 
ordinary type, hot-wire instruments, etc., give deflections varying with 
the square of the indicator current. Those telephone receivers which 
utilize a strong permanent magnet have a response directly proportional 
to the current, while a receiver whose magnetic effect depends upon the 
magnetic effect of the pulsating armature current follows only a square 
law, which makes the indication of very small currents difficult. 

First, examining the telephone receiver with a strong permanent 
magnet, we find that an amplification effect occurs. When 
denotes the vector of the permanent magnetic flux and that of the 
variable flux due to the variable telephone current /, the instantaneous 
value F of the force which moves the diaphragm of the receiver is 
F = + *2/]^ 

= (constant pull on diaphragm which acts at all times) 

-h kik^^J^ (variable pull, depending on the current to be 
indicated) 

-h 2kik2^l (pull which depends on constant and vanable 
magnetic flux) 

When the constant flux due to the permanent magnetic system is chosen 
sufficiently large, the variable pull due to the exciter current can be 
neglected. The telephone receiver then responds directly proportionally 
to /, that is, is just as sensitive to small currents and works almost with- 
out distortion since 

F ^ ki^^ -h 2ktk2^l « + 2ktl] « + hi] (136) 

From the final result of (136) it is evident that a large force acts as though 
were zero or very small. An indicator of thjp type is useful when, 
audible currents are to be observed. 
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For heterodyne circuits, one component must be audible. Therefore 
it can be seen that, for receivers which respond proportionally to the 
resulting current due to two currents of different frequency, either the 
frequency /i or the frequency /a must be in the audible range, while, for 
receivers which do not follow a straight-line law, audible effects can be 
produced even though two high-frequency currents of different periodicity 
are superimposed, provided their difference frequency 

^ W (i>2 — COi 


is in the audible range. This can readily be seen from the following 
solution for a telephone receiver which responds to the square of the 
resulting current /. If /i and 1 2 are the constituent currents, we have 


L -I-J J -fy L -f-y J 


and the detailed derivation given hereafter shows that the effect on the 
diaphragm of the receiver is proportional to the square of the audio 
current of frequency /, while all other currents of frequencies 2 /i, 2/2, 
fi + f 2) zero frequency, are not audible. 

Detailed solution: 


+ 21 , h 

-j- ^—/(wi+wX I 2 


- 2 Ix\ 

-27*Y 


(of zero frequency and therefore not audible; 


— 2/1/2 (of frequency ^ =/and audible in the 


receiver) 


(High-frequency 
curretits which 
are not audible) 


frequency = ?/*i, that is, double 
periodicity of the /i oscillation) 

+2/1/2 (of frequency 2 /i + / « /i + 

/2, that is, equal to the sum 
of the component frequen- 
cies) 

+/j2{g/2(«ai+«)t + (of frequency 2 (/i +/) « 

that is, double periodicity of 
the /a oscillation) ( 137 ) 



CHAPTER VlII 

THEORY OF ELECTROSTRICTION WITH SPECIAL REFERENCE 
TO PIEZO ELECTRICITY IN QUARTZ 

The following is an outline of the classical experiments and theory^ of 
piezo electricity and its application to crystal quartz. 

The stabilization of frequency in quartz oscillators and resonators 
is due to electrostriction, which is caused by the piezo-electric effect 
(pressure effect). Electrostriction includes both the direct and reverse 
effect. The former deals with the separation of electnc charges as the 
result of mechanical stress, thus producing an electric field, and the latter 
deals with the production of mechanical strain when an electric field is 
applied. 

116. Experimental Evidence. — When a (Tystal of quartz (Fig. 188) 
is compressed in the direction of one of the three electric axes, the six 





Fio. 188 . — Zero (Curie) and dO^ieg-cut pieso-electrio elements* 

edges of the prism become electrically charged. In the parallelepiped 
"as Indicated in the figure, X denotes one of the three twofold electrical 
axes of the crystal, and Z its optical axis about which threefold symmetry 
^exists. The dimension a denotes the thickness and, for the Curie cut, is 
'along the electrical axis toj which maTriTnnm piezo-electric effect exists. 

t Voigt, W., “Lehrbuch der Kristalloptik,” pp. 801-964; J. Ctmm, and P. Cxmix, 
(7«Mp. r«nd., 95, 914-917, 1882; C.R.T., 91, 294, 1880; /. phyt., 8, 149, 1889; M. O- 
Atm. ehim. pAy*., Si, 164r-167, 1881; £. Rincnsad W. Votor, Arm.PhyiQe 
f^Wtademann), 45, 528-552, 1892; P. Pooxiit<s, AW. K5a. On. VTi**., M, 

itBUii 1893; W. O. Canr, Pr«c. 1<^ 83-114, 1922; A. P. Jorva, "Ihe Physips ot 

MoQrair-HiU 3ook Ceonpany, Ine., Nmr Voik, 192% laetuse pp. 
iVH99; M. F. jQiinaAP, Mimoiial dee So. Phytittaes, Faedocde VI, 182$. 
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For a parallelepiped cut, Curie found that charges could be produced on 
metal layers bounding the plate of quartz of thickness 4x. The charge q 
per unit area on one of the coatings is proportional to the pressure X 
along thq electric axis; that is, 

q = —S‘X 

The total charge Q developed on one of the two coatings is 

Q = b-c - q 

^-S-F ( 1 ) 

if F denotes the total force along the electrical axis acting on the face be. 
The quantity 3 is known as the “piezo-electric modulus” and measure- 
ments show that it is 


& — 6.32 X 10“* e.s. charge units/kg 


The sign of this quantity depends on the direction of the electric axis. 
Suppose the face of the quartz touching the metal electrode is 6c * 6 cm*, 
and the thickness a of the quartz plate such that the electrodes with the 
quartz between them form a condenser of capacity Ci = 7 cm in e.s. The 
electrodes are connected to an electrometer of capacity Cj = 3 cm. If 
the quartz is loaded with a weight W which produces a pressure p = 10 
kg/cm* across the face 6c, the electrometer will indicate a voltage 


p b-C‘5 10 X 5 X 6.32 X lO"*, 


Ci + C, 


10 


300 04.8 volts 


When the same force acts, for a Curie cut, along the F-axis and across 
faces a ■ c, the total charge 


, ^coated area 


( 2 ) 


is obtained. Forces along the Z-axis (optical) produce no charges. 

Lippman predicted the converse effect. When a certain potential 
difference V is applied to the coating, the thickness of the interposed 
quartz slab must change accordingly. The linear compression or dilation 
is ^ 

x^S'V (3) 

• 

Since, according to these experimental facte, the charge per unit area is 
di]«ctly proportional to the force and independent of the thickness, it may 
be shown, by applying Hooke’s law and Eq. (3), that the electric-field 
hitm^^y is proportional to the strain* This relstioin forms the basis 
ol ehuHdeal theory d piezo electricity. 
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Now, if the two metal coatings in the foregoing example are connected 
^0 a thermomiUiammeter, and a sinusoidal pressure of amplitude 
p ms 5 kg/cm* and frequency 10* cycles/sec is applied between the coat- 
ings, the milliammeter indicates a current of 


j. _ 2)rl0*p - b- e 

^ ~ 3 X 10» 


p _ 29rl0‘ X 5 X 5 X 6.32 X 10“* 
3 X 10" 


= 3.3 ma 


Since the voltage in the crystal is not uniformly distributed for oscillat- 
ing crystals, we have to deal with a space charge of density 




( 4 ) 


which forms a basic equation for tho dynamic theory of piezo electricity 
and explains oscillations (for instance, torsional oscillations)^ with 
crystals cut along the optical axis. From Eq. (4), it is seen if y varies 
ivith respect to Xj according to a sine law, the space-charge density will 
vary according to a cosine law. 

116. Relation of Curie and Lippman Effects to the Ny Tsi Ze Satura- 
tion Phenomenon. — Ny Tsi Ze^ has shown that the deformations in a 
quartz crystal are proportional to the voltage up to about 3000 volts 
but above this voltage tend toward a limit. The piezo-electric modulus 
6 acts as though it were a factor rather than a constant. With respect to 
Fig. 188 it was shown that, for the direct Curie effect, a force X acting 
across each unit area of face h • c produces a charge g = 5 • X =* 5 • p 
where 5 = 6.32 X lO”"®, if expressed in absolute c.g.s. units. Relation 
(3) holds for the Lippman converse effect showing that the dilation along 
the piezo-electric axis is independent of the dimensions of the quartz 
element. As far as the Curie effect is concerned, no electric charges are 
produced when mechanical forces act along the optical axis^ but when 
electric fields act along this axis, dielectric distortion results. It was also 
shown by (2) that the same force acting along the axis which is perpendi- 
cular to the piezo-electric and optic axis develops, for the same pressure p, 
charge per unit area on the faces h • c which is equal to g » 5' • F « 5' • p 
** (6/a)5. Hence a potential difference V between the coatings of 
;,the h • c faces gives the linear dilation a; = -5' • F in the thickness 
I dimension. The dimensions of the piezo-electric element then play a 
^art and the dimensional change in thickness can be increased by choos- 
the ratio 6/a in 5' large. Applying the principle of conservation of 
Mectricity, the change in charge received for each square centimeter of 
faces b • c, according to M. G. lippman,® is * 

dq « CdV + jkdp 

^ Bar. Staf^rds, Besearch Paper 156, vol.'IV, March, 1930. 
phys, radium, 0, IS, 1928; Compt. rend., IHt 1645, 1927. 
cU. 
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if C denotes the capacitance of the piezo-electric condenser and ifc is a 
negative constant. Hence the energy change dW due to the variable ^ 
external force leads to 


dW = pdb + Vdq and da « AdV -f Bdp 

But dQf dWf as well as da, are exact differentials and 

dC _ dk^ dA _ dB. d{pA + CV) _ d(pB + kV) 
dp dV* dp dF' dp ** dF 

The development of the last expression shows that A = fc; that iS) 
dafdV == dq/dp. Hence the charge q of the piezo-electric condenser of 
1 sq cm area is 

q = CV — S • p 

where 5 may have values equal to d, d' = (?)/a)d, or zero. We have also 

^ = V— K - 

dp ^ dp ^ ~ dF 

Since the variation of the capacitance C due to the pressure p, that is, 
dCjdp, is very small and C is hardly affected by F, the value of dC/dp 
may be thought of as independent of F and we obtain 



piexo-electric effect common with 
all dielectrics 


The dimensional changes along a, 6, and c become 


Aa dF “f” 

Ab - -d'F + 
Ac 


\m] 

■ [^f] 


CV* 

1 dCl CV2 
2 


S' 


1 aci CV* 
C dpi 2 

s 


(along the piezo-electric X-axis) ] 
(along the F-axis) 

(along the optic Z-axis) 


If the mechanical pressure p increases more and more, according to ^ 
Curie, the charge g for each unit area of the b • c face increases accordingly , 
and with it the voltage V across the coatings. But, according to the 
liippman converse effect, we obtain a contraction which acts against . 
the pressure p and as such opposes the original action. The resultant . 
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effect is as though S decreased. If dS denotes the decrease which is 
^ assumed proportional to the contraction S • dV, we have for an increase 
dV of potential difference 

dd — — 18 • 8 - dV or J = 

« 

where c (for this particular formula) stands for the base of the system of 
latural logarithms, 5o is the limit of the piezo-electric modulus (for F =* 0, 
:>ractically equal to the Curie value), and 8 is the modulus for any voltage 
F acting across the coating. Since an increase in V works against a 
decrease in 6, the sign of jS is such that jSF is positive. The dimensional 
changes along the b dimension are 


Ah 


5-dF + 


-i' 

-i“[i - + 


^ 1 dc^y^ 


dp/ 2 


/i^\ 

\C dp) 


C_F* 

2 


and the saturation value of the piezo-electric deformation is 5o/j8. The 

( 1 dC\CV^ 

7= — )— K- of the deformation can be solved as follows: 
C dp/ 2 

For the total capacitance Ct of the condenser of the area 6 • c sq cm, we 
have, for a^ dielectric constant k, 


^ _ Kb • c 
” l^a 

and 

Ct dp K dp b dp c dp a dp 

The dielectric deformation along the piezo-electric axis, that is, along 
the thickness a, then becomes 

rif^‘1 Itr Za-^- ll_L 

[C, apJ„“L £ E Ejbc 

where £ is Young’s modulus along the electric axis, vy Poisson’s coefficient 
in the direction perpendicular to optic and electric axis, a, along the optic 
axis, and K the coefficient of variation k by the force acting along the lines 
i<tf force. Ny Tsi Ze has measured the d^ormations along the a, b, and c 
^dimensions and for S has found the value of 6.4 X 10~* which dhecks well 
i^e Curie constant of 6.32 X 10~' and substantiates the LipiHDiaQ 
tl)eory< By also observing the saturation phenomenon he fouirdi for 
fbebh piezo^leetriG quartz vibrations, the vaiiationB in omtimeters along 
ItlM a, b, and c dimension to be, respectively. 
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Ac = 6.4 X 10-* X 1141 1 

- «'■“] + >1 X 

L 

A6 = -6.4 X 10-« ^ 114j^] 

L - «“raj + 1.3 X 10““[^] 

Ac = 6.5 X 10-*« c 



of which Ac is purely dielectric since no piezo^electric effect occurs along 
the optical axis. 

117. Static Theory of Piezo Electricity. — Generally speaking, any 
stress will produce a strain, which is resolvable into six components. 
The electric field has three components; hence 3 X 6 = 18 equations 
with 18 constants are necessary for the complete definition of an electric 
effect in a crystal. 

The electric state at any place in the interior of a crystal is given by 
the* components Pi, P 2 , and P 3 of the electric moment per unit volume. 
At the same place we have three dilations and z, (elongations or 

contractions per unit length) and three angle changes Zy, y,, and 

The components of the electric moment per unit volume along the 
three coordinate axes are P»o, Pyo and P«o. Their effects are always 
compensated by charges of opposite sign on the exterior surface so that 
the moments are not noticeable at once. But when forces are applied 
and deformations take place, new values P*, Py, and P» appear. The 
differences 

Pi = Px - Pxo) 

^ Py — P y*> (5) 

Ps =:P.-P.o) 


occur immediately after the deformation takes place and with their full 
intensity. For many crystals, including quartz, the symmetry is so 
good that the permanent moment 

P*o ~ Pyo ** “0 

and the observed moments, also known as ‘‘polarizations, '' are equal to 
those due to the deformation. 

Using the theory of elasticity, we can assume that for small deforma- 
tions a linear relation exists between the polarization and deformation. 
Hence along the three ooordihates 

dUi.tiozi oomponentii abeitf (angte ) etunpoiwmt 

1»» — + «»#*. + *l*yt + 

P. — + «»»*. + «i4y» + tun* + > (6) 

P« — + «»*«. + ttW* + + «»•*») 
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^ According to Voigt, c denote the piezo-electric constants. Their values 
depend on the kind of crystal and the position of its coordinate systena 
^Kvith respect to the main axis. When the crystal possesses symmetry 
and the coordinate system is properly chosen, the number of components 
become less and the equations reduce to simple expressions. Voigt 
originally derived the foregoing equations by taking the thermodynamic 
potential { along the components of the electric-field strength 8, that is, 
from 

h 

Since, in the classical experiments of the Curie brothers as well as for the 
vibrating crystals of today of W. Cady^ (resonator) and G. W. Pierce* (first 
single-tube oscillator), the effective pressures Xx, Yp, and Z, along the 
three coordinate axes are of more practical importance, they are intro- 
duced in the following equations® instead of the deformations or^, Vy, 
and Zz. We obtain 

trana lation comp onent s ^enr compon ents 

— Pas ~ 5iiX* + dizYy + hnZx + h^Yz + SuZz -|- djuXy'j 

Py — d2lXx + S22Yy + 823Zg + ^24^* + ^262^® + huXy^ (7) 

— Pz ^ hiXx + 8z2Yy -f- SzzZz + 584^* + ^zbZx + y ) 

where So? denotes again a piezo-electric modulus and is found experi- 
mentally as is the piezo-electric constant ct^. They are connected 
through the relation 

^%h = €^h = 'ZbikChh (8) 

* 

The factors and Chk are the principal elastic factors, since from them 
can be computed the piezo-electric constants and moduli as well as 
Young^s moduli, etc. For quartz at room temperature (unit stress 10® 
dynes cm*), they have the values 

Bn 1298 X 10“® 

Bzz 990 X 10“® 

«44 2005 X 10“« 

8x2 -166 X 10“® 

Sis -152X10“® 
fii4 -431 X 10“® 

i Cadt, W,, foe. cfl. 

» PiaROii, G. W., Free. Am. Aead. ArU Sci., 69, No. 4, 81, 1928. 

The deformations are linear functions of the pressure compon<^nts'and such that 
** cuaf, 4*’ cxiyy + ti^z + -f -f ci 4 «By, etc^, from which it follows that 
•** BiiXiz 4* BiiYy 4" siiSTjp 4* BnXy 4* BkJSx 4* 
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The various factors can be computed from 

€ii = 5 ii[cii — C12] + BuCii 
Cl4 = 23 iiCi4 + 5i4C44 | 

5ll = €ii[sii — S 12 ] + €i4Si4 I 
5i4 = 2eiiSi4 + €14^44 


( 10 ) 





Fig. 189. — Modulus of elasticity E in any direction in space for sero degree (Curie), 10-, 

20-, and 30<deg quartz cuts. 


Since Young* s modulus E changes with the direction except in the equatorial 
plane perpendicular to the optical axis, we have 

1 10 “"® 

ar ^ » 1010 X 10® dynes/cm® along the optical axis 

538 yyu 

1 10 ““® 

» 770 X 10® dynes/cm® in the equatorial plane 

5ll l^S^o 

Young’s modulus in any direction given by the direction cosines a, 
imd y vil^ respect to the coordinate axes X, Y, and Z can be calculated 
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^ - «ii[l - r*]* + [S44 + 2 si,] 7*[1 - r*] + a3.r* + 28i4py[Sa* - /S*] (12) 

The angles are as shown in Fig. 192 on page 302 while in the foregoing 
equation «, 0, y are written, for the sake of simplicity, instead of cos a, 
cos 0, and cos y. This is an important formula since it gives a means for 
finding maximum and minimum values of elasticities for different cuts 
as is shown in Fig. 189. By its use, the velocities of propagation in quartz 
can be computed since the density is constant and the empirical disk 
formulas (page 119)^ can be theoretically explained. 

Table IX contains the moduli of elasticity E underlying the curves 
shown in Fig. 189. It can be seen that — ^for the Curie cut — ^maximum 
and minimum values of E exist at (—48) and at (+71) deg with respect 
to the optical axis. 


Table IX 


(C0S“^ 7 = 
angle ^ against 
optical axis 

Modulus of elasticity 

10® dynes /cm* 

fp 

E 

Angle against the Curie cut, deg 

Angle against the Curie cut, deg 

0 

10 

20 

30 

D 

10 

20 

30 

-90 

770 

770 

770 

770 

B 

1010 

1010 

1010 

WM 

-86 


810 

796 

776 

5 

1011 

1011 

1011 

Bnti 

-80 

886 

KQil 

830 

786 

d 


1016 -f 

1016 + 

mSm 

-76 

965 

942 

877 

806 

15 

1010 

1010 

1016 

mmi 

-70 

1045 

1010 

930 

831 

20 


1005 

1016 


-60 

1208 

1160 

1027 

900 

26 


990 

1010 


-66 

1260 

1202 

1072 

936 

30 

963 

965 

996 

1046 

-48 

1286 

1234 

1116 

986 

36 

916 

930 

976 

1040 

-45 

1280 

1231 

1127 

1000 

40 


890 

946 

1026 

-40 


1216 

1127 

1026 

60 

786 

806 

867 

970 

--86 



1118 

1041 

Klil 

720 

738 

798 

900 

-30 

1162 

1146 

1100 

1046 

66 

700 

717 

776 

862 

-26 

1117 

1106 

1078 

1043 

71 

648 

707 

763 

826 

-20 



1066 

1036 

75 

696 

706 

746 


♦ -16 



1036 

1026 

80 

707 

718 

746 

786 

-10 




1020 


770 

770 

770 

770 

- 8 




1012 







Equations (6) and (7) become much simpler for quturtz when the 
ooordinate system is properly chosen. First, by putting Z along the 
option axis, we have threefold symmetry about this axis: We can turn 
the system bjr 120 deg without changing the rehvtioa betwemi the eleeWe 

# frw. It, 447, im 
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momenta and the deformations. This leads to the following simplifica- 
tion in the piezo-electric constants: 

*11 =* ~«1* = — **6 
**2 = ~«21 = — «1« 
eu = «24 
€14 €26 


€18 = €28 = €84 = €36 = €36 = 

In addition to this, the quartz also has three twofold symmetry axes 
(in Fig. 188 along the Z-axis). Therefore, we can turn the system by 
180 deg about such an axis without disturbing the foregoing relations 
between the electric moments and the deformations. This gives the 
following simplifi cations : 

€16 = €22 = €31 = €88 = 0 (14) 

and Eqs. (6) and (7) simplify to 


Px = €ii[x^ — yy] + €uy, 
Py ^ “”€ 142 * ““ €llXjy 

R = 0 


5u[X. - Yy] + 5l4Fg 

+ Fy = SuZx 4* 28llXy 

P. = 0 


5ll ~ — 5 i 2 = (M)^26 fl'nd ^26 == "“514 

Both sets of equations show that there can be no piezo-electric effect 
along the optical axis* It is evident that the F-component is produced 
only by shear strains, while the polarization P* is produced by linear 
and angular changes. According to Voigt, the values for the piezo- 
electric moduli^ in c.g.s.e.s. units are 

fill = -6.45 X 10-« , 4 

«... -1.46X10- 

and the piezo-electric constants, according to the elasticity constants 
given on page 290 and formulas (10), become 


1 According to Sosman, the most probable values of the moduli at room tempera- 
ture are fin « -69 X 10"^ and fiu * 17 X 10“^ where the pressures are in dynes per 
square centimeter and the electric charge in e.s.o.g.s. units per square centimeter. 

& B, 6osman, ^‘The properties of Silica,” Am* Chem* Soc. mtmpgraph Chap. 

beginning with y. 566. This chapter is a very clear exposition of piezo 
eleotrieity in quarts)* 
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en 

€14 


-4.77 X 10^ 

1 73 X 10^ c.g.s.e.s. units) 


^nd 


ting the shears, we obtain 


Pz = - hlYy 


effect 

along 

nieso- 

electric 


effect 

along 

r-aitis 


( 18 ) 

(19) 

( 20 ) 


Hence only terms dealing with the thickness and transverse effects 
remain. 

For oscillator and resonator work a quartz element is often excited 
by an electric field 8* acting along the piezo-electric X-axis (Curie cut). 
The pressure components along the X- and 7-axes are then'lgiven by 


— X* — €ii 8*^ 
7y = €ll8*j 


( 21 ) 


and the corresponding deformation equations are 

Xx * ^xi8* (thickness effect) 
yy = — 5ii8x (transverse effect) 

Thus the absolute values of the tensions X* and Yy due to the electric 
field are equal, as are the numerical values of the dilations Xx, and yy. 

When a voltage V is applied to the metal coatings whose planes are 
perpendicular to the X- (electric-) axis, the field strength, according to 
Figs. 188 and 196, 




aud the total force produced on one coating of area h • c, when the 
coaiing on the opposite face of the piezo-electric quartz element is kept 
fixed, becomes 


F = X-6-c 


^ii8» * h ' c 


4,77 X 10" 


coated area 
thickness 


V 


(23) 


where F is in dynes and the space dimensions^ of the crystal in centi- 
meters, and the voltage in e.s.c.g,s. units. 

From the deformation Eq. (22), we find 

Xx »* 

a 


^ The piesc^ectne constmts « have the dimeBeion of andleotrestattc polaiiaation, 
the 9 the cl the ireciproeal of m cieetric intensity. 



THEORY OF ELECT ROST RIOT ION 


295 


and the t^tal elongation or contraction for the thickness a ^ ’'^ng one of 
the electric axes of quartz is 

a: = a • X* = 6.46 X 10~«F ^24) 

At this point it may be of interest to know how the static piezo-ele^. ^ 
effect compares with the dielectric effect. Suppose a plate of quartz 
the Curie cut has a thickness of 0.1 cm and an electrode face perpendicular 
to the X-axis of 2 X 2 cm^. From Eq. (23) we can calculate what force 
results from the application of a certain voltage, say 300 volts, if the 
crystal is tightly clamped between the electrodes and the polarization 
is such as to tend to cause an expansion. Bearing in mind that 300 volts 
are 300/300 e.s.u., for the piezo-electric force we obtain 

F = 4.77 X dynes 

or 1.905 kg, since 1 g = 981 dynes. However, there is also an electrostatic 
or dielectric force as for any plate condenser whose dielectric is no 
piezo electric. This force can be computed from 

which, for the foregoing case and for a dielectric constant k = 4.6 along 
the electric axis, gives a dielectric force 

F = 73.2 dynes 

The piezo-electric force is, therefore, about 25,000 times as great as the 
force due to the electrostatic effect. 

The total change in thickness can also be found by use of Eq. (24). 
It is only 6.46 X 10~® cm for 300 volts. 

By means of Eq. (20) it is possible to prove the empirical formulas 
[Eqs. (1) and (2)] of the Curie brothers. "^euiS* = 6 • c stands for the 
area of the crystal face perpendicular to the X-axis, and /Sy = a • c for 
the faces perpendicular to the F-axis, we obtain, for a total force F acting 
along X and across Sx 

F 

4 —P* = 6iiX* 

since there is no force appliejl along the F-axis. Hence the total charge 

Q » PvSm 

'which confirms Eq. (1). 

When the total force f acts along the F-^uds anjp, across face 
the term SuZ. cUsappears in Eq. (20) and 
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Pat = BllYy = 

by 

or 

Q = = fiui'P = Sn^F 

by a 

proving Eq. (2), since Sy now denotes the pressed area. It shows that 
the charge^ is larger ^ the longer the length h compared with thickness a. 

When a disk is cut out of a crystal in any arbitrary direction, and a 
pressure p is applied perpendicular to the circular face, and a, /?, and y 
denote the direction cosines of the cylinder axis of the disk, the com- 
ponents of piezo-electric polarization (electric moment per unit volume) 
of Eq. (16) become 

P* « [Bn(a^ - + Bi,Sy]p) 

Py = a[6i47 + 26iiiS]p / (26) 

P. « 0 ) 

because the elastic pressures along the coordinate axes are 

X, ~ pa^; Xy = pS^i Zg = py^ 

and the shear components become 

Y» = pSy; Zz = pay; Xy == pa0 

The piezo-electric moment P in any direction, with direction cosines ai, 
jSi, and 7 j, is then 

P = aiP* + PiPy (27) 

since yiPg is zero for quartz. When P is perpendicular to a surface, it 
represents the surface density of charge and gives a means for calculating 
the total charge. 

Equation (26) gives another way of checking Curie's empirical law 
since, for a pressure p « X* acting along the electrical axis, we have 
a « 1 and « 7 « 0, giving again P, = --5up « - 6 nX*. 

118. Notes on Dynamic Piezo Electricity. — The static theory as 
originally given by W. Vpigt can also be applied to vibrating quartz 
crystals as long as the temperature is not higher than 300^0, because the 
inezo activity is practically constant within the range of temperature* 

^ For the total charge produced, the capacity effect must be taken mto account 
{formulae (40) and (41)}. 

* PEkamB, A., and B. be Manbbot, Compt, rend , 175, 622-^24, corrections on 
p. 1006, 1022; Mem, eoc. Vandaieey eci, nai., 1, 1623; S. Nakb 4, and B, 

imilXTiu, Besearehes of the l^ectrotechnical Itaboratofy, /apm. No. 24S, April, 
im; F, It. Proe. 17, 1123-1141, 
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from 20 to 300®C. Above 300®C the piezo-electric moduli decrease 
considerably. At about 200®C a slight maximum in 5 is also noted. 

In dealing with quartz oscillators and resonators, the piezo-electric 
element constitutes an extremely complex vibration system with a great 
number of degrees of freedom which for the most part are combinations 
of certain fundamental types of vibrations. According to the static 
theory, crystal quartz requires six constants to express the relation 
between stress and strain, while fused quartz, which is fairly isotropic, 
involves only two constants. The particular constants for crystal quartz 
which apply to certain modes of vibration depend upon the orientation 
of the quartz plate with respect to the threefold optical and twofold 
electrical axes. 

We must distinguish among longitudinal, flexural (lateral, transverse, 
or bending), and torsional vibrations. Each of these has many higher 
modes. This subdivision is especially useful for the case of vibrating rods 
and long bars. 

Applying Voigt’s theory to vibrating systems, Laue^ found that there 
is a free potential energy per unit volume for the alternate effect between 
electric field and elastic tensions according to 

U = [SiiX* — Sii'Fy + 5i4Yg]8>sg — [^liZz + 25iiXy]8y (28) 

since for the corresponding deformations 

U == — [eiia:* — enVy + €i4t/j8» + [euZg + €iia:y]8v (29) 

where 8* and 8y are the components of the electric field, since 8, has zero 
effect, because it acts along the optical axis. For the displacement^ 
components w, v, and tt?, we have 

du dv dv , dw dw . du du . dv 

119. Design Fonnulas for Curie-cut Quartz Elements Producing 
Longitudinal Vibrations. — When a crystal is cut as in Fig. 188 and the 
exciting electrodes arranged parallel to faces b ■ c, two alternate effects are 
possible, according to the Curie-Lippman laws — one along the thickness 
a, and one along the dimension b. No electrical effects can be set up 
along the optical dimension c. Therefore vibrations can be produced 
at least along the X or along the Y dimension when an electric alternating 
field acts along the piezo-eledtric axis X. If the frequency of the applied 
alternating field is the same as that of a possible mode of vibration along 
either of these two dimensions, an oscillation of pronounced amplitude 
must occur. 

I von Uxm, M., Z. Pht)Hk, 34, 347, 1926. 

- * Oeaeially a portjoa of a body has dieplacements 4s, and Sz. But when admd 

diaplacenwnte esdst, the dieplaoemeot eomponente, u, v, and v r^lace te, and <e. 
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With the customary mounting (one electrode on each side along the 
entire b • c face) it may be assumed that a longitudinal thickness vibration 
occurs along a, and that for the fundamental mode a = X/2, where X 
denotes the wave length of the stationary wave isy stem set up in the quartz 
element because o^ resonance (natural vibration). Since the density of 
crystal quartz is known ( = 2.654 g/cc) and Young’s modulus of elasticity 
Ef according to Eq. (11), is equal^ to 770 X 10® g cm“^ sec”"^, we have for 
the velocity of propagation in crystal quartz anywhere in the ZF-plane 
or parallel to it 


V 


“ -v/i “ 


cm/sec 


Hence the supersonic sound waves are in the equatorial plane propagated 
with a velocity which is 16.3 times as great as in the air. Now, since 
X/ = and 2a = X, we find that the frequency 


/ = 


V 

2a 


2700 

a 


kc/sec 


(30) 


when the thickness a is expressed in millimeters. This corresponds to 
111.1 m electromagnetic wave length for each millimeter thickness, since 
= 3 X 10® m/sec. However, experiments^ show that for Curie 
plates of nearly any shape the thickness constant is somewhat smaller 
and close to a value 104.6 m/mm. This leads to the design formula 


h 


2870 

Q^(nun) 


kc/sec (Curie-cut thickness formula) 


(31) 


which holds for pressure variations Xx with the electric field along the 
X-axis. The small discrepancy between the theoretical and the design 
formula is probably due to the fact that, as the quartz plate contracts 
and expands along the thickness a, it also bulges in and out along the 
cross dimension b along the F-axis. Therefore it produces small shearing 
effects which ought to be taken into account in the theoretical formula 
(30). 

Another natural fundamental longitudinal vibration is due to Yy 
stress variations which likewise occur along the equatorial plane. We 
have again the velocity v = 540 X 10® cm/sec, in quartz, and find the 
design formula for the dimension b along the F-axis 

2700 

gcSSm) kc/sec (Curie-cut width formula) (32) 

In this case, the constant 2700 corresponding to 111.1 m wave length per 
millimeter width can be better satisfied with the theoretical formula, 

1 ^ee in tha physieal^unit system the unit of b, force 1 gcm/dee* * 1 dyne. 

LR.B., 10, 447, 1926, Tables I and II. 
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since any resonance vibration along the h dinaension is less affected by 
any corresponding thickness effects that may occur since the thickness, 
as a rule, is much smaller than the width. This formula is, therefore, 
especially useful when low-frequency 
crystals are to be designed. Today 
such crystals are employed for step- 
ping the frequency down to still lower 
values by means of relaxation oscil- 
lators, and up for frequency meter-^f* 
calibration work. The rectangular 
bar shown in Fig. 190 according to 
measurement gives 30 kc/sec. 
formula (32) gives 30.7 kc/sec. 

Experiment shows, however, still another pronounced fundamental 
oscillator^ frequency. It may be called the ^^coupling frequency.’’ For 
a square plate it is (6 =* c. Fig. 188) 



Fig. 190. — Piezo-electric quartz element. 


/s = 


3330 

jj(min) 


kc / sec (Curie-cut coupling frequency of square plate of side b) (33) 


This coupling frequency exists even for a nonsquare form, as long as one 
of the two dimensions b and c along the 7- and optical axes is not 
unreasonably small compared with the other. But when h and c are 
not equal, the constant 3330 in (33) is also different. For instance, for a 
Curie plate a = 7,1 mm, b ~ 42.08 mm, and c = 39.62 mm, the fre- 
quencies /i = 404, /2 = 66.05, and fz = 85.43 kc/sec were measured and 
values fia = 2870, fzb = 2780, and fzb = 3590 were obtained instead 
of 3330. 

There are more reliable design formulas for circular crystals. For a 
thickness a in millimeters along the electrical X-axis, and a diameter d 
in millimeters, anywhere in the XF-plane or parallel to it, they are 

f = 1 

/I * I 

2715 ( 

h ~ } kc/sec (Curie-cut disk formulas) (34) 

- 3830 \ 

^ Jimm) I 

^ Oscillator frequencies must be distinguished from resonator frequencies, since 
very many response frequencies can be observed when the crystal is connected up in a 
resonator circuit. For a Curie crystal in an oscillator circuit, we obtain normally 
three different frequencies (thickness frequency, width or Y frequency, and coupling 
frequency) for rectangular plates of the Curie cut. There are also time frequencies 
for circular Curie cuts. 
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These formulas have been applied to the design of disk crystals since 
1923 for nearly every useful size and seem to hold within about 1 per cent. 
These disk formulas can be theoretically explained. The thickness 
formula is the same as proved above. However, for the diameter 
expressions, it does^ot seem correct to assume that we have a vibration 
along the F-axis toother with a coupling frequency, wherever and 
whatever it may be, since the physical boundary is now a circle and, for 
the isotropic case, any wavelike disturbance traveling along a certain 
diameter would experience the same reflection at the boundary as along 
any other diameter. But, for the Curie cuts, the modulus of elasticity 
E and consequently the velocity of propagation depend on the direction 
of the diameter (Fig. 189). Therefore the equivalent boundary curve is 
no longer a circle but a curve which can be derived from the polar curve 
of Fig. 189 by extracting the square root of each radius vector E and 
multiplying it by a constant. The constant is the reciprocal of the 
square-root value of the density of the crystal quartz (2.654 g/cc). The 
velocity of propagation can be calculated from the diameter formulas 
since, according to (34), the frequency constants are 


== 2716) 

Xs = /ad = 3830/ 

and the respective velocities and moduli of elasticity are 


and 


f?2 = 2K2 = 

Vz = 22^3 


= 543) 

- 766/ 


X 10"^ cm/sec 


E» = 2.664V,* = 1560/ ^ S' 


(34o) 


sec"* 


The velocity ratio is vz/v^ = and the corresponding elasticity ratio 
Ez/E^ s* 2, a simple result which needs further investigation. 

A. Meissner,^ who has also experimented with circular crystals, gives 
Kundt's dust figure as shown in Fig. 191. When the lines along the 
optical Z-axis and places of maximum powder displacement are drawn, 
It will be noticed that at an angle (—48^) with the optical axis the longi- 
tudinal vibration of frequency fz occurs, and at an angle of +71® the 
longitudinal vibration of frequency takes place. Strictly speaking, 
maximum excitation occurs along these directions when either the /a or 
the /a vibrations set in, and the supersonic air waves blow away the dust 
along theee directions. From the elasticity curves of Fig. 189, we note 

' Misisiwaa, A., Z., aS, 621-62S, 1927; A. KunfUt, AM., X% 42!, 

1883. (l^oopodium is distributed uniformly over plate and around 
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that, for a Curie cut, these directions coincide with the values = 
E-ts = 1285 X 10* dynes/cm* and E^ »■ E+n = 648 X 10*dynes/cm*, 
which gives an elasticity ratio E-ig/E+n = 1.985, that is, almost 2. 
The slight difference is due, no doubt, to slide-rule errors in evaluating 
Eq. (12) ‘ (Table IX, page 292). Optical Axis 

When the principal elastic factors as 
given by W. Voigt* are used instead of 
the more recent values used above, the 
constants of the elasticity equation 
become A = 1273, B — 1669, C = 

970, and D = 846, and 


E—Ai/E+ii = 1310/660 = 

1310/ 660= 


1.985. 



Fia. 191. — Dust pattern of a circular 
quartz disk in the Curie cut. 


Again, a ratio value which is practi- 
cally 2 as found from the empirical 
disk formulas given in Eq. (34). 

120. Design Formulas for the 30- 
deg-cut Crystal. — A 30-deg crystal 
cut as indicated in Fig. 188 has its electrode faces a • c parallel to the XZ- 
plane, and the electric field is applied along the F-axis. As a rule, it 
seems to oscillate much more readily than a Curie-cut crystal. We can 
assume that vibrations are possible along the X-axis, that is, along the 
width a, and along the thickness b which is along the lines of electric 
force of the applied field. For thin plates of large area a • c, the approxi- 
mate design formula for the thickness vibration is 


1960 


kc/sec (30-deg.-cut thickness formula) 


(35) 


^ For computations, Eq. ( 12 ) is conveniently put in the form 

« 10 ! 

.A[l — cos* y]* H- B cos* 7[1 — cos* y] + C cos* y — /> cos 7 sin* 7 sin 3^ 

where sin 3^ — —1 for the Curie cut, since, according to Fig. 192, ^ denotes the tingle 
of the cut (perpendicular to the equatorial XF-plane) with the electric aids and is 
90 deg. The constants are according to the principal elastic factors given in Eq. (9) : 
A « 1298; B » 1701; C 990; and D * 862. For 7 » -48®; cos 7 » 0.6691; 
COB* 7 0.446; cos* 7 ** 0.2; 1 — cos* 7 «*» 0.554; (I p- cos* 7]* “ 0.306; sin 7 « 

10 * 

-0.7431; Bin* 7 -0.41 and E-*» - + 420 + 198 ~i @ “ dynes/om*. 

For +71 deg, we find cob 7 • 0.3266; oob* 7 - 0.106; cos* 7 ” 0.1062; 1 — cob* 7 “ 
0,804; (1 - OOB* 7}« - 0.8; Bin 7 - 0.9466; sin* 7 - 0.846; hence 

10 * 

■' I^r+leT+W+B? “ dywe/cm.* 

^ VoiCKr, W., Ann., 33, 464, 1887; F. Savabt, Ann., 13, 206, 1829. 
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where 6 is in millimeters, since an electromagnetic wave length of about 
153 m corresponds to each millimeter of thickness*^ It can be seen that 
30-deg-cut crystals give a lower frequency than Curie-cut crystals of the 
same thickness. Since the constant 1960 in Eq. (35) stands because of 

the relation 

for the velocity of propagation along 
the thickness dimension 6, we have 



V = 392 X 10* cm/sec 




192. — coa a » sin 7 cos ^ and 
cos jS ss sin 7 sin 


X(£/ec^/c) giving a modulus of elasticity £ = 392* 
X 10* X 2.654 = 408 X 10®d3mes/cm*. 
According to Fig. 189 and Table IX 
(page 292) this cannot be a longitudinal 
modulus, since it is altogether too 
small. The wave disturbance in the 
crystal must therefore follow a law 
which is more complex. Such a magnitude of the modulus is shown to be 
possible if we assume, as Cady* did, that a shear vibration occurs according 
to a shearing stress Xy in the XF-plane; then we should obtain 
V == 360 X 10* cm/sec instead of 392 X 10* cm/sec. However, this 
assumption requires that the shear modulus give rise to a positive tem- 
perature coefficient.* The thickness dimension of a 30-deg cut quite 
often gives two response frequencies which are almost alike (about 1 
kc/sec apart). 

The other possible oscillation is a longitudinal vibration along the 
X-axis and can be calculated from the ordinary formula 


2860 , , 

“(mm) kc/ sec (30-deg-cut width formula) 


(36) 


Temperature^ Coefficients of Curie-*cut and SOnleg-cut Quartz 
Biements* For the thickness and Y vibrations in a Curie-cut crystal 
and the width vibrations along the X-axis of a 30-deg crystal, the tem- 
perature coefficient of t|ie frequency is negative since it depends mainly 

^ When the plates are not very thin and of large area, the electromagnetic wave- 
length constant varies considerably with the dimension o. In some cases, ♦hift con- 
stant lies anywhere between 140 to 166 m/(mm dimension). 

‘ Cadt, W. G., P}m. Rev,, 20, 617, 1927. 

, *Lack, F. R., JProc. I,R,E,, 17, 1128, footnote 9, 1929. 

< FaBEiEKi A., and B. n» MANnnof, foe. etf.; 8. Naiiba and S. MATstmuBAt ioc. oil.; 
P, R. Lack, eU. 
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upon the temperature coefficient of Young's modulus in the equatorial 
YY-plane. The temperature effects on the density and the dimension 
play a minor part only. Figure 193 gives the variations ^ for the X and 
the Y direction. The average temperature coefficients are 

Ktg = —0.002 to —0.0036% (Along electric axis for Curie and 30-deg cut) ) 

Kty = —0.005 to —0.007% (Along F-axis for Curie cut) V (37) 

Kt = —0.004 to —0.007% (For coupling frequency of Curie cut) J 

That is, from 20 to 35 cycles in one million is the change in frequency for 
each degree centigrade for thickness vibrations of Curie-cut crystals and 
for vibrations along the X-axis for 
30-deg-cut plates. 

The temperature coefficient of the 
thickness frequency of a 30-deg-cut 
crystal is usually positive and varies 
with the dimension along the X-axis ^ 
of the plate, and in addition it is also | c 
dependent upon the temperature. 

It is 


15V 


10 


K,, = (+0.01) to (-0.002)% (Along 
thickness of 30-deg-cut crystal) (37a) 

which means that the thickness fre- 
quency varies from +100 cycles in a 
million per degree centigrade to —20 
cycles. Hence there must be a case 
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r 































5 










1^- 

> 




L 

1 


b § 

<r~y(K Quart z- 
i Piezo -elect n 





_J 

_ 

_ 

□ 

r 

-ow'g: 


200 400 

Ceniigroide 1 

193. — Curve A gives 


600 600 


Fig. 193. — Curve A gives Young’s 
modulus along the electric X-axis. {A. 
for which zero temperature coefficient PerHer and B. de Mandrot,) Curve 

exists. Moreover, for 30-deg-cut iS. Namba and 8. 

crystals, abrupt changes in oscillation 

frequency are observed at several points of temperature. Further, 
experiment shows that the temperature coefficient for plates cut in the 
same plane varies also with the size and shape of the plate. 

Since the thermal expansion coefficients^ of quartz are known with 
great accuracy and their mean values between 0 and 20°C. are, for a 
direction parallel with the optic axis, fc, = 7.3 X lO""® and, perpendicular 
to it, kxy 8= 13.5 X 10~®, we can find the temperature coefficient e of the 
modulus of elasticity E since the temperature coefficient K of the fre- 


^ Below 670®C, crystal quartz has a trigonal-trapezohedral symmetry and is 
known as a quartz, but above this temperature it turns into quartz which is of a 
hexagonal trapezohedral type and loses piezo-electric activity since the atomic 
arrangement is somewhat changed. 

* Kohlbaxtsch, P., “Lehrbuch der praktischen Physik,” 16th ed., 1930, p. 168; 
E. Giib&b and A. Scbsibb (Z. Hochfreq,, S6, 165, 1930} have discussed this subject for 
luminous-rod cesonators. 
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quency can be found experimentally. If a quartz rod is excited as in 
Fig. 198, it produces transverse (or flexural) vibrations. According to 
Eq. (58) on page 315, the fundamental frequency / is proportional to 
{cJb^)\/WjD if b denotes the long dimension along the F-axis and c is the 
dimension along t^e optic axis. The effect of the temperature t on the 
temperature coefl&cient Ki is measured for the flexural-rod oscillation 


/[I + K,t] = 


[1 + kj]c I [1 + et]E 
[1 + + k,)t]D 


from which 

Ki = 1.5fc, — ka,y + 0.5e 
or 

6 = 2Ki -h 2kxy — 3fc, 

For the fundamental mode of the longitudinal vibration along the b 
dimension and excited in the usual Curie fashion along the electrical 
X-axis, that is, along the a dimension, we ha\'e the frequency formula 
f = {l/2b)\^E/D, Calling K 2 the temperature coefficient of the fre- 
quency for this kind of oscillation, we find, by the same procedure as 
above, K 2 = 0.5(fc, + e); that is, 

e *= 2 X 2 — kg 


We can therefore compute the temperature coefficient e of the modulus 
of elasticity E either from the experimental value Ki obtained from the 
fundamental transverse vibration or from the experimental value K 2 
when the rod is excited in the fundamental longitudinal mode. The value 
of 6 is then very small and about — 10”®. By eliminating e from the two 
expressions obtained for it, we find 

JK.2 ~ kxy ““ kg 

which can be checked experimentally since K 2 and Ki may be found by 
measuring the respective fundamental frequencies at two different 
temperatures. 

122 . Air-gap and Pressure Effect on Frequency.^ — As will be shown 
in Sec. 124 giving the equivalent electric circuit of quartz, the frequency 
is also affected by a change in the air gaps between the main crystal faces 
and the electrodes. Figure 194 shows the effect of both the pressure cmd 
the air-gap effect. If a mechanical load such as a heavy metal electrode 
is put on the piezo-electric element, its frequency is increased. If the 
electrode is very gradually removed, the true crystal frequency is pro- 
duced for a moment (when the effect of the tube and the rest of the circuit 

1 PiSBCS, Q. W., Froc. Am. Acad. Arts. Sci.f 10, 271, 1925; see also Proc. /. F., 

16^ 1072, 1928. 



THEORY OF ELECTB08TRWTI0N 


305 


is neglected), while a very small air gap again gives a somewhat higher 
frequency. For the case shown in Fig. 194, two large disk crystals (Curie 
cut) were excited in the thickness vibration (frequency about 130 kc/sec) 
and the output branches coupled to a common coil with a rectifier in the 
circuit. The air gap of one crystal was varied. The ordinates give the 
beat frequency and the abscissas the air-gap distance in inches. It can 
be seen that, with the upper electrode just resting in the piezo-electric 
element, the beat frequency is about 118 cycles/sec. It then drops to a 
value of about 116 cycles/sec and ascends again as indicated until the 
oscillation suddenly stops, since the condition for one-half wave length of 



the supersonic sound wave exists, and from the X/2 as well as the X 
condition, etc., the sound velocity in the gap is found to be 

V = 0.258064 X 131,240 = 338.68 m/sec, 

at 24.5®C, that is, about of the order of audible sound waves in air. 
If I denotes the length of the gap, v the velocity of supersonic sound 
waves in centimeters per second, / the frequency in cycles per second, 
and p = 1, 2, 3 • • • , the air column between the upper face of the 
quartz and the upper electrode will be set into resonance and oscillations 
will stop when 

I - I (38) 

When stable oscillations are desired, air gaps of about this length should 
be avoided. 

123. Total Values of Polarization, Displacement Current, and 
Charge for Mounted Quartz Elements. — Suppose a Curie cut of thickness 
a, with one electrode face of the plate fixed and the other free to move 
when an alternating field due to a voltage V is applied along the a direc- 
tion (X direction). The total polarization is then 
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P = Pi + F* 
kV 2fX 

4ira o 

due to due to 
condenser piezo- 
action electric 
action 


( 39 ) 


where k = 4.55 denotes the dielectric constant of crystal quartz along the 
X direction, x the amplitude of the movable surface, and e = —4.77 X 10^ 
the piezo-electric constant along a. The first term is well known, and 
the second term is due to Eq. (15), since Pz = P* and only the term euXx 
is of interest here. We have 2x = aXx in Pz = because the actual 
maximum elongation or contraction of the thickness of the plate is 2x. 

The total displacement current of a condenser with a piezo-electric 
dielectriCf is 


cidP ^ KSdV 2eS dx 
^ dt 4ira dt a dt 


(39a) 


proportional 
to change 
in voltage 


proportional 
to velocity 


where S denotes the area 6 • c of the main crystal (Fig. 188) faces which 
are assumed to be the same size as the electrodes. 

If V and the charge Q are expressed in the e.s.c.g.s. system, the force 
F in dynes (Eq, 23), and the dimensions of the quartz plate in centimeters, 
we have, for the extension Aa of the a dimension and the charge Q 
liberated at either electrode, when a variable force F acts across faces 


S = b • c. 




for force F - X^S 
across face S = b • 
(thickness effect) 


dielectric piezo-electric 
effect contribution 


(40) 


where E = 770 X 10* dynes/cm* the modulus of elasticity, and 
i “ —6.46 X 10~® e.s.c.g.s. the piezo-electric modulus along the thick- 
ness a. When the force F is applied along the Y dimension, the signs 
are reversed [Eq. (22)], and we obtain for the extension or contraction 
Ah of the 6 dimension and the charge 


Ah = ^ ..f. ^3 . y I force F Yy- Si acts 
8iE " a" ' across face « o • c, | 
^ fcS y. condenser area S » 6 • c| 

^ ** iSra^ (^™“sverse effect) 


(41) 


When no mechanical forces F are directly applied either along the 
X- or along the F-axis but a voltage V acts along the X direction, alter- 
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nate elongations and contractions will be produced along the a dimension 
and corresponding alternate contractions and elongations along the h 
dimension. These can be observed when the frequency of the exciting 
field is equal to the frequency of a pronounced natural vibration of the 
crystal plate. 

124. Theory of the Vibrating Quartz Rod and Its Equivalent Electric 
Circuit. — The theoretical investigation is easiest when long quartz rods 
are under consideration. For instance, this is the case when a rod is 


J^ZiOpHc) 






Co 

Fia. 195. — Vibrating piezo-electric rod. 

electrically excited along a comparatively short X dimension (lines of 
applied force along X dimension), but the fundamental vibration^ exists 
along a comparatively long Y dimension (Fig. 195). 

According to Lamb,^ the general equation of motion is 


du^ 


+ B 


d^udt 


when f denotes the displacement at instant f of a point on the rod whose 
undisturbed coordinate is u. Then, for negligible damping (small 
viscosity 5), 

A as ^ » [540 X 10® cm/soc]® 


' Cady, W. G., Phys. Rev.f 19, 1, 1922 (also equivalent electrical constants pre- 
sented at the U,R.S.L, 1926, unpublished); M. vokt Laub, Z, Physikf 34, 347, 1926; 
Y. Watanaba, LE.E, (Japan) y No. 466, 606, 1927; E.N.T,y 6, 46, 1928; D. W. Dyb, 
Proc. Phys. Soc. London, 88, 399, 1926 (a detailed description of the quartz resonator 
and its equivalent circuit, using the method of S. Butterworth, Proc, Phya. Soc. London, 
87, 410, 1916, to obtain the equivalent constants); K. S, Vab Dykb, Proc. I.R.E., 18, 
742, 1928 (follows up Cady's work, also derivation for equivalent network, and gives 
formulas for both thickness and Y vibrations of a Curie cut). 

* lamb’s '^Dynamic Theory of Sound,” 1910. 
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Since the condition of resonance, or at least close to resonance (when 
taking resonance curves), is of interest for practical work, according to 
Cady the rod can be imagined as a body of equivalent mass 


that is, half the magnitude of the actual mass, possessing 1 deg of freedom. 
The quantity D is again the density (= 2.654 g/cc). The equation of 
motion of a displacement^ y at any time t for a sinusoidal voltage V 
applied to the electrodes of the quartz rod is 


where 


d^y , Jy 


72/ 


^ F ^ F() cos o)t = kV 


involves involves involves elastic 
moment damping forces due to 
of inertia deformation y 


driving force due 
to voltage V 


_ tt^ocDB 


and 


7 = ao)o^ 


(42) 


are the mechanical resistance and stiffness of the quartz rod. Hence, 
a, /S, and y correspond to inductance, resistance, and the reciprocal of 
capacitance in an electric circuit. Since, for the fundamental longitudinal 
mode of vibration along dimension 6, 


we have 



where E denotes Young's modulus of elasticity along the F-axis {Ey = 
770 X 10® dynes/cm®). 

The displacing force F is proportional to the applied voltage V ; that 
is, 

= fcF 


The power supplied by V to maintain the rod in a state of vibration is 
W * F(dy/dt), Introducing now the symbolic notation dy/dt ^ ny ^ 
d^y/dt^ =* n^y since sustained sinusoidal vibrations are of interest 
only, we obtain from (42) 

[an® + /5n + 7 ] 2 / * F ) 

TF =« F/ « Fny) ^ 

^ ActUfd contraction or elongation of entire rod is at any instant eqnid to 


( 43 ) 
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The equivalent impedance' Z, =» V/I is obtained from (43) through 
elimination of y and writing kV for F. We have then the equivalent 
impedance 


Ze 


na + ^ + I 


I r « 



(44) 


Comparing this result with 

Ze = R+ j^L - ^ j 

for a series combination of resistance, inductance, and capacitance 
(Fig. 195), we obtain 


L = p = 1.3 X 10^^^-^ henries 

ft = ^ = 1.3 X ohms 

C = — = 22 X lO-"— M/uf 
y a 


for a rod vibrating longitud-, 
iiially along the Y dimension! 
but excited by an electric fieldj 
along the X-axis 


(45) 


since Jfc = 2€C = 9.54 X lO^c and, according to Eq. (21), the actual stress 
Yy = €u 8* = cF/a, which acts throughout the entire length of the rod. 
According to the law of superposition, this stress is equal to two forces 
F/2 = acYy acting on both sides in opposite directions; that is, 


F = 2acrv = 2ce7 « kV 

where V and Yy denote instantaneous values of the applied e.m.f. and 
stress. The dimensions a, 6, c of the rod in Eq. (45) are measured in 
centimeters. The derivation for the final equivalent-inductance expres- 
sion is, for instance, based upon the evaluation of 

, _ a • 6 c • 2.664 9 X 10“ 

2 9.542 X 10»c2 


^ The mechanical impedance Zm can be derived from the first equation of (43) 
by realizing that the velocity of vibration dy/dt * ny corresponds to the current, and 
the force F to the applied e.m.f. in an electric circuit since, for n » jw and with the 
transient terms neglected, 

[an* 4 " -b y]y — F ^ F 06^ 
and 

z- - ^ + i[««» - 

where e stands for the base of the system of natural logarithms in this case. 
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henries where 9 X 10^^ is the conversion factor for changing from 
the e.s.c.g.s. system to the henry units. The final resistance value 
of Eq. (45) is obtained by assuming, in the expression for jS = x* X 
2.654(ac/2i))J5, the apparent viscosity B about equal to 100, since the 
effects of air friction and the friction of the quartz rod against the mount- 
ing must be taken into account. In the International Critical Tables,^ 
W. G. Cady gives for €n the value —5.1 X 10^ e.s.c.g.s. and k would 
be 10.2 X lO^c, making L = 1.147 X W{ah/c) henries. FromEqs. (39) 
and (39a), it can be seen that the current has one component which is 
due to the dielectric effect of the electrode condenser with the quartz as 
a dielectric. This means that the crystal holder capacity Co is in parallel 
(Fig. 195) with the equivalent series combination of L, R, and C and its 
value for the dielectric constant k = 4.55 can be calculated from the 
ordinary formula 


Co 


fc'cl0~5 
“ aSfor 


/if = 0.4—— /i/if 
a 


(46) 


since the actual coating in the case of a rod resonator generally extends 
only along the length 6'. Strictly speaking, this condenser has an appar- 
ent dielectric constant which is slightly greater than the dielectric 
constant if the quartz rod were not piezo electric. The capacity is 
increased by about 1 per cent thereby. 

For a quartz rod of dimensions a = 0.2 cm, h = 5.4 cm, and c = 
0.8 cm, according to Eq. (32) for the fundament Y vibration, we find a 
frequency /2 = 2700/54 = 50 kc/sec and, according to (45), the equiva- 
lent electrical constants 

L = 1.3 X 10^ = 175.5 henries 

2? = 1.3 X 10^ . = 6000 ohms 

5.4 X 0.8 

C = 22 X 10-^ — = 0.0475 /rf 

Assuming the electrodes along the entire b • c faces, we have the capacity 
Co » ^ » 8.65MMf . Therefore, the vibrations have a very 

small decrement. Moreover we found 
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which, upon integration, gives for the displacement 

Fq sin wt 

and is 90 deg out of phase with the velocity. 

The maximum amplitude at any frequency / = w/2t is 


1 

r 

"^/3* + 

aw 

wj 


(47) 


and at resonance awo = 7/«o; that is. 


, _ 1 _ 1 [E _ 2700 , , 

2ir\a 2b \D 


(48) 


and the resonance amplitude 


But 


Vr = 


Zl 


Fo = 2c«Fo = 9.54 X lO^cFo 


(49) 


and for any maximum mechanical displacement of the rod in terms of its 
resonance amplitude j/,, according to Fig. 196, we obtain for any fre- 
quency the expression 


Fo 

= J/r cos ^ COS ^ 


9.54 X lO ^cFo 
wo/3 


■ COS ^ 


(50) 


where, according to Eq. (48), 


Wo 


54 X lOSr 
b 


(51) 


when b is expressed in centimeters, and the resonance frequency fo in 
cycles per second. Therefore, the amplitude of vibration at any fre- 
quency /, by making the substitutions /3 = ir^acDBI2i>; B = 100, is 

b* 

yo = 43 X 10~‘ — Fo cos tp 

Of 


Bearing in mind that 1 e.s.c.g.s. unit of Fo is equal to 300 volts, the 
amplitude of vibration at any forced frequency / becomes 
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where all dimensions are in centimeters, and the maximum voltage Fo in 
volts. With respect to the expression for cos <p (see Fig. 196) all dimen- 
sions are in c.g.s.u. Hence, when a quarta rod of dimensions a = 0.2 cm, 
b = 5.4 cm, and c = 0.8 cm vibrates in its fundamental longitudinal 
mode along the b dimension, we have for a maximum voltage 7© = 300 
volts across the electrodes for the resonance amplitude yo =* Vr of vibra- 
tion: yr ~ 14.33 X 10~®(5.4V0.2)300 = 0.00626 cm since at resonance 
cos ^ = 1. When comparing this with the static elongation or contrac- 



Fig. 196. — Vector diagram of vibrating rod 


tion y along the b dimension (for / «= 0 cycles/sec), we find, according to 
Eq. (22), for the static elongation or contraction per unit length 

Vv = -6.45 X 10-*^ 
a 

and for the total static change of dimension h 

y = yy-b = -6.45 X 10-"- Fo (53) 

a 

where 7o is expressed in e.s.c.g.s. units. The minus sign indicates that a 
total compression x along the thickness dimension corresponds to an 
elongation y along the Y dimension. Hence, for a steady voltage 
7o « 300 volts = le.s.u.,2/ = -6.46(5.4/0.2)10“"® is only 174 X lO^^cm. 
The djmamic amplitude yr is therefore yr/y =* 3600 times greater than 
the static dilation (depending upon the polarity of 7o). Of course, 
this large ratio is due to the resonance eflfect and shows that, for oscillat- 
ing crystals, the amplitude of mechanical vibration is appreciable and 
that the static-dimension change is negligible. 

Comparing the results of (52) and (68), we note that the amplitude 
yo of vibration is proportional to the square of the length of the rod and 
inversely proportional to the thickness^ while for the static effect the 
latter relation holds also, but the dilation increases only linearly with 
the dimension 6, which shows again that, for long rods aloI^( the y 
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dimensions, the resonance amplitude becomes very pronounced. The 
ratio of dynamic amplitude to static dimension change at any frequency is 


I'S 

y 


6665 cos 4 ? 


(64) 


which, for resonance, that is, for the fundamental longitudinal Y vibra- 
tion, is 

^ = 6666 (56) 

y 


where b is in centimeters and it is assumed that the static voltage 7o is 
adjusted to the value of maximum alternating voltage across the elec- 
trodes of the oscillating crystal. 

The damping factor d of the mechanical 'Nibration, according to Eq. 
(45), is 


= = A = 

2L 2a 


( 66 ) 


Hence the logarithmic decrement A per cycle for the fundamental vibra- 
tion along the h dimension is 


^ d 0.00202 
fo b^^^ 


(57) 


that is, very small, and becomes smaller the longer the rod. 

126. Longitudinal, Transverse, and Torsional Quartz Oscillations. — 
These three divisions of characteristic t 3 q>es of oscillations^ are suitable 
when dealing with quartz rods although for disks and plates the oscillations 
are more complex. The vibrations described so far are longitudinal; 
that is, the direction of vibration is along the direction of propagation. 
Figure 197 shows the stress, velocity, and charge distributions when 
the indicated quartz rod is excited by means of electrodes which apply the 
alternating field across the electric X-axis. It can be seen that the 
fundamental mode can be excited by electrodes along the b c faces or 
smaller faces 6'c as indicated in Fig. 195. The second harmonic cannot 
be excited by electrodes covering the entire b c face but by electrodes as 


^Gibbb, E., and A. Schbibb, Z, Physikf 88, 336, 1925; E.N.T.^ 6, 66, 1928; 
Z, Physihy Jai^. 26, 1928 (describes longitudinal, transverse, and torsional vibrations, 
when the quartz acts as a resonator); J. R. Hakbisok, Proc, I.R.E.y 18, 104D, 1927 
(describes method of flexural— transverse — oscillations in the length-breadth plane, 
thickness along electric axis, quartz acts as oscillator); S. Namba and S. Matsxjmxtba, 
he, cU, (describes the Giebe-Scheibe experiments and applies their luminous method 
as well as Kundt’s dust method to quartz plates and disks, quartz oscillator, and 
resonator for longitudinal and transverse oscillations); Bur. SimdardB Research Paper 
156, 1980 (torsional, transverse, and loxigitudinal vibrations in cylinders cut along the 
optical axis, quartz acta as oscillator). 
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indicated in Fig. 197. When second-mode vibrations are excited in 
rectangular plates and circular disks, the frequency of the second mode 
for the former is about twice that of the fundamental mode, while for the 
latter it is smaller than 2/. 



Transverse vibrations can be excited with the circuit indicated in 
Fig. 198. The transverse Yy stress is employed and the fundamental 
frequency is much lower than for longitudinal or for torsional modes. 
Theoretically the frequency for ah e dimensions along the X~, Y-, and 
Z-sam is in o.g.B. units 
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^2 C 

47rV3 


(58) 


where ^ == [p + 3^]^r and p denotes the order of the harmonic. This 
leads, for the fundamental transverse mode, to the theoretical frequency 
formula 


/ = 551^ kc/sec (theoretical formula for flexural vibrations) 


(59) 


when the dimensions h and c are in centimeters. Measurements show 
that the theoretical low-frequency value is only approximated when the 
ratio of length h to width c is large. 



Fia. 199. — Transverse oscillation for 30-deg-cut rod. 


When 30-deg-cut crystals are used, the rod can be excited in a trans- 
verse (flexural) mode along the Z-axis by a stray field which is along the 
electric X-axis as indicated in Fig. 199. With mountings of this and 
similar types, Giebe and Scheibe^ have produced their glow-discharge 
patterns. In Fig. 200, torsional oscillations are produced by means of 
Curie- and 30-deg-cut bars of rectangular cross section. 

It has been found that longitudinal, transverse (flexural), and 
torsional oscillations can also be produced when quartz cylinders are 
cut along the optical (Z-) axis. The electrodes may then be mounted 
as in Fig. 201a where a surrounding metal ring acts as one electrode, and 
the two metal end faces may be used either singly or in parallel as the 
other electrode. The mounting indicated in h uses electrodes around the 
cylinder, and mounting c uses six such electrodes. The latter mounting 
suggests itself from the piezo-electric structure of the cylinder. When 
the axis of the cylinder is long compared with the diameter of the cross 
section, we can again distinguish between longitudinal, torsional, and 
transverse oscillations involving the velocities of propagation vi, and 
Vzt respectively. The first two of these are due to the linear modulus of 
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Elasticity Ei and a torsional modulus Ea, which must be dealt with in 
case of longitudinal and torsional cylinder vibrations, respectively. The 



Fia. 200. — Excitation of torsional oscillations. 




j ZiOpfical) 



Fio. 201. — Eleotrodea for exciting oscillations in quarts ejrlinders cut along the optical axis. 

third velocity is due to what we may consider as a oorrespondhig Ex^ 
effective in the case of transverse vil^tions. If D again denotes the 
density (* 2.654 g/cc) of the cylinder, we have 




THEORY OF ELECT ROST RICT ION 


317 


vi^ « 

V2^ = (60) 

= EzD-^) 


A simple relation is found to exist between Ei and Ez so that we may con- 
,veniently write for the corresponding frequencies of vibration 




2cN D 




(61) 


where p stands for the order of the mode (p » 1 lor the fundamental), d 
and c denote the diameter and height of the cylinder, respectively. 

The values of \l/p for the fundamental and some of its higher modes are 
rPi = 4.71; ^2 = 7.85; = 11.0; ^4 = 14.1; ^6 « 17.3 

From this it can be seen that, even for long cylinders, the transverse 
modes of oscillations are still affected by the size of the cross section, 
that is, by the diameter. The formulas for torsional and transverse 
vibrations are conveniently expressed in terms of longitudinal vibrations. 
Thus we find 


fton — 


/long 


V2[l + m] 


(62) 


where m may have values between 0.2 and 0.5 depending upon the values 
of El and Et. For the transverse frequency, we obtain 


, _Tl2p + l]*d, 


from which, for the fundamental mode (p = 1), 


(63) 



(64) 


Of course, these formulas will give reasonable values only when the 
proper modulus of elasticity is used. Fortunately, earlier experimenters^ 
in the field have determined the longitudinal modulus Ei as well as the 
torsional modulus Et along the optic axis. They are 

El ■= 1030.4 X 10* dynes/cm®\ 

Et~ 608.5 X 10» dynes/om*/ 


^ Voigt, Bieeke, Pookela, and othetB. 
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aad give the corresponding velocities of propagation 


l\ = 4 ; 38 } ^ 


( 66 ) 


For the longitudinal ftnd torsional modes of vibration of a cylinder of 
crystal quartz cut along the optical axis, therefore, we have 


Jlon* —I 


^ 219p 

Jton — • 


kc/sec 


(67) 


where the height c of the cylinder is expressed in centimeters, and p 
stands for 1, 2, 3, 4, etc., according to the order of the mode. For the 
transverse modes, the expression in (61) together with the value of 
in (66) gives 

/.»- = 24.8?^ kc/sec (68) 


where both the length c and the diameter d of the cylinder are expressed 
in centimeters. For the fundamental mode = 4.71) 

fumxm = 550-^ kc/sec (69) 

c 


Formula (68) must be considered as an approximation because of the 
lateral effect,^ 

126. Surface and Space Charges. — Glow-discharge pictures of Giebe 
and Scheibe^ and others on resonating and oscillating crystals show that 
we have resultant charge effects which give definite charge functions 
along rods and cylinders. Giebe and Scheibe^ have interpreted their 
patterns by means of Voigt's C'Lehrbuch der Kristalloptik") theory of 
surface and equivalent space charges. The space charges are only 
.i^quivalent since in each quartz element there are as many positive as 
negative charges. 

With reference to surface charges, the surface distribution can be 
calculated when the function of the surface density of charge along a rod 
or cylinder is known. This can be done by means of the piezo-electric 
polarization P since, according to its de^ition, it gives the surface 
charge per unit area directly when standing normal to the unit area. 

*E. P., Tawil, Comptes Rendus dea sktnoea de VAectdSmia dea Seiencea, April, 
i9SSf p. 1306, confirmed these formulas experimentally. 
cii. 
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Hence, if r denotes the angle which the direction of polarization P,* makes 
with the normal to any unit surface, 

Gi = Pt cos r (70) 


is the surface density of charge. 

The volume or space-charge density inside the quartz can be computed 
likewise from the polarization and is given by the relation 


P 


dx dy dz _ 


(71) 


The formation of equivalent space charges for the 30-deg-cut rod indi- 
cated in Fig. 202 can be explained as follows: The dotted line denotes the 



Fig. 202. — Formation of equivalent space charge p for a 30-deg-cut rod. 


distribution of deformation along the a dimension, the driving electrodes 
being along faces a • c. Suppose the rod is cut into infinitely thin slices 
as indicated, and at first each slice is imagined to be separate but acted 
upon by the deformation which exists for it when part of the rod. Each 
side face (6 • c) of the slice taken out of the rod will have unequal charges 
because the deformation changes along its thickness except for the slice 
cut out at the center of the rod. 

The excess of charges between that on the left side of the slice and 
that on the right side becomes greater as the rapidity of the change of 
deformation along the thickness of the slice is increased. Hence the 
excess increases from a zero value for slices at the center of the rod to a 
maximum value for the slices at each end of it, since one face of each end 
slice is subject to no deformation at all. When the infinitely thin slices 
are, as in reality, all touching each other, the excess of the surface charges 
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of the touching faces form space charges within the quartz rod which must 
vary according to a sine law, if the deformation is as indicated. There- 
fore, when the strain Xx along the Z-axis is nonuniform, for instance, as 
in Fig. 203, the space charge varies according to Eq. (4). The case of 




sinusoidal-pressure distribution is of importance only for oscillating 

crystals since, for the various natural 
modes of vibrations, the voltage 
across the driving electrodes is 
sinusoidal. 

Suppose we have the case of a 
Curie-cut rod as indicated in Fig. 188. 
The electrodes are perpendicular to 
the electric X-axis. The resultant 
polarization P then takes place along 
the X-axis, which means that the 
components Py and Pg in Eq. (16) are 
both zero and the shears do not play a part in this method of excitation. 

When the rod is set in longitudinal vibrations along the Y dimension, 
Eq. (16) for a static polarization gives 



Fig. 203 


dx 

Strain and corresponding 
space-charge distributions. 


BnYy = -6.45 X 10-^Yy 


(72) 


Since for this case r = 0 in Eq. (70), we obtain on the respective elec- 
trodes the static surface densities 


cr, = q:6.45 X 10-« Yy (73) 

The stress Yy is constant over the cross section a • c but varies according 
to a cosine law for all odd modes of possible longitudinal Y vibrations; 
that is, 

Yy = Fo cos ^ (74) 

Here, p * 1 for the fundamental mode, p = 3, 5, etc., for the third, fifth, 
etc., mode. For even modes 


Yy = F„ Sin (76) 

for p * 2; 4, 6, etc. For both surfaces ± a/2, a distance a apart, we have, 
according to Eqs. (73) and (74) at any instant opposite and equal surface 
charges which are 


ffx = T6.45 X 10-* Fo cos ^ 
and, according to (71), the space-charge density 



(76) 

(77) 
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i^ce the stress Fy in Eq. (72) is constant^ over the entire cross section oc. 
The glow discharge in this case is due to the true surface charges only. 
For the fundamental mode p = 1, and for the end faces y = ±6/2 
which are a distance 6 apart, the surface density becomes zero, while at 
the middle of the rod (y = 0) the surface density becomes a maximum 
(« T 6.46 X lO^^Fo) and the rod shows a glow discharge at the center 
of it. * 

For the 30-deg-cut rod indicated in Fig. 202, 

Pz = = 6.45 X 10-8Zx = ±<r* (78) 

for longitudinal effects along the X-axis, where the stress is 

X, - Xo cos ^ (79) 

CL 

Combining these two equations, we note that because of the relation 
<r. = 6.45 X 10-«Xo cos ^ (80) 

CL 

no surface charges can exist on the end faces {x = ±a/2) of the rod, 
although such charges would be produced by a static polarization 
X* ~ Xo. However, it must be realized that, with the 30-deg cut, the 
equivalent space-charge effect does not vanish but is 

p = = 6.45 X 10-*Xo^ sin ^ (81) 

5a; a a 

For the fundamental mode p = 1, and at the ends x — ±o/2, we have 
the maximum effects p = ±6.45 X 10~®(ir/o)Xo which produce glow 
discharges. 

When torsional oscillations^ about the optical axis (Fig. 201) are to 
be theoretically confirmed, we use the expression 

U = [5ii(X* Yy) + SmFJSz — [SuZa + 25iiXy]Sy (82) 

for the free potential energy per unit volume. This expression can be 
obtained by utilizing the relation of the thermodynamic potential 
(page 293) in Eq. (16). It is the energy relation given by Laue [Eq. 
(28)1. 

When torsional vibrations take place, they must be due to tangential 
forces which, according to Eq. (82), are given by the tension* components 
Y, and Za for cylinders along the optical axis. Only the smaller* modulus 

* Slioes must be parallel to ae faces. 

* Footnote 1, p. 313. 

* Capital letters give diiection of tensions sad suffixes the planes. 

* tu -1.45 X 10~* while the usual modulus in - ~6.45 X KT*. 
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614 is now effective and this may be the reason why this kind of oscillations 
was only recently discovered. It takes special circuits (regenerative 
amplifiers on the verge of self-oscillations) to produce torsional oscilla- 
tions about the optical axis. According to Eq. (16), only polarizations 
Px and Py can exist and arc, for this particular case, 


Px SuYx = 1.45 X 10-*rj 

Py = SuZx = -1.45 X 10-«Z,/ 

(83) 

where the proportionality 


Y. = -te) 

Zx = ky j 

(83a) 

for static torsion exists. According to Voigt, 


r. = and Zx = 

(84) 


where Q is a function of x and //, and 0 = 0 is the equation of the bound- 
ary curve of the cross section of the cylinder — a circle in this case. 

Because of the harmonic variation along tht‘ Z-axis, Eqs. (83a) for 
oscillations become 


Yg = — fca: cos 

c 

Zx == ky cos 


(85) 


where p denotes the order of the mode, and for cosine distributions p = 1, 

3, 6, 7 • • • , while for sine distributions sin pirz/c has the values p = 2, 

4, 6, 8 • , etc. The end surfaces of the cylinder (Fig. 201) have the 
position z = ±(c/2). According to Eqs. (83) and (85), we have the 
polarizations 


Px = 8umx\ 
Py = dumy) 


( 86 ) 


for m ^ k cos pwzfc, 

/ By means of these relations we can find the surface charges around 
the cylinder (end effects neglected) and the space charge inside the quartz 
cylinder and can learn whether an exterior field is possible. Only for 
such a condition can external electrodes produce oscillations. When 
(TdJ stands for the surface density, we have 


(Ta == Px cos a -f Py sin Of 

Since the cylinder cross section is a circle of radius d/2, 




d 

^ cos a 


and 


y 


d . 

2 sm df 


( 87 ) 
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and, according to (86) and (87), the surface density is 

= ~5u = -725 X IQ-^wd (88) 

The space-charge density p, according to Eq. (71), is 



= -2mSu = 2900 X 10-i'm (89) 


Therefore, for each cross section z, around the circumference we have the 
surface charge 

2 = = -725 X lO-’^irTOd^ (90) 

and the space charge Q for the same cylinder section is 

trd^ 

Q = ^[- 2mhu\ = 725 X lO'^wd^ (91) 


Hence, in dealing with static torsions, the distribution function is unity 
and m = 1 for which case 


Q = -S (92) 

proving Voigt’s results that there can be no charges present for static 
twists. However, this is not true for dynamic torsions (oscillations) since 
the distribution function along the cylinder gives rise to places where the 
surface charge does not neutralize the space charge and lines of force can 
either enter the cylindrical envelope or leave it. An external field can 
therefore produce oscillations and vice versa, and the experimental 
results of torsional oscillations with quartz cylinders cut along the optical 
axis are justified. 



CHAPTER IX 


ELECTROMAGNETIC THEORY 

The following derivations are based on laws by Gauss, Ampere, and 
Faraday, including Maxwell’s conception of displacement current, and 
lead to the electromagnetic-field equations which play an important part 
in field-intensity measurements and propagation of waves in space. 
They have also a bearing on the dynamic theory of piezo electricity. 

127. Gauss’ Theorem. — According to Gauss, the total normal electric 
induction over a closed surface is equal to 4ir times the total charge within 



Fig. 204. — Parallelepiped filled with matter of volume density p. 

it. Generalized, it states: If a mass of attracting matter is placed at any 
point and if we describe around it any closed surface S, and at each point 
of that surface resolve the force normally to the surface and take the 
product of this normal force F and the surface element dS, we find the 
surface integral FdS equal to 4ir times the total quantity of attracting 
matter within the surface irrespective of its distribution. 

ACBD of Fig. 204 denotes a small parallelepiped filled with matter of volume 
density p. The total matter of the parallelepiped is therefore pdx • dy • ds. In our 
case we deal with either electric or magnetic forces. 

If at A an electric force 6 acts with the components e», Cy, and 8„ the normal 
component over face AC is and that over face BD is S» + (d8«/da;)dir. The 
nmmal electric induction over face AC is therefore xSsdy ds and that over fac^ BB is 
+ iQ^/Bx)dx\d/y * if k stands for the dielectric constant. The difference 
between these two is the oon<r»5tdu»n of the two faces AC and BD to the total normal 
induction over the whole surface. It is 
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k | 1 ^ 8 * + ‘ dz -- &3. • dy ‘ dz]^ « * dy • dz 

Treating the other two pairs of faces in the same way, we obtain the contributions 
K{d&y/dy)dxdydz and K(dSzldz)dxdydz. Since p denotes the electric volume density 
and pdxdydz the enclosed charge within the parallelepiped, we have from the Gauss 
theorem, 

^ = 4^{i>dxdydz) 

or 

d&x I d 8y , ^8g 4irp x 

■to +1^ +1^ = — 

In a similar manner, the expression 

dH X I dHff , dHz Atcp fcy\ 

"to ■‘■"aV =“ 

for the resultant magnetic intensity H and permeability p is found. The quantity 
p has reference to the magnetic density. The operator d/dx + d/dy + d/dz is called 
the “divergence** (div) of the vector and (1) can he written 


div6=i^? 

K 


(la) 


and stands for the quantity of S which originates or diverges from a unit volume of 
space. If the potential function V is used,^ the corresponding equation, known as 
Poisson*s equation 


V»F * 


Atrp 

K 


( 3 ) 


where 


V* 


a* 

dx^ dy* 


is obtained.* By means of it the volume density can be calculated at any point m 
the field if the potential V is known at that point. For v*r = 0 there can bo no 
attracting matter or electricity and we have Laplace*s equation. 


" to ’ “ dy’ - IF 

* For cylindrical coordinaies in the x, y plane, together with the unmodified s 
coordinate (aJ — r cos a; y =« r sin or), the Poisson equation reads 


V*7 


'rdr\ dr) “^r*aa» ” k 


while for apherical polar coordinaieds where r is the radius vector from the origm, jS 
the azimuth (longitude), that is, the angle between the meridian plane and the x, z 
{^ane, a the zenith angle, that is, the angle between r and the Z-axis, we have 
X r sin « COB y * r sin a sin /9; « r oos a; and 






d 


f^sm adcx 


. .L .g 

iV ft*/ ^ 
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128. Application of Poisson’s Equation. — By means of Eq. (3), 
Langmuir derived the well-known space-charge law for electron tubes 
with pure electron emission under the assumption that the initial velocity 
of the electrons given off at the hot cathode is negligible. The solution 
is simpler when botl^the cathode and the anode arc two infinite parallel 
plates as shown in Fig. 205. For a cold cathode, no electrons are emitted 

and the potential Vi between the two 
electrodes varies linearly.^ But when the 
cathode is slightly hot, an emission current 
passes toward the anode and produces the 
parabolic potential distribution F 2 . The 
electrons then move with a velocity depend- 
ing upon the potential drop through which 
they have passed. If the current density is 
7* and if it is assumed at first that the 
electrons move with a constant velocity 
8 ^^ equatioT ^ across the space, we have a space charge 

p = I x/v per unit volume. If the velocities 
of the electrons are uniform, the space charge will fall off accord- 
ing to Poisson’s equation which for negative charges (electrons) is 



d^V , dW ^ dW . 

dx^ dy^ dz^ 


Since the electrodes are parallel to the YZ plane, the foregoing equation 
simplifies to 

dW . 


and indicates the shape of F 2 . As the temperature of the cathode is 
increased, the emission density 7, increases until finally saturation takes 
place. This happens for distribution V s for which OX is the tangent at 0. 
A distribution such as that indicated by F 4 is impossible for zero initial 
velocity since the electrons could not start out against gradients below 

1 This is true only for a very high degree of vacuum. Generally, if we deal with 
two infinite metal planes perpendicular to the »-axis, we have 

d^V 

"di* * 4ir[Qi -- Q 2 ] (for positive ions and electrons) 


for instance, for glow tubes. There can be places where the net charge is negative, 
where the positives are in excess, and where the positive and negative charges have 
the same amount per unit volume. The plot of potential V against distance x like- 
wise gives curved and straight lines as in Fig. 205. The straight-line condition ^ws 
that the positive and negative charges Q% and Qi are equal for unit space. When^^ 
the plot is a curve which is concave upward, the negative charges are in excess, while 
lor a curve which is concave downward the positive charges Qt are predominating. 
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the OX-axis. The effect of the space charge p therefore automatically 
limits the emission current. If m denotes the mass and q the charge of 
an electron with no losses between the plates, we have 

= F • g 

where V is the potential at a distance x from the hot cathode. From 
this equation we find the velocity 

V = 

which together with — p ‘ v gives the space-charge density 

^ V m/q h 

" V2VV~ 

and * 

in e.s. units. The solution gives 

h = 2.33 X 

where /* is the maximum current density in amperes per square centi- 
meter, V in volts, and x in centimeters. 

A more practical case is that of a cylindrical anode with the cathode 
along its axis. Ra is the radius of the anode cylinder and r that of the 
incandescent wire forming the cathode. The thermionic current per 
unit length is 

I = 2wRpv 

for any cylinder of radius R since 2x22 is the area per unit length of the 
cylinder surface. If V denotes the corresponding potential, we obtain 
from the foregoing expression and 

\nw^ = F • g 

the space-charge density 

" ~ 2rBV2y/V 

This, introduced in Poisson’s equation with cylindrical coordinates for 
negative charges, is 
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“dR^ M 


giving 


The solution gives 


/K I^v-HT 


1.465 X 10-»F« 

R. 


where the radius Ra of the anode cylinder is in centimeters, the anode 
potential V in volts, and the current per centimeter length / in amperes. 
Another application of Poisson’s equation is given on page 319 in con- 
2 nection with space and surface charges in 

a . oscillatory quartz cylinders. 

129. Ampere’s Law.- This law states 
J that the work done in carrying a unit 

' magnetic pole around a closed path across 

a A which a current is flowing is equal to 4 t 

„ times the current. 

jr Suppose a current flows across the small 

. A ^ , rectangular cross section ABCD of sides dy and dz 
Ro. 206.-Dia»^ for Ampftres ^ ^ 

is I with the components /*, ly, and /,. The 
components of the magnetic vector H are Hxf Hyy and Hg. The magnetic 
component along AB is then Hy and that along CD is —[By -H {dHyldz)dz]. The 
work done by the field when a unit pole is taken from to B is force times dis- 
tance, that is, Hydy, and when taken from C to Z> it is —[By -f {dHyldz)dz]dy. The 
total work done when taken around the rectangular figure ABC DA then becomes 


H^v + [fr. + ^v\dz - [ff. + ^dz^y - H4z = - ^\dydt 


But this, according to Amp^re^s law, is equal to 4ir times the current flowing normally 
through area ABCD, that is, equal to Airixdydz. Hence 

AT dH t dHy rAr,\ 

Jn a similar way, we obtain for the other two component current densities 


4ir/y = 


aB, 

dHg 

dz 

dx 

dHy 

dHx 

dx 



which reads in the general form 
And gives 


4ir/ « curl H 


div / «» 0 
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since, according to (4a) and (46), 


div/=^+^ + ^= i 

dx dy dz 4ir 

electricity cannot be destroyed or created at any point. 


[01 


130. Maxwell’s Displacement Current. — In high-frequency systems 
we have to do with variable currents which flow partially along con- 
ductors and partially as displacement currents in dielectrics, usually of 
constant k. Equations (5) and (5a) must therefore be generalized by 
using the total current density /' instead of /, which holds only for the 
conduction current. We have then^ 


r = 



current density of 
the conduction current 


+ 


O’ 8 + 


dJD 

dt 

current density of the 
displacement current 

1 d#c8 
dt 


( 6 ) 


since, for a dielectric, the time variation dD/dt of the displacement D 
gives the current per unit area and 


c = 3 X 10^® cm/sec 
8 • • * (1 e.m.u. = lO”® volts cm~0 

It should be noted that for the conduction current, whether in the 
conductor or in the dielectric, we always have / « o-S if <r denotes the 
specific conductivity (1 e.m.u. = 10® cm~^). The generalized equa- 
tions for (5) and (5a) are therefore 

curl H = 4ir/' 

+ (7) 

and 

In (7) and (7a) attention .is called to the three different kinds of con- 
ductors, namely, (1) conductors (metals), (2) semiconductors (different 
kinds of the earth crust), (8) nonconductors (insulating materials). 

In Eq. (7) the electric-field strength £ enters in both the conduction 
and the displacement component. Its maximum possible value depends 
upon the nature of the substance. For ordinary conductors, the heat 

> All quantities are expressed in the e.i&. o.g.8. system unless especially noted 
nnoe at the Qausdan system facilitates the solution. 
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formation per unit volume (== S watts/cc) determines the 

upper limit which gives, for example, for copper a value of of only 

about 3.5 X 10“* volts/cm. For nonconductors, however, can be 

several thousand volts per centimeter, since <r is theoretically zero. 
Although the magnitude of the dielectric constant k of conductors is not 
known, it is a fact that the displacement current can be neglected. For 
semiconductors, the conduction and the displacement currents are of 
about the same order, while for nonconductors only the displacement 
component remains. Now whether we deal with a semi- or nonconductor 
depends upon the frequency. Thus, for instance, ordinary ground can 
be considered, for very low frequencies (commercial frequencies), as a 
conductor of high resistance depending upon the condition and composi- 
tion of the ground. However, as the frequency becomes higher, for the 
wave band (200 m to 20 km) the ground is considered as a substance 
conducting well enough to act as an electric mirror. But, for still 
shorter waves, the displacement component begins to play a part, and 
at about X = 15m the displacement current in the ground is of about the 
same order as the conduction current, whereas for still shorter waves the 
ground acts like a dielectric. 

For moist ground, the specific conductivity a- is about 8 X c.g.s. 
units in comparison with 5.9 X 10“^ c.g.s. for copper. For expressions 
in practical units, we have the values of Table X. 


Table X 


Substance 

Specific conductivity a 

1 

ohm • cm 

Dielectric constant k 

Wet ground 

Dry ground 

Average river water 

Salt water (ocean) 

Heaviside layer 

10-‘ to 10-‘ 

10-« to 10-'* 

10-‘ 

10-» to 6 X 10-* 
About 10”** [gee also 
formula (15) on p. 378] 

5 to 15 

2 to 6 

80 

80 

See formulas (11) and (12) 
on p. 375, formula (13) on 
p. 377 and formula (15) on 
p. 378 

For electromagnetic waves in free space, Eg. (7) simplifies to 


curl = — _ 

C* dt 

m) 

since <r is practically zero. 

181. First Field Equation for the Ionized Medium.— When electro- 
magnetic waves pass into the ionized region (Heaviside-KenneUy layer), 
they set the ions into oscillations and the ions contribute to the electric 




ELECTROMAGNETIC THEORY 


331 


current. The Maxwellian equation (7) must then be changed* to 




dt 

due to displacement 
component 


dt 


due to ions of 
charge g 


( 8 ) 


where N denotes the number of ions per cubic centimeter and s the dis- 
placement of each ion from its original position. The second term is 
therefore 47rg2)f; if stands for the geometric sum of all field velocities 
per unit volume. The average effect of the motions of the ions due to 
thermal agitation practically cancels out and therefore needs no con- 
sideration. The correctness of the second term can be readily under- 
stood by realizing that, for N ions per cubic centimeter moving with a 
velocity v = ds/dt, a current density I = Nqv is produced which when 
multiplied by 4t, according to Ampere’s law, gives the second term. 
Generally, the equation of motion of tin* free ion, when acted upon by an 
eloctri(* field 8 of a wave and in addition by the magnetic field He of the 
earth, is 


d^s r , Ids ^ 


^ We note from (8) that the ions have no restoring force of the dielectric type. 
The motion of the ion produces a convection current which reacts back on the electro- 
magnetic wave and changes the velocity of propagation. Owing to collisions and 
recombinations, energy will pass continuously from the electromagnetic field and 
increase the energy of agitation of neutral molecules. Since the process is irreversible, 
energy is subtracted from the electromagnetic field. When collisions take place in the 
ionized medium, the last term of (8) becomes complex as brought out on pages 376- 
377 and (8) can be written either in the form (Gaussian units) 

1 TT 1 8 

curl H = 

C at 

where k,' is the complex dielectric constant, or in the form 

1 „ 1 d8 , 4fira^ 

c dt c 

where is the true dielectric constant and a the true conductivity. 

Since the ion forms a portion of the gaseous medium, it will participate in the 
thermal agitation of the gas molecules and the kinetic theory requires that the kinetic 
energy of the ions for such a motion is equal to that of the molecules of the medium 
(gas). Hence their velocity varies as the square root of the mass of the ion. It is 
to be remembered that even at ordinary temperatures, the thermal velocities are very 
large. For instance, for air the average molecular velocity at atmospheric pressure 
and 0®C is as high as 48.5 X 10* cm /sec. Since these velocities are distributed 
equally in all directions, the number of ions carried by thermal agitations across any 
plane in the gaseous medium in one direction is equal to the number of ions crossing 
the plane in the opposite direction. Hence no electric charges can be transferred in 
this way. The only effect which thermal agitations produce is to control the number 
of collisions. 
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when expressed in Gaussian units and m denotes the mass of the ion. 
The total current density I is then found from 

- ft + = 4 

when the summation refers again to different kinds of ions and is the 
effective dielectric constant instead of k which would be unity for ether, 
132. Faraday’s Induction Law. — This law gives the e.m.f. around a 
circuit through which the magnetic flux ^ varies. For an elementary 

area dS, it is e = The flux # through 

at ot at 

the rectangle ABCD of Fig. 206 is nHJly • dz and the rate of variation of 
magnetic flux is dydz{dnH z/dt). If the component of the electric- field 
strength 8 along AB is 8y, then along CD it is + {dSy/dz)dz, and 
similarly for the other two sides. We have therefore for the induced 
e.m.f. around the rectangle ABCDA 


&ydy + ^&. + ^dy^z - |^8„ + - S,dz = 

Hence 



or, for M constant, 

dHz ^ d 6* _ ^ 

^ dt dy dz 

In the same way we find the other two components 

- ^ ^ d8ar d8, \ 

^ dt ~ dz dx I 

- = ^ 

dt dx dy ) 


d 8y , , 

-^jdydz 


(9) 


( 10 ) 


Equations (9) and (10) lead to the second Maxwellian field equation 


dB ^ d{nH) 
dt dt 


— curl 8 


( 11 ) 


133. Field Equations for the Dielectric and for Conductors (Stationary 
Bodies). — According to (76) and (11), we have for a dielectric with 
negligible conduction currents 


, y • K dS 

curl H = --2 

c* dt 

1 c dH 
curl 8 « — 

(It 


* (12) 
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and for conductors with negligible displacement currents, according to 
(6) and (11), 


curl H = 4ir7 1 

- ^ = -f 1 


(13) 


in the differential form. These results read, in the integral form. 


M.m.f. = fHdl = 4*-/,) 


Induced e.m.f . = ^ &dl 


<U^ 


(13a) 


where It = fldS. 

134. Application of the Field Equations to the Case of Penetration 
into a Conductor. Case A. For a Plane Slab . — When electromagnetic 



Fia. 207. — Penetration of electromagnetic waves. 


waves pass over conductors (metal, sea water, ground, etc.), they induce 
currents in them. The penetration becomes smaller as the frequency 
becomes higher. Figure 207 represents a slab of a conductor with a flat 
rsurface. Imagine again a small parallelepiped dxdydz with its top face 
a depth z below the top face of the slab. When a high-frequency e.m.f. 
acts parallel to the flat surface, the corresponding current flow diminishes 
as we go below the surface. If /* denotes the current density perpendicu- 
lar to face dydZy we have, according to (13), 


dz 

as, 

dz 





since in the corresponding component equations (4a) and (10) the com- 
ponents Hg and S, are zero. Differentiating the first equation with 
respect to t and the second with respect to z gives upon elimination of 
d^Hyldzdt 
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since for the specific conductivity a of the conductor = 0*8*. 
a sinusoidal variation gives for ca = 27rf 


for 

since 2j = O’ + I)*. 


= ja,4,r/ia7, 

= a^{j + 1 ]^/* 

a = 2w\/]iaf 


Assuming 


(14) 

(15) 


Equation (14) is of the form d^yfdx^ = ahj with the well-known solu- 
tion 

y = -f 

We have therefore an expression for the current density Tx at any depth 
z with the solution 




The constant B must be zero ; otherwise 7* could not become zero at an 
infinite depth z. If 7o denotes the maximum value of the current 
density at the surface of the conductor, we have the solution 

Ix = ^ 7o€-«^{cOS {oit-OZ) + j Siu (c0« ~ aZ)\ 

(16) 

Hence a is the damping constant with respect to the depth. It is there- 
fore possible to calculate the thickness of the skin for which noticeable 
currents can flow. For we have about 0.027o, that is, only about 
2 per cent of the surface current density. Taking this as the limit, we 
have z « 4/a and, according to (15), 


z 


0.636 


cm 


( 17 ). 


The field equation used in the derivation was expressed in the e.m.c.g.s. 
system; hence the specific conductivity cr and the permeability as well as 
the distance z are also in these units. The frequency / is in cycles per 
second. This gives, for / = 10® cycles/sec, assuming iron with about 
<r » 10-^ c.g.s.u. and m = 10*, a penetration of 0.00636 cm, while for 
1,000,000 cycles/sec the penetration would be only about 0.002 cm deep. 
Moreover, according to (16), it is evident that 


/. - (<^ - ( 16 .) 

if p denotes the specific resistance in abohms per cubic centimeter. It 
is therefore possible to calculate how deep an electromagnetic wave 
penetrates into ground. We have, for the equation of penetration, ' 

H. « ff 
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where 



and Ho and Hg are the field intensities at the surface and z cm below it. 
For ocean water, m = 1; p = 10^^ abohms/cc. Assuming that a signal 
Hz of 1 per cent of Ho is still detectable, we have 



and, for a wave length \ = 10,000m, we find that reception below 
z = 15m is questionable. It is seen that with longer waves greater 
depths can be reached. 

If the earth were a perfect conductor, the electric-field vector 8 
would be everywhere perpendicular to ground ai.d electric waves could 
not penetrate into the ground. But because of the dielectric constant k 
and tile specific conductivity cr, the electric field 8 tilts somewhat forward 
and energy is subtracted by the ground from the electromagnetic wave 
passing over it.^ According to G. W. O. Howe,^ the penetration t of the 
waves into ground (for a decrease to 10 per cent of the current density 


Table XI. — Penetration of Waves into Ground 


Frequency, 
kc /sec 

Dry ground 

Wet ground 

River 
water 
cr = 10-*^ 

K = 80 

Ocean 

cr - 10-* 

K = 80 

cr = 10"« 

K = 2 

<r = 10-« 

K = 6 

cr = 10-5 

K = 6 

cr = 10-5 

K = 15 

9.55 

t = 1190m 

t = 1200 m 

t = 375 m 

t = 375 m 

t = 384 m 

t = 11.86 m 

47.76 

545 

580 

169 

171 

186 

5.3 

477.6 

216 

311 

51 

63.5 

112 

1.68 

4776 

172 

298 

29 

47.4 

109 

0.54 

47760 

172 

298 

23.6 

47.2 

108.5 

0.19 


at the surface) is as in Table XI. Hence for transmission over the ocean, 
even the long waves hardly penetrate below the surface. 

Case B. For a Straight Wire , — Figure 208 shows the cross section of 
a circular conductor of radius ri. For the solution, the integral form 
of (13a) is convenient. It is therefore necessary to calculate the total 
current density for each ring of radii r and r + dr in order to evaluate 
the line integral ^Hdl * We then have for the current density I 

along the wire 

Hr+dr^ir + dr) — Hr%cr s= 4T/(27rrdr) 

1 The case of attenuation along the X, F, and Z dimension in ground is treated in 
“High Frequency Measurements,'' pp. 292-294, McGraw-Hill Book Company Inc., 
1933. 

* London Electrician, 1926. 
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But 

Hr+4r = + ~^r 

hence 

, dHr I 1 IT AT 

which is the first Maxwellian equation in cylinder coordinates. Accord- 
ing to (13a), we have for the Faraday-Maxwcll induction law the line 




BC Unity 


©H 


Sho¥^s how current 
density becomes 
larger near surface 
of conductor 

'-H2rr0.2Cmt<.- 
Fio. 208. — Current distribution in cross section of a conductor. 

integral == — Through the rectangle A BCD 

of unit length and width dr the induction flux ^iHdr passes and leads to 




or 


as 


aff 




For the specific conductivity <r, we have / = a8 and 

1 W ^ ^ 

a dr ^ dt 


which is the other Maxwellian equation in cylindrical coordinates. For 
high-frequency work, we are interested in harmonic currents and the two 
main equations treated symbolically by means of give 


AT SHt , Irj ' 

- If - + 7®'. 


a/ 

dr 


JUVPUt 


/ 
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where I and H now denote complex functions of r whose scalar value at 
each place is equal to the amplitude. For the sake of simplicity, no 
special notation for the two quantities is introduced. Eliminating Hr 
gives the differential equation 

, 1 d/ . . . . 


Putting 47r<j'iuco = and mr = x gives 


or 


— 4- 1 ^ = T 
dx^ X dx ^ 



^ j. I 


The integral of this expression is a Bessel function of the first kind. 
According to Lord Kelvin, it can be expressed by a real and an imaginary 
term as 

I = fc(ber X + j bei x) 


and inserting this in the foregoing equation leads to 


where 


4-(x bei' x) = X ber x 
dx 

^{x ber' x) = —x bei x 


Der X = 1 — 


bei x = 



(^4p (2 X 4 X 6 X 8)* 

x* 

(2 X 4 X e)** + ■ ■ ■ 


For the center of the conductor, r = 0 and k ^ lo and, for the surface, 
r = ri and 

1 1 = fc(ber mvi + j bei wri). 

Hence the ratio of the current density at the center to that at the surface 
becomes 

~ « Iber® mri + bei* mri]"^ 


and the phase displacement ^ between these two current densities is 

bei mvi 
ber mri 


tan ^ 
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the phase angle indicates that an internal self-induction exists. Putting 




since m = 

we have for small and large arguments the following approximate 
formulas : 


For xi = 0 to 0.8, 
R 




For xi = 1.5 to 10, 

^ = 0.997x1 -f- 0.277/ 

XtQ 


For xi > 2, 


R ,1.3 

= xi + 5 + 


{R high-frequency resistance. 
Ro direct-current resistance) 


For the range Xi = 0.8 to 1.5, we have 


Table XII 


Xi 

R/Ra 

Xi 

R/Rq 

Xi 

R/ Rq 

Xi 

R/Ro 

0.7 

1.07 

0.9 

1.18 

1.1 

1.35 

1.3 

1.56 

0.76 

1.09 

0.95 

1.22 

1.15 

1.4 

1.35 

1.61 

0.8 

1.11 

1.0 

1.26 

1.2 

1.45 

1.4 

1.66 

0.85 

1.14 

1.05 

1.31 

1.25 

1.5 

1 

1.45 

1.72 


Figure 208 shows also the distribution of the current amplitudes for a 
circular copper wire with a diameter of 0.2 cm. The skin effect is already 
pronounced even at a frequency of only 100 kc/sec. 

136. Propagation of Electromagnetic Waves.— The two main field 
equations are 


curl H ~ 4x0*8 + 4 ^ 
at 

curl 8 = 

at 


(18) 


and the components of the first of these equations are 


dj^ 

dy 

dH, 

dz 

dHy 

dx 


djly 

dz 

dHz 


4x<r8a; “h ■ 


a8x 

dt 


A C _L ^ d^y\ 

IF 

By * ^ c* Bt 


( 180 ) 
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The components of the second equation of (18) are given by (9) and (10). 
These expressions can be combined to give the equations of motion of the 
electromagnetic field. Differentiating the first equation with respect 
to t gives for the x component 

= 4 4- JL 

dy\ dt } dt ) dt dt^ 

Inserting from (10) the values for dHyIdt and dHi/dt leads to 


' d/de„, 

asA 


'a 8, 

d&X 

1 a^^V dy 

dx ) 

dz\ 

^dx 

dz /_ 


' at* 


or 


since 


and 


. afii , ic a*g; 

c* at* 


L* = ir 
^ mL 


V“8» - . :(div £) 

OJC 


(19) 


r 72 c - 1 . 


a*g» 

dy^ 


dz^ 


j, I I 

div 8 = -^ + “ + 

dx dy dz 

In a similar manner, the other two components become 


. d8y , K dHy 1 

at dr M 


. d8,g . K 


- ^(div 8) 


- ^(div 6) 


I 


( 20 ) 


Differentiating the first equation of (18) with respect to x, the second 
with respect to ?/, and the third with respect to z, and adding, results in 


47r<r\ 


d8g , d&y . 

^dx dy 


dS; 

dz 


-hi 


a*s* . a*s» , a*6, 


aa;at dydt ' dzdt 


= 0 


or 


Hence 


K d 


47r(7(div 8) + ~ ^ (div 8) = 0 
c* at 


— 4 iro’C*. 


div 8 =• constant e * 


(21) 

( 22 ) 


since Eq. (21) has the form 


dy . a 

*+5' 


where a = 4ir<r, 6 = k/c*, and the solution y « For noncon- 

ductors (fr » 0), the result is div 8 «> constant. For periodic changes, 
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div (8) as well as div (H) can be put equal to zero. When a medium 
shows a certain conductivity (as, for instance, the ground), the div 8 
will decrease. The decrease is more pronounced as the relaxation time 
To becomes smaller. It is 


Putting div 8 


where 


0 in Eq. (19) gives 

47rrV dZx 




c 



c = 3 X 



(23) 

(23a) 


denote the velocity of propagation of the electromagnetic disturbance 
and the velocity of light, respectively. For ether, /x = /c = 1. Similar 
equations can be obtained for (20). When Eq. (9) is differentiated with 
respect to t and the values for d&y/dt and dZr/dt fiom (18) are inserted, 
we have, for the x component. 




dih 

at 


K a^Hx 




(24) 


and similar expressions for the other two components of H, We have 
therefore the corresponding equation of motion for div ff = 0 


a^Hx 47rcV aHx 
~W /c 


= v\^Hx 


Both (23) and (25) have the form 


a'^P , 1 ap , 
To a< ^ 


(25) 


(26) 


of the wave equation. For plane waves in the direction of the x-axis, 
an equation of this type leads, for instance, to the telegraph equation 


dt^ To d< *’ dx* 


(27) 


and for free waves in insulators for which the relaxation time To is 
infinite, we have 




(28) 


with the well-known solution 

P == Fi(z — trf) + Ft(,x + vt) 


(28a) 
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For an isotropic dielectric, the foregoing equations become 


dm 

dt^ 


= -v*8 

UK 

= —vm 

flK 


(29) 


where v*8 = (a*8/ax*) + (d^S/dy^) + {d^&/dz^) and similarly for ^m. 
These results can also be directly derived from the curl equations (18' 
by neglecting the conduction term 4ir<r8. Hence 


curl H = 
curl 8 = 


dt 

dH 


Differentiating the second equation with respect to t gives 


dt 


curl 8 = 


am 


and substituting the value of dZ/dt of the first equation gives 


- curP H 

K 


_ ^ 
** dP 


or 


am 

at^ 


curP 

ilK 


« _ c a^H 

fXK ax^ 


a^H 

ay^ az\ 



For very long Hertzian waves (in semiconductors), the displacement 
current may be neglected in comparison with the conduction current and 
(23) and (25) lead to 


at 

dH 

at 


Airtry. 

1 






(30) 


From the complete solutions of (23) and (25), it can be seen why Hertzian 
waves cannot penetrate very far into sea water and ground. The term 
with the first time derivative {dZ/dt and dHIdty respectively) affects the 
speed of propagation and the attenuation. Since for propagation in 
free space [if not in the ionized medium, see Eq. (8)] Eq. (29) is sufficient, 
we have, for the field strength Z a distance d from the excitation. 


( 31 ) 
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A similar expression may be obtained for H. In this solution F i and 
f 2 are arbitrary functions. In our case, Fi represents a spherical wave 
which spreads away from the center of excitation, and F 2 a wave which 
converges toward the center, both traveling with a velocity v — cf y/Juc. 
But \ ^ vT for th« wave length X and period T and, expressing as a 
trigonometric function, leads to 


8 = 



( 32 ) 


where 80 denotes the amplitude at the center of excitation. A similar 
expression can be obtained for H, The H and 8 vibrations are perpen- 
dicular to each other and to the direction of propagaMon. For large 
distances d, the waves may be considered to be plane rather than spher- 
ical and we have 


Ho 



( 33 ) 


since Ho = {k/c^){\/T)So. For ether, k = m = 1 


8 = cH 

g(voltB/oin) __ 0QQjy(gilbertH/om) 


( 34 ) 


an important relation for field-intensity measurements. 

When Hertzian waves pass from a medium ki, fix to one of constants 
k 2 , M 2 , the index n of refraction of the wave is equal to the ratio of the 
velocities of propagation; that is. 



This expression determines the bending of the path along which radio 
waves are propagated when the constants of the medium change gradu- 
ally. For instance, for the ionized layer of the atmosphere where 
Ml — M 2 = 1, the bending depends only upon the change of the apparent 
dielectric constant. 

136. Scalar and Vector Potentials. — Maxwell's field equations are a 
means whereby the current may be calculated when the magnetic field 
is known. But in order to calculate the magnetic field from an electric 
current, the vector potential A is conveniently used. If the field at a 
distance (as in the case of the space field due to current in a distant 
antenna) is to be computed, retarded vector potentials are employe 4 . 
A knowledge of these is necessary since the Hertaian equations are based 
upon such potentials. 
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The integral is called a scalar potential^ if q denotes any scalar 

quantity which is arbitrarily distributed in a region with volume elements 
dr, and r is the distance from dr to some fixed point. If q denotes a 
vector function of position instead of a scalar function, the integral gives 
the vector potential.^ This has in addition to magnitude also a direc- 
tion. Hence if g = p denotes the electric volume density, then 

is the electric scalar potential at the fixed point. But if we deal with 
the distribution of an electric current density I in the element dr, we 
have the vector potential 

T 

A = J^ (36) . 

Now if the field is without sources 
(div A = 0), 

we have 


Anri = 

H = curl A j 



(37) "-.-4 

kM 

Fig. 209. — Volume element dr of coor- 
dinates X, I/, and z and point P of coordi- 
nates t], 


Hence the vector potential of moving 
charges (that is, of a current) is such 
that its curl gives the magnetic-field 
strength due to the current at any given point. The last equation 
serves to calculate H from the current density. If the volume element 
dr has the coordinates x, z and the components /*, /y, and /, for the 
current density, we have for point P (Fig. 209), whose coordinates are 
7), f , the three components of the vector potential 


At 

A, 


Af 



(38) 


After these components are known, the components of the magnetic-field 
strength are calculated from 


^ The electric field due to stationary charges is a vector S which can be derived 
from a scalar potential V according to S — —grad F. 

• The vector potential A can also be considered as a vector such that the line 
integral of A around any closed path equals the magnetic fiux through that path* or 
/A cos - //pif eoB 
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Hi 

H, 

Ht 



aA,' 

dii 

af I 

dAi 

aAj-l 


a{| 

aA, 

_ flAf 

af 

dt) 


By inserting (39) in (4a) and (45) and putting 


^ dv ^ 


( 39 ) 


the correctness of (39) is proved since the first relation of (37) is obtained. 
According to the definitions given above, the scalar j'otential V’ at a 
fixed point, for an electric volume density p in the element dr = dxdy dz, 
is 

and the vector potential for the current density I in the same volume 
element is 




dxdydz 


The corresponding retarded potentials are 


Vr^ 

A. = 



(40) 


since the potentials due to a periodically varying space charge p and a 
current density 7, respectively, act at a point at a distance r somewhat 
later (are retarded), and the instantaneous value, for example, of 7 is 
not It but I^ir/c)i if c is the velocity of propagation. We have mo = 1 and 
‘Ko * 1/c® in the e.m.c.g.s. system, and in the e.s.c.g.s. system ko — 1 
and Mo = 1/c*. For any further considerations, the subscript r for the 
retarded potentials will be omitted for the sake of simplicity. Now if 
Gaussian units are employed for which 6, 7 are in e.s.c.g.s. and H in 
e.m.c.g.s. units, the electric and magnetic forces at any point due to the 
current density 7 are found by first calculating the scalar and vector 
potentials by integration and then evaluating 6 and H from 
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H = curl A ) 


(40a) 


for 


A = 




—dr and 


-HPr^ 


Examples. — If the current element is at the origin and a;, y, and z the point at 
which Hxj Hyj and Hg are the components of the magnetic-field strength and A,, Ay, 
and At the components of the vector potential, 
we have to put in (39) ^ »? = y, and f = z. 

For an antenna AB as indicated in Fig. 210, 
we have, if the current element dh is at the 
origin, for point aj, y. z 


Ax == Ay = 0 


and 


A: 


m 

r 


Equation (39) therefore reduces to 

dAg 


Hx - 


dy 


jj — 

~ dx' 


H, 

H 


0 


(39a) 



VhT+h? 

In the equatorial plane for a point x, 0, 0, Eq. (39a) reduces to 

Hy = 

dx 


! 1 

JL-lIa 


Fig. 210. — Current element % of 
height dh for finding radiation effect 
of an open circuit (vertical aerial AB). 


(396) 


since also dAg/dy = 0. For a sinusoidal current, we have the vector potential 

and for any distance x the instantaneous value of the magnetic-field strength 

H, . -o.lf - -0.1 . I) + ™ _ I) j (3fe) 

+ 


jb 


S ower or watt component wattless component due to 
ue to radiated field field which is interlinked 

with the current element dk 


According to (34), 

g(volt/oin) 3()Q£ftii^hwt/«ai> 

the eleotric^field strength may also be found. According to the figure, it is evident 
that tb« strength Ht as well as fit varies as the cosine of the altitude of the point 
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above the equatorial plane. Equation (39c) shows that, for large distances x, only 
the first component plays a part since the second term decreases with the square of 
the distance. 

Another example brings out the radiation effect of a closed circuit such as that 
shown in Fig. 211. The conductor is assumed thin enough to exclude capacity effects 
along it. Hence the charges on the conductor and the electric potential V can be 
neglected and Eq. (40o) reduces to 



if expressed in the form of the Lorentz field equations The vector at Pi is then 

along dll and the vector potential dA at Pz due 
to the current element t/ti is, according to (40), 



dA 




/iu- 


^dh 


Therefore at Pz we have a contribution 


dS = - 


OA jUo d {/ ( / -r r)] 

r dt 


dh 


The comj)onent 


dVl 


dfi' 


^0 

r 




dt 


c )s ipdh 


Fio. 211. Line elements dh and d /2 along the taiigenf at p 2 is of importance here, 
a distance r apart for finding radiation rrn^iii x j 

effect of any doted circuit. The total electric-fiold strength d 6, is obtained 

by integrating with respect to dh along the 
entire circuit. By a second integration, / S>tdU along the circuit, we obtain the e.m.f. 
and find that 


E = 



d[/(f-rA)] 

dt 


cos (pdli 


But, according to Taylor’s theorem, 


and 


IMJ 

dt 


dt odt^ ■^2c*c«» 6c<‘dt* 


jf^rdl , jd^I ,j d‘I 
^ 


for the integrals 

L — ^ —^dltdlti Li “ ^ <pdlidlt} Lt “ ^ ^ ipdhdli 

Lt - T /*'■* ‘J®® 
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The first term L is the self-induction of the circuit which is the only term important 
for slowly varying currents (low frequency). The last terms become more important 
as the frequency increases. For sinusoidal currents, the current density is 

/ = /« cos od 

and 

E = (L- - W*L,) T 

in phase with I 

The parenthesis value of the inphase term must be a resistance in order to produce 
an e.m.f. and denotes the radiation resistance 


R = — u)^Li -f* totLs 


137. Spherical, Cylindrical, and Beam Wave Propagation. — The 

solutions for uni-, two-, and three-dimensional radiation of a singleThit- 
going sinusoidal wave train are 


Sz = 


8 / — 
A = 



• linear '(r = x) 

• • cylindrical (r = V" + y^) 

• spherical (r = ^ -f z^) 


(41) 


for large distances r. 8o and Ao denote the values at the source. Uni- 
dimensional or beam transmission is therefore the most efficient since 
no attenuation dm to wave spread occurs (amplitude the same at all 
distances if there is no absorption in space). When electromagnetic 
waves are propagated in two dimensions, 6 is a function of x, and t 
and the amplitude decreases as l/\/r. For three-dimensional radiation, 
the retarded vector potential A is a function of x, Zy and t and the 
wave-spread attenuation factor varies inversely with the distance. For 
the foregoing solution, the linear propagation occurs along the x-axis 
and the electric-field vector 8 is parallel to the 2 J-axis. The z component 
corresponding to (23) gives, for free space, the wave equation (28) with 
the solution (28a) ; that is, 


S, = Fi(x — ct) + + ct) 

since P ^ Zt which for the outgoing term (x — ct) gives the first equation 
of (41). The corresponding magnetic-field component is 


Hy = ffo sin 



indicating that the electric and magnetic fields are always in phase 
during the wave propagation. Hence, if at a certain place in space 8 has 



m 


PHENOMENA IN HIOH-PEEQVENCY SYSTEMS 


a maximum value, the magnetic vector H has also maximum strength. 
This is, of course, not true for standing waves since there are times when 
the energy is wholly electric and times when it is wholly magnetic. 

For spherical wave motion, Euler has given the solution 

'a « J[Fi(r - at) + F,(r + at)] (42) 

if V denotes the velocity of propagation. The third equation of (41) 
is obtained from (42) for the case of a single sinusoidal wave train moving 
away from the exciter with a velocity a = c. The wave equation then 

reads 

flr* c* df* ^ 

where a = c/V/tlt. 

138. Magnitude and Direction of the 
Electric and Magnetic Field of a Current 
Element and Radiation Resistance. — Pojmt- 
ing’s theorem is expressed by 

dW = ^&JitdSdt (44) 

47r 

where dW/dt denotes the rate at which 
energy is supplied to the field by a current- 
carrying conductor dl through the surface element dS of radius r as 
shown in Fig. 212. 6t and lit are the instantaneous values of the electric 
and magnetic forces, 6t being along r and lit horizontal. 

According to Maxwell's equations,^ for a current z = lo sin ut with a 
uniform distribution along dl 



Fig. 212* — Radiation resistance 
of a current element dl. 


for 


- cX/o dZ . -f . , 2jrr 

sm 9 sm ^ + -y c< 

„ \Iodl . -f 2 »t . 

sm d cos su 



(45) 



l^ese equations have terms which become negligibly gmall for long 
distances r and we have, for any distance r large in comparison with the 
wave length X, 


* The derivation for a vertical antenna is given cm p. 851. 
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(for distant radiation region) (40^ 


Therefore 8^ and ff t always have the same phase in the true radiation 
field as has already been found from the first equation of (41) and its 
corresponding Hy equation. We see, furthermore, that the energy flow 
is always away from the source. 

If, however, r is small compared with X and yet large compared with 
the height dl of the original current element, of the sender, we have 




%rcIodl 
' X • r 


sin d sin 


rr 2irIodl . . 

Hi = — sin 6 sm 

X • r 


lin — 

dn - 


p cXIodl ... /. r\ 

Ht - sin d cos 


(near exciter antenna) 


(47) 


Hence in the region near the source Ht lags £< by 90 deg; that is, in the 
neighborhood of the sender dl the product must change its sign. 
Consequently during one half cycle the radiated energy passes into the 
field and during the following half cycle it passes partially back to dl. 
This to-and-fro motion of the energy flow, according to (46), does not 
exist in the distant region. Since dS = 2irr* sin Ode, we have, according 
to (44) for the radiation region. 


■; — &tHtdSdt 
4jr 


But 


and 


= /o* sin® 0d$ sin*j^w^f — 

sin* 9d$ = I 


Hence for the entire surface of the sphere, the average value of the 
radiation energy is 


4 /dlf\^ / 

w = ^*cf Y j lo* ergs/sec = 1679/ ^ j /* watts (48) 

where I denotes the effective value of the current flowing along dl. 
Since W » the radiation resistance becomes 


Br ■> 167^y^ ohms 


(49) 
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By omitting the time function, we find in the equatorial plane 
(9 ■= 90 deg) for the radiation region 


„ 2TcIodl 
6. - -jTjr 

„ 2Tlodl 

"•-ITT 


(50) 


For a vertical antenna standing on ground and having a geometrical 
height h, we have, according to Fig. 213, in the equatorial plane^ 


8 = 


Aircihe 

X‘r 


c.g.s. = 


^(cm)y.(om) 


volts/cm 


yr 4irlhe 


(60o) 


since on account of the image effect the radiation is the same as that of 

the real antenna and an imaginary 
one extending an equal distance below 



Fig. 213. — Field intensities at a distance r 
from a vertical aerial. 


the surface of the ground. The con- 
ductor element dl is therefore to be 
replaced by 2hey if he denotes the 
effective height for which a uniform 
current distribution I has the same 
effect as that of the actual distribu- 
tion along h. If I denotes the effective 
current measured at the ground side, 
the effective height is 


he = idh 


(51) 


if i is the effective current in any 


element dh of A. Making the same substitution in (48), we find again 
for the radiation resistance of a vertical grounded antenna 


Rr = 1579^^y ohms 


(52) 


since . radiation takes place only over the hemisphere which is above 
ground. When a vertical antenna oscillates in its fundamental mode, a 
quarter-wave-length distribution (Fig. 213) exists; that is, A = X/4 and 
k =« 2/t since ^ 

X X 


h. 



I* A 2tA| 
,2t X 


A . H 

2r 2ir 


The radiation resistance then becomes R = 1579(0.636/4)* ^ 40Q. 


> For more details see Sec. 139. 
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For a vertical antenna on good conducting ground, the length dl 
of Fig. 212 corresponds to length 2a in Fig. 214. The radius r of the 
sphere is again large compared with the operating wave length X. We 
have r' = r — 2 cos 6, For any wave length X, the current at any place 
of the vertical wire is 

j . (2ir. \) • 1 T sin { (2 t/X) (a — «) } . . 

I sm — z)} sin o)t = h sm cot 

\X 'j sm (2ira/X) 

For the fundamental wave length Xo = 4a, we find 

2ira xXo 





On surface 
of sphere 


Fig. 214. — Vertical length longer than one-quarter of the exciting wave length. 

According to (40a), we have in Gaussian units for the retarded vector 
potential 

^ c J* {y 7)7 J image 

at the surface of the sphere of radius r and at a distance r' from the 
integration element. For the image integral, we have only to reverse 
the sign of cos d. We then find at point r, 0 

-II sin J I - P ~ (P cos 0)1 

irrc V c) sin^ 0 




Since 8 and H are equal and perpendicular to each other, we have, for 
the electric-field strength, 

Se — Hy — cur4 A =» sin 0 ^ -f 

dr T 80 


8, = ^ cos «/"< - A ggfl p - cos (p cos 9 ) 
c - r cj sin 0 

where £< is longitudinal and Hy latitudinal. 
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It should be noted that, for these formulas, the ground is assumed to 
be a good conductor so that 8 is always perpendicular to the surface of 
the earth. This assumption, however, is often far from being true and 
besides depends very much upon the frequency. The electric vector is 
usually somewhat inclined, a forward tilt existing in the direction of 
propagation. If t denotes the angle^ with the vertical and if the time 
phase between the two components of the field is considered to be zero, 
the tilt can be computed from 


If / denotes the frequency in kilocycles per second, the dielectric constant 
K of the ground has its customary numeric value with respect to that of air 
and the specific conductivity o* is in l/(ohm cm). According to Table X 
(page 330 ), we have for ocean water #c = 80 and a = 10 ~^ and for dry 
ground k = 2 and cr = 10“®. We have for the forward tilt over ocean 
and over dry ground the values given in Table XIII and Fig. 216. 

Table XIII 


Frequency, kc Over ocean Over dry ground 



From this table and the figure it can be seen that for ocean communica- 
tion, even with very short waves^ the electric vector 8 remains practically 
perpendicular to the surface of the earth, while for dry ground consider- 


1 This is based upon Sommerfeld^s theory {Ann. Physik, 28 , 665, 1909, and Jahrh, 
dr. Tel.f 4 , 167, 1911) for surface waves for which the electric field consists of two 
components which have a phase difference as to time. The refraction law [Eq. (36)] 
then appears in a complex form and the angle which the maximum amplitude of the 
elliptic rotation field makes with the normal to the ground plays a part and be 
used for determining the electrical constants of the ground. Putting the permeability 
for ground and air equal to uni ty as well as the dielectric constant in air « 1, we 
have tan r » 6»/ » \/ But « -f* {<r/jw) and 

tanr * 

For other details see “High Frequency Measurements, McGraw-Hill Book Company, 
Inc., New York, 1933, pp. 292-293. 




fif/tr 

'^(«ic/o’)* + L 
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able tilts can occur for shorter waves and that, even for long waves, a 
noticeable inclination exists. 

According to J. Zenneck,' we have the relation 


fi. 


tan T = 


19 X 10‘V, + 
'9 X 10“<r8 


(64o) 


for the horizontal (6*) and the vertical (6«) components of a plane electro- 
magnetic wave propagated along a plane surface between two media 1 
and 2. Here <ri and a 2 are again the specific conductivities of the respec^ 



Z (VerficdO 


— 



/ I# j wave 


j f Direct ion of 
wave propagoff ion) 


Fig. 216 . — Forward tilt of electric-field vector for different values of specific conductivity 

<r and dielectric constant k. 


tive media in mhos per centimeter cube, ki, the dielectric constants, and 
$ the phase angle. If we consider again the csise where medium 1 is air 
and medium 2 the ground, put <ri = 0, = 1 , 0-2 = <r, /C 2 = k, and express 

the frequency / in kilocycles per second, we have 



Now when the time phase between the horizontal and the vertical 
component of 6 is zero = 0), the angle r represents the angle of 
forward inclination of the propagated wave front. But, in general, 6 is 
not equal to zero and the angle of tilt of the major axis of the ellipse 
traced by the electric vector is less than t. In such a case it is better to 

^ Zenneck, j., On the Propagation of Plane Electromagnetic Waves along a Plane 
Conducting Surface and Its Relation to Wireless Telegraphy, Ann, Phy^ik^ 28 , 846, 
1907. This theory was followed up by P, Breisig, “Theoretische' Telegraphic,” 
2d ed., Braunschweig, 1924, pp. 482-487, and applied to the case of waves reaching 
a wave antenna by A. Bailey, S. W. Dean, and W. T. Wintringham, Proc, LR,E,, 
16 , 1645, 1928. In foregoing formulas, the positive direction of the horizontal com- 
ponent is in the direction of propagation and the positive direction of the vertical 
component is downward. 
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speak of a quasitilt angle. From the expression for 6 and tan t, we can 
find the value of the time phase and the specific conductivity as 

6 — H cos“^ (k tan’^ r) ^ 

0 ^ f V^l — tan'^ r/ (54r) 

“ lO 10» tan^ T ) 

139. Radiation Resistance of Commercial Antennas. — The radiation 
resistance of commercial antennas can be computed approximately 
from Eq. (52). But for more accurate formulas of complicated aerial 
systems, it is better to calculate the Poynting vector for each point ^ in 
space and integrate the normal energy flow through any surface enclosing 

the antenna. The radiation resist- 
ance can also be derived by means 
of the induced e.m.f. method^ utiliz- 
ing the electromagnetic-field ecpiations 
in the form employing the retarded 
potentials of Loren tz (for details, see 
page 344). For the first method, a 
doublet of infinitesimal length is 
assumed at each point of the aerial. 
The electric- and magnetic-field 
strengths at a distant point are 
summed up for all the doublets 
taking account of the difference in 
phase. If this is done for all points 
of a distant sphere surrounding the 
antenna, we obtain the total electric and magnetic forces at all points of 
the sphere. Then integrating the Poynting vector over the sphere gives 
the total power radiated. The ratio of the radiated energy to the square 
of the current at the loop gives the radiation resistance. 

For heavy coil loading of the antenna, the current distribution along 
it decreases almost linearly toward the end as is indicated in Fig. 216 
and we can, according to F, Cutting, ^ calculate the approximate radia- 
tion resistance by means of (49) in the form 

^ G. W. Pierce has in the Proc. Am, Acad, Arts Sci,, 62 , 192, 196, 1916 as well as in 
his textbook Electric Oscillations and Electric Waves, McGraw-Hill Book Com- 
pany, Inc., *New York, followed up the Poynting vector method in detail. See also 
B. van der Pol, Jr., Proc. Phys. Soc. London^ 18 , 217, 1917; S. Ballantine, Proc. I.R.E., 
12 , 823, 1924-; 15 , 246, 1927; M. A. Bontsch-Bruewitsch, Ann. Physik^ 81 , 426, 1926; 
S. A, Levin and C. J. Young, Proc. I.R.E.y 14 , 676, 1926. 

* BaiLiiOtTXN, M. L., Radioilectridti, 3, 147, April, 1922; A, A. Pibtolkoes, Proc. 
1M.E., n, 661, March, 1929. 

> CUTTING, F., Proc, I.R,E.f 10, 129, 1922. 



Fio. 216. — Distributions for heavy coil 
loading of aerial. 




ELECTROMAGNETIC THEORY 


355 


Rr 




(55) 


that is, the radiation resistance is the value given by the doublet formula 
multiplied by the ratio of the mean squared vertical current to the square 
of the current at the base. This assumes that no appreciable radiation 
takes place from the flat top. With the distribution indicated in Fig. 
216, 


and 


a + b] 

= 1 f" 

«Jo 

=^X( 

= /{l — ^ 

L ^ + 


i^dz 

1 


+ 


d b {d b)^ 

1 X.2 1 

+ 


\dz 


+ 5 ‘ 3 (a + bY\ 
The radiation resistance then becomes 


Rr^ = 1579 


1 


a 4“ i) 3 (a -|- 5) 




(56) 


Hence when the flat top b is longer than the vertical portion a, the last 
term can be neglected and 


Rr^ = 1579 




(56a) 


The more accurate formula for the radiation resistance due to the vertical 
portion is, according to G. W. Pierce, 

1 


cos g — i?8 sin g} 


8ln>| 


(566) 


for 


iJi = 15|' 
Rt = 15 |' 
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where 

Xo “ wave length without loading coil 
X « wave length with loading coil 

Formulas (56) and (56a) agree fairly well with Pierce’s formulas' as long 
as X is not close to the natural wave length Xo, for which, of course, sinu- 
soidal current distribution is approached. 

Since the radiation effect of the flat top is neglected, a T antenna can 
be taken as an inverted L antenna of the same length and height and the 



Fig. 217. — Radiation resistance of vertical aerials. 

radiation resistance can be calculated by means of (56). For a vertical 
wire of height a and heavy coil loading at the base, we have 



since 6 =* 0 and the value of the expression in the last bracket of (66) is 
then 3^. 

Figure 217 gives the yalues of the radiation resistance Rr at the current 
loop and at the base of a vertical antenna over good conducting ground.* 

* G. W. Pierce (Joe, dt,) has in addition derived a formula which also takes the 
radiation of the flat top into account and gives tables at the end of his book for the 
l^eady use of the formulae 

> S.y he, eU, 
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Since, for the received energy, only the field intensity on the horizon is 
of importance, we have 

8 = ^[1 - cos p] (58) 

for p = = denotes the effective current at the loop. The 

^ A z Jo 

foregoing expression is obtained by putting B == 90° in (63), For a 
radiation resistance Rr at the current 
loop, the radiated energy becomes 
W = PRr and I = VW/Rr, The 
maximum efficiency of the sender 

antenna occurs when S/\/W becomes \ _ jL 


a maximum. Eliminating I in the ^ j. - — ohsirjhufiom 

preceding expressions, we have • A 

^ - COB P] _ ? 

VW C-WRr I f 

and find 0.39Xo the most efficient wave y y — 

When the flat top of an aerial is 
not horizontal but is as indicated in Fio. 218.~Inclined top aerial. 

Fig. 218, the height in the doublet formula (55) for a heavy coil loading is 


Fig. 218. — Inclined top aerial. 


A = a + 5 • sin a 


P 

a + 6 sin a 
Hence 

Rr^ = 


0 L a + bj [ o + bj Jo L b sin aj 


----fa + bsinal*/ f, o , l/ a VI , bsina/ b VI 

J n‘ - r+T + A;rrh) J + — (j+ij / 


140. Derivation of the Formulas for the Electric- and Magnetic- 
field Intensity Due to a Sender Antenna (Induction and Radiation 
Fields, and Received Current). — The case for a very short current ele- 
ment is treated in Secs. 136 and 137 in connection with Figs. 210 and 
212. For a sender antenna (Fig. 213) of geometrical height h, twice 
the effective height (that is, 2b,) must be used in the formulas instead 
of the current element dh in order to account for the image effect and 
the current distribution along the antenna. The factor 2 is correct only 
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for good conducting ground, being smaller than 2 in the case of a poorly 
grounded antenna. According to Eq. (51), the effective height is 

£^idh = l-h. 

if i denotes the effective current in the antenna element dh and I the 
effective value of the current at the base of the aerial. Since the hori- 
zontal components of the vector potential A are zero for the vertical 
antenna, we have, according to Eq. (39a), in the equatorial plane (x, y, 0) 
for spherical wave motion the resultant magnetic-field intensity 

- V(ty+(t)' 

in which for a sinusoidal transmitter current 


2helm sin wf < — ^ 


r = \/x^ + denoting the distance from the foot of the aerial to the 
point (x. y, 0) at which H and 8 are to be determined (Fig. 213). 

But 

dAz _ ^ ^ and 

dx dr dx r dr dy r dr 

hence the instantaneous value of the magnetic-field intensity 



power or watt component wattless component due to 
due to radiated field field interlinked with sender 

antenna 


For c X/; « “ 2vf, and if the effective sender current I, «= — ~ at the 
foot of the aerial, the effective magnetic-field intensity becomes 


j|^(sllbert/eia) 


12.56 X 10-» 


^(m)y.(m) 


+ j2 X 10-*^* 



radiation fidd induction field inter- 

linked with a^al 


(62) 


The imaginary term decreases mth the square of the distance r and can 
be neglected for large distances. For a (Mance r - X/(2ir), both fields 
have the sanm strength. Therefore, for distances smaller than 0.1502X, 
the iadwtics 6dd plays the most important part for the received current. 
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For a distance of about 16X, the induction field is only 1 per cent of the 
radiation field and can be neglected as in the case of large distances. For 
large values of r, the wave front becomes substantially plane and the 
term P which is everywhere parallel to the equatorial plane must, accord- 
ing to Maxwell, be accompanied by a changing electric field perpendicular 
to it and to the direction of its movement. The two fields must be 
equivalent as expressed by Eq. (34), which is 

g(volt/om) ^ (gUbert/om) 


and we find that, for large distances d from the sender,^ the effective 
values 

hJs 

JJ(«Ubero/om) ^ 12.56 X 10“"® “rV 

? a 


hf I g 

p ^volt/m) = 377-^ 

\d 


(63) 


where d, and X are in meters and the current /« in amperes. 

Since = 3 X 10®m/sec, the electric-field intensity for large 

distances expressed in kilometers becomes 


g(^voH/m) _ 1256- 


(64) 


if he^ is in meters, d in kilometers, / in kilocycles per second, and 7, in 
amperes. The expressions in (63) and (64) are very useful for field- 
intensity measurements. If a receiving aerial of effective height 
stands at distance d, an effective e.m.f. 

Er = 8 • = IrR 

will be induced in the tuned aerial if 7r denotes the resonance current 
measured at the foot of the antenna* and R its effective resistance. 
Hence 

P _ IrR 

r 

and the received current becomes 

he he J- eS 

1 256^ ^V i (65) 

Hd 

if A, is in meters, d in kilometers, / in kilocycles per second, R in ohms, 
and It in amperes. This expression, however, is correct only when the 

1 The letter r instead of d for the distanoe was used only in the derivation in order 
to avoid any confusion with the differential sign. 

> For an untuned aerial, it is / * Z where Z is the aerial impedance. 



360 


PHENOMENA IN HIGH-FREQUENCY SYSTEMS 


distance d is not too large. ^ Otherwise an absorption factor must be 
used. In the transmission formulas, the space-absorption factor has the 
form where a — For instance, according to Austin-Cohen, 

a = 0.0015d/\/X for long waves. In some cases, the author found 
a = 0.00129d/X®*®^ a good value for long waves. For distances less than 
lOX, the absorption factor can be neglected and (65) can be used to 
determine the effective height of an aerial if either the he^ or the he^ is 


Sender 



known. When the curvature of the earth^ is 
taken into consideration, instead of Eq. (64) we 
Receiver have the expression 


8 = 1.256 


h,,Lf [ 


B 

Vsin 


( 66 ) 


where a has the same form as above and Q is the 
angle subtended by the stations at the center of 
the earth as indicated in Fig. 219 . The correc- 
219 .— Curvature tion has, however, no meaning for B = 180 deg 
since 8 would have an infinite value. But for 
such distances the ordinary transmission formula 
does not hold, as is brought out in more detail on page 367. Moreover, 
the correction term for the curvature is used for angles greater than 


Fio. 

of earth surface taken into 
account. 


60 deg since, even for B = 60°, the factor ^/W/^^B is only about 1.1. 
For B = 90°, it is 1.25 and for 120 deg it becomes 1.56, etc. Hence for 
distances of about 2000, 7000, and 10,000 km, the field strength is greater 
by 1, 10, and 25 per cent if the correction term is not used. 

G. N. Watson* has derived a transmission formula which takes into 
consideration the propagation between two concentric spheres, that is, a 
formula which includes the effect of the ionized layer. The formula is 


for a 


8 


KIJ 

y/R sin B 


fid/y/\ and h and constant. 


(66a) 



^ Since then the ionized layer makes spherical wave motion doubtful (for dis- 
tances of 300 miles and more) and in addition appreciable energy is absorbed. If 
this is the case, the lesultant field intensity at the receiver for large distances Can be 
even higher owing to the wave return from the layer. 

* This can be neglected up to 60 miles since, for the same distance d (but along 
the surface of the earth), the energy passes through an area which is smaller in the 
mtio (sine)/^. ‘ 

* For more information, see p. 368. 
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where 

H = height of ionized layer (40 to 100 km) 

jui and “ permeability of layer and ground, respectively 

<ri and <r 2 *= specific conductivity of layer and ground, respectively {cri about 
10'"^'^ e.m.c.g.s. and 0-2 of the order of lO"^^ to 6 X 10“"^^ for ocean) 
c = 3 X 10^® cm/sec 

jS varies from 0.001 to 0.0015 

The theoretical damping term in Watson’s formula is based on two- 
dimensional propagation and is about the same as th<^ Austin-Cohen 
empirical term €“«, although the theoretical term in the Austin-Cohen 
formula assumes three-dimensional propagation (Hertzian radiation). 

If we have true beam transmission (one-dimensional propagation), 
the field strength becomes 

8 = (67) 

a 

141. Notes on Wave Propagation with Respect to Wave Length and 
Distance. — Whether we have to deal with two- or three-dimensional 
propagation is in many cases difficult to decide unless the wave length, 
the distance, and other factors an^ known. According to formulas (41), 
it is evident that three-dimensional radiation can play a part only for 
comparatively short distances (up to about 300 miles), while two- 
dimensional propagation seems to be the case for long-distance work and 
one-dimensional propagation occurs when beam transmission is provided 
(which from a practical point of view is possible only for very short 
waves). 

Normally an antenna stands on ground and a certain portion of the 
energy glides along the surface of the earth. We can, therefore, dis- 
tinguish between 

1. Surface waves (along the ground). 

2. Space waves (proceeding between ground and the ionized layer). 

3. Space waves (which detach themselves from ground and are cither reflected 
or refracted from the ionized layer toward the receiving aerial). 

For waves which are several kilometers^ long (up to 20 km), the propa- 
gation is probably largely due to the surface waves together with space 
waves of kind 2 since, for such long waves with comparatively low 
frequency (down to 15 kc), the absorption in the ground is not so great, 
this being especially so when transmission occurs across the ocean. 

For the broadcast band (200 to 660 m corresponding to a frequency 
range from 1500 to 545 kc), no considerable distances can be reached 
(up to about 100 Ip 200 miles only). For this reason, these stations can 

^ Since, aceprding to Sommerfeld's theory, one kind of wave always supplies 
energy to the other if the latter should lose too much energy. 
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hardly be heard over long distances during the daytime, while good 
transmissions are possible during the night only because of the return 
wave from the ionized layer. 

For waves from 10 to 100 m corresponding to 30,000 to 3000 kc, the 
surface waves are m> attenuated that the reflected (refracted in the true 
sense) waves are responsible for the long distances obtained. We have 
then the well-known dead zones of no reception (skip distances, Fig. 220). 
For still shorter wayes (50 cm to about 10 m),^ there are practically no 
surface waves and no effect from the ionized layer. We have then true 
space waves which behave very much like light rays. The higher the 

Lower boundoiry of 
/ionized layer 

/ Sender 


^ dfsiomce 
^'Surface of earth 
3 to 30 Meojoic^cles/Sec. 

Fig. 220. — Wave propagation. 

small dipoles are placed above the ground (Fig. 220), the longer is the 
reach d and the distance d in kilometers can be found from 

d = 3.55[\/j^ + VJh] (68) 

This formula depends upon the following derivation: If h denotes the 
height of the sender dipole over ground, d denotes the greatest distance 
over which direct radiation is possible. But the length of the tangent 
d is 

d = y/2rh — ^ \/^ 

Hence 

d^^^ = 3.55Vh^ 

since r = 6.4 X 10^ km. These waves cannot pass through obstacles 
(buildings, etc.) which are large compared with the wave length. 
Shadows are produced as for light but fog may be penetrated. The 
amplitude of the energy flow decreases in the region of direct radiation 
as the square of the distance. Beam transmission is readily obtained by 
the use of parabolic mirrors. Inasmuch as such waves near the surface 
of the ground will on account of the density of the a^ follow a soixiewh^t 

1 Experiments by A. Esau, Jena; W. Hahnemann (sec also F. Gerth and W. Schepp- 
mann), J(Arb, droM,, 83 , 3, 1929. 
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curved path (successive refraction, radius of curvature about four times 
that of the earth) somewhat longer radiation distances will be experienced 
than expressed by the above formulas. This is all the more true during 
night hours when the density of the atmosphere becomes greatest. 
When the distance found from above formulas is multiplied by 1.2 the 
experimental distance will be approximately obtained. 

142. Sommerfeld’s Surface and Space Waves and Numerical Dis- 
tance.^ — We must distinguish between space and surface waves. Both 
waves depend upon each other and an energy loss in one causes the other 
wave to supply power to the weaker, since both are the result of the 
integration of the Maxwellian field equations with the true conditions of 
the ground taken into account. 

The space waves are radiated from an antenna into space without 
detaching themselves completely from the ground. The energy flow 
passes through hemispherical surfaces (assuming a grounded antenna) 
and decreases with the square of the distance d since the surfaces of the 
sphere increase as The field strength is therefore proportional to 
1/d, as can also be seen from Eqs. (50a) and from the third equation of 
(41). 

Inasmuch as the ground is not a perfect conductor but instead has a 
finite conductivity <r and a dielectric constant k, we also have to deal with 
surface waves which pass along a layer in the ground of approximately the 
same thickness. Therefore the energy flows through cylindrical surfaces 
of equal height. But since such surfaces increase in direct proportion 
with d, the energy of the surface waves is proportional to 1/d and the 
field strength changes as Ify/dy which can also be seen from the second 
equation of (41). 

The amplitudes of the waves experience a geometrical decrease as the 
waves pass on (attenuation due to wave spread). In addition, the 
attenuation due to absorption in the ground itself and due to other 
causes must be considered. If the absorption in the ground is small, the 
progressive waves at a large distance must turn into pure surface waves. 

According to Sommerfeld, the propagation of the waves for no ideal 
ground depends upon the expression 

^ 

where d« denotes the numerical distance, tr the specific conductivity in 
l/(ohm*cm), / the frequency in cycles per second, and c = 3 X 10^® 
cm/sec. If 8 is the field strength of the wave at a distance d from the 
source when the waves pass over perfect conducting ground, and Za 

^ SoMMBBFBLP, A., Ann. Phydk, 28, 666, 1909; R. L. Smith Ross and R. H. 
Babitwld, JJ . E . E ., 64, 766, 1926; R. H. Baefibld, JJ . E ^ E ., 68 , 204, 1928. 
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denotes the actual field strength when the waves pass over imperfect 
conducting ground, then 

e,a = eF(a • d) 

= mdn) (70) 

where F is a function sign. Therefore the numerical distance depends 
upon the frequency /, the conductivity a, and the horizontal distance 
d, and the character and intensity of the waves depend upon instead 



of d. The foregoing expression assumes a/f » 2t. If <$C1 and dn« X, 
from the Hertzian equations we obtain for the potential P 


P 



due to space wave due to surface wave 


(71) 


where g is the maximum value of the moment of the dipole. Thus for 
X s* 2 km and d = 240 km, the potential due to the surface wave is only 
about 10 per cent of the potential due to the space wave if the transmis- 
sion takes place over the ocean, while over moist ground the same values 
are attained after a distance of only 1 km. When waves pass over land, 
the effect of absorption due to higher ground resistance is rather pro- 
nounced for wave lengths shorter than 1 km and a 1-km wave over land 
is attenuated as much as a 30-m wave over the ocean. However, for a 
300-m wave, the intensity at a distance of 150 km over land is only 8 per 
cent of the value over sea and, for a 30-m wave for d = 10 km distance, 
it is reduced to 1 per cent of its value for perfect ground. For more 
details, Fig. 221 is added. If the curvature of the earth^ is neglected, 

1 The specific conductivity <r of the earth differs with the locality. Average values 
in the e.m.c.g.8. system are given in Table X, page 330. According to Smith Rdse, 
and Barfield (loc. eit.), in England over land a » I0*e.s.e.g.s. That is, lOVc* ^ 10^“ 
e.in.e.g.8. or about 10,000 ohms/cm*. 
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assuming 2<T/f » 1, the quantity 2(r// will exceed 10 for all wave lengths 
above 15 m. 

If K denotes the dielectric constant of the ground and <r its conductivity, 
and / the frequency, then we have the effective value /c' =* + 2<r/jff 

and the refractive index of ground n = '\/7, since k for air is equal to 1. 
Sommerfeld now finds a series for the vector^ potential P and the numeri- 
cal distance 


dn 


ir d 
X 


(72) 


which for 2(r//^K; that is, the conduction current in the ground 
exceeds the displacement current considerably. Hence 


” — 2(r X 2a\^ 


(73) 


Here d has the same imit as the wave length X, the conductivity a is 
expressed in the e.s.c.g.s. system, and / is in cycles per second. For the 
same absolute distance d, the numerical distance dn becomes smaller as 
the wave length X becomes larger. The same value for the field strength 
requires the same value of dn. For oversea transmission and dn = 1, we 
have d = 77 X 10^ km and X = 2 km or d = 2.1 X 10® km and X = 333 m. 
For river water, the same field strength Ls obtained for d « 90 and 
X == 2 km since dn = 1. For surfaces of high specific conductivity as, for 
instance, the ocean, the space wave plays the most important part and 
for this reason the Austin-Cohen semiempirical formula is justified 
because 8 is then proportional to 1/d. 

For the numerical distance dn not less than 10, we have the approxi- 
mate expression 


P 


1 1X3 1X3X5 

2dn 2 X 2dn^ 2 X 2 X 2dn» ’ J d 


for a very large dn 


P 


kV 

d« 


(74) 


(75) 


Moreover, the energy subtracted from the surface wave per unit area is 

r. . f ^ (76) 

since^ the wave passing over ground must be regarded as inclined to 

1 Equal to the distance rate of the radiated magnetic field, that is, equal to BH/dd, 
® Bouthillon, Uonde 2, 275, 345, 1923. Generally, if an electromagnetic 
wave passes over ground and the dectrio component k not perpendicular to the 
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the surface at a constant angle of incidence for which, according to 
electro-optics, the reflected waves vanish (Fig. 222). We then have 


cos y 


/ 

2<r 


(77) 


With no reflection, the incident waves at the angle y must pass com- 
pletely into the ground. The energy subtracted from the surface wave 
is for each square centimeter surface equal to (cSV4ir) cos y which 

confirms Eq. (76). 

From (76), we find that 

/ _ 



2<r 




Fig. 222. — Nature of surface waves 
and Brewster angle y. 


and the numerical distance [Eq. (73)] can 
also be expressed as 

9 x'lo^'ox ^ ^ ’ 


This expression is conveniently written in the form 

^ ^ 3 X 1^ 

6^ 47r \ Trd 


and gives the ratio of the energy absorbed per unit surface of the earth 
to the square of the electric-field intensity.^ It should be noted that in 
the foregoing expression both the effect of the ionized layer and the 
curvature of the earth have been neglected. 


surface, current will be induced in the ground, if its conductivity is not zero, and this 
will reduce the transmitted energy. Only perpendicular components will not be 
reduced. Hence if the earth were a perfect conductor, the electromagnetic fields 
passing over it would be polarized so that their electric component would be per- 
pendicular and their magnetic component parallel to it. Since the earth is not a 
perfect conductor, the wave front is not quite perpendicular. For descending waves 
coming from dipole antennas on high towers or from aeroplanes or the ionized layer, 
the penetration of the polarized magnetic fields is usually pronounced when the 
surface is a poor conductor. 

1 With such formulas R. H. Barfield and G. H. Munro have made calculations 
for the energy absorption over towns where many vertical metal poles subtract energy 
from the wave. 
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THEORY OF THE IONIZED LAYER 

(HeavLside-Kennelly Layer) 

Field intensities that actually exist in spa^^e are often different from 
the value predicted by the theoretical formulas derived in the previous 
chapter. There are even instances where the observed field intensity 
is much greater than the theoretical value. In other cases (for instance 



with waves between 20 and 100 m corresponding to a range of 16,000 to 
3000 kc/sec), no field is observed for certain distances, even compara- 
tively close to the sender (Fig. 223) (dead zones, skip distances) although 
farther away from the sender zones of reception and zones of no field 
intensity occur alternately. This behavior occurs irregularly depending 
upon the weather, the location of the sun with respect to the sender and 
receiver, the season, etc. The intensity varies especially erratically 
during periods of sunrise and sunset. 

143. Causes of Abnormal Field Intensities and the Ionization of the 
Upper Atmosphere. — In order to account for abnormal received field 
intensities, Heaviside^ and Kennelly in 1902 suggested independently of 

^ This hypothesis was at first followed up by Foincar^, Blondel, and Guillaume. 

367 
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each other the existence of an ionized layer about 100 km above the 
surface of the earth. According to some of their followers, the upper 
portion of the layer consists largely of free electrons, while the lower 
portion contains in addition many ions. From this layer, radio waves 
are again bent back to the earth. It is believed that free electrons and 
ions produce the bending and that the electrons accelerate the propaga- 
tion of the waves. A retardation occurs when the electrons moved by 
the waves collide with the ions and give up their energy, that is, produce 
damping. Therefore in the upper portion of the layer an acceleration 
of the wave front occurs, while the wave front in the lower portion falls 
behind; that is, the wave front is tilted forward and again moves down 
toward the earth. The motion of the electrons is considerably more 
active for the longer waves than for the shorter ones. Hence, for long 
waves, more electrons collide with the heavy ions in the lower wave front 
and the bending effect is very pronounced, which explains the fact that, 
for very large distance and longer waves, a good deal of the observed field 
intensity is still due to the direct space wave. 

The successful theoretical work began with the investigations of 
W. H. Eccles^ and G. N. Watson,^ each attacking the problem from a 
different angle. The attack of Eccles formed the beginning of the 
present theory and was still more successfully carried on by J. Larmor* 
and others. According to Eccles, the atmosphere at about 80 km acts 
as a conductive layer and waves can be reflected. In the lower portion 
of the layer, ionization takes place during the day only but becomes less 
as the surface of the earth is approached. Therefore the index of refrac- 

1 Eccles, W. H., London Electrician^ 69, 1016, 1912; 71, 969, 1913. 

s Watson, G. N., Proc. Roy. Soc. {London), {A), 96, 546, 1919. 

*Larmob, J., Phil. Mag., 48, 1026, 1924; H. W. Nichols and I. C. Schblleng, 
Bdl System Tech. J., 4, 216, 1925; E. V. Appleton, Proc. Phys. Soc. London, 87, 160, 
1925; G. Elias, E.N.T., 2, 361, 1926; C. T. R. Wilson, Proc. Phys. Soc. London, 
87, 320, 1926; E. 0. Hulburt, /. Franklin Inst., 201, 697, 1926; G. Brbit and M. A. 
Tuve, Phys. Rev., 28, 664, 1926; E. O. Hulburt and A. H. Taylor, Phys, Rev., 27, 
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Soc. {London), 121A, 260-286, 1928; Lt. Gugot, Uonde dec., 7, 609, 1928; G. W. Ken- 
rick and C. K. Jen, Proc. I.R.E., 17, 711, 1929; E. V. Appleton, J.I.E.E. {London), 
7J, 642, 1932. T. R. Gilliland, G. W. Ejbnrick, K. A. Norton, Proc. I.R.B., 20, 286, 
1932, discuss observations and height of two ionized layers, E and F, which corre- 
spond to the virtual heights of the E and F regions of E. V. Appleton; L. Tones, 
Nature, 182, 101, 1933; J. A. Ratcliffe and E. L. C. White, Proc. Phys. Soc. London, 
46, 399, 1933; Nature, 181, 873, 1933; K. A. Norton, Nature, 182, 676, 1938; L. V. 
BEfiKNER and D. M. Stuart, Bur. Standards, J. Res., 12, 15, 1934; Proc. I.R.E., 
22, 481, 1934; L. V. Bbrkner and H. W. Wells, Proc. I.R.E., 22, 1102, 1934, identify 
three layers, E, Fi, and Fi\ E. 0. Hulburt, Phys. Rev., 46, 822, 1934, reports on 
reeent measurements in the ionized media. 
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tion varies, increasing with decreasing ionization — hence the bending of 
the wave path. During the night the atmosphere between ground and 
the ionized layer acts as a perfect dielectric. The electric waves are 
therefore propagated between the conductive surfaces with very lit;tle 
absorption and successive reflections take place between the layer and 
ground. During the day the atmosphere between the layer and ground 
is no longer a perfect dielectric and the waves undergo refraction as they 
pass higher up. The absorption is then great. Watson assumes, 
however, that the atmosphere behaves like a dielectric. The ground 
forms one conducting shell and the layer another conducting shell of 
infinitely greater conductivity. There is an energy decrease with 
distance as in a transmission line. For his 'final formula, Watson assumes 
that the ground is not a perfect conductor and arrives at formula (66a) 
on page 360. 

The existence of the layer can be attributed to several causes. The 
mam causes are probably the corpuscular radiation from the sun and the 
ionization effect of the ultraviolet light of the sun. 

1. The sun shoots off corpuscles, mainly electrons, which reach the upper portion 
of the atmosphere^ and strongly ionize it (Swann). Owing to the earth's magnetic- 
field action, the electrons can also reach that portion of the earth which is not directly 
illuminated by the sun (Stoermor, BirkJand, Villard). 

2. The wave radiation of the sun, especially that in the ultraviolet portion of the 
spectrum, ionizes ^ the layer during the day. The ionization gradually, but not 
completely, dies off during the night (Eccles, Lassen). Other less probable origins 
of the ionization are 

3. The radium emanation of the earth passes into the air and ionizes the atmos- 
phere uniformly during day and night. But in this case the ionization can exist only 
in the lowest portions of the atmosphere and therefore can hardly explain the con- 
dition in the higher portions of it. 

4. Ionization could also be brought about by the action of cosmic radiation, the 
so-called Hdhenstrafdung, which comes from the empty space. 

The following can be said about the absorption in the layer. For 
wave propagation without absorption, no collisions between ions (which 
are set in motion by electromagnetic waves) can occur. Hence the 
amplitude of the oscillations must be small compared with the mean free 
path of the ions and electrons, respectively. In other words, the period 
of the oscillations must be small in comparison with the time it takes the 
electrons and the ions, respectively, to travel through their mean free 
path. It can be shown that, for a height of 100 km above ground and a 
wave length X = 1000 m (300 kc/sec), these conditions are fulfilled for 

1 For a pressure of about O.Ol mm mercury. Pirect bombardment of the outer 
layers of the earth's atmosphere by electrons mostly thrown off from sun spots. 

* The ultraviolet light breaks up the neutral gas molecules of the upper atmosphere 
into positive and negative constituents. 
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the hydrogen ions. For the electrons, however, several collisions are 
possible. 

Recently the existence of three ionized layers, namely, the E, Fi, and 
F 2 layers, have been experimentally verified. All three layers have, so 
to speak, an uppei^and lower boundary which cannot, of course, be well 
defined. The E layer is next to the surface of the earth and the F 2 
region on the side next to the sun. According to L. V. Berkner and 
H. W. Wells, the maximum ionization of the Fi region is about 2.5 X 10^ 
electrons/cc, while the density of heavier ions is not greater than about 
lOVcc. The maximum ionization of the F 2 region reaches 1.1 X 10^ 
electrons/cc. The Fi layer seems to be caused by a separation from a 
general F region during the morning rathcT than direct ionization of a 
separate layer. Two reflection components are found lu ar the maximum 
ionization of the Fi and F^ regions. These components attain critical 
values at different transmission frequencicNs. A dip in the critical 
frequency of the F 2 region often occurs in the morning in summer. This 
may have something to do with the appearance^ of thr^ Fi re^gion. The 
critical frequency for the F^ region is somewhere belw een 2 and 3 Mc/sec. 
Diurnal and seasonal data for the E region seem to agree with the ultra- 
violet theory for ions, giving a value of order 10“^^ for the ionic re'com- 
bination loss. Data for the Fj region agree with the ultraviolet theory 
for electrons, giving a value of 10~^ for the loss of (4('ctrons by attachment 
to oxygen molecules. Virtual heights between 100 and 150 km corre- 
spond to the E region. These heights have been verified at 1.6, 2, and 
3 Mc/sec. The reflection from ionized layers during thunderstorms 
shows that the lower E layer was about 125 km above ground before a 
thunderstorm arrived. During the storm the electrical discharge 
pushed the layer down to about 105 km. Immediately after the storm 
the layer rose again to 125 km and mounted to about 150 km after 15 min. 
Hence during thunderstorms the layer seems to move up and down. 

Inasmuch as the verification of multi-ionized regions is only of recent 
date, it does not seem advisable to present more details before all the 
facts are well understood. For this reason, the following sections are 
based on a general ionized layer. 

144. Direct and Indirect Rays, Their Phase Difference and Dead 
Zones. — ^Figure 223 (direct and indirect rays) pictures waves below 
100 m (above 3 Mc/sec). The direct rays produce field strengths which 
can be estimated by means of the theoretical formulas given in the last 
chapter. The diagram at the top indicates the indirect rays which are 
refracted back from the ionized layer. For the sake of clearness, the 
height of the layer is drawn out of proportion. We note that the thicl^- 
ness of the layer is — Hi and may be 20 km if the lower surface Hi is 
about 90 to 100 km above the earth. The height of the layer is by no 
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means fixed as can also be seen from the upper diagram of this figure. 
For a certain wave length, two limiting angles $i and $2 exist. Between 
these angles we have refraction, that is, bending of the wave front, and 
the waves return to the earth as sky or indirect rays. If a ray ascends 
more steeply than is indicated by the angle ^i, the energy is probably lost 
unless it is assumed that the ray, after passing through the layer, is 
reflected back to the earth from the electron walls of the Stoermer electron 
pockets or some other ionized regions above the layer. Such rays would 
probably be of little use for commercial applications since they would 
produce echo effects (arrive, for instance, several seconds later on account 
of the immense dimensions of the pockets) which would blanket out 
signals of the direct rays and the normal indirect rays. The other 
limiting angle 62 is determined by the tangent to the surface of the earth. 
It will be noted that the rays enter farther into .he layer when they leave 
the sender at a greater angle with the ground, until the angle is such that 
they reach a height 7 / 2 . At this litight the index of refraction, which so 
far has decreased almost linearly with the height, gradually decreases 
more slowly. For a somewhat greater angle, therefore, abnormal indirect 
rays are produced which travel for long distances within the layer and 
thus may account for reception at a very great distance. 

Figure 224 gives approximate average transmission data for different 
wave lengths (10 to 1000 m) at different distances.^ The received signal 
is assumed to have a field strength of 10 m volts/m. To the left of the 
line marked ^flimit of ground wave^' it should be possible to receive at all 
times. This corresponds to the ordinary transmission formulas based on 
spherical wave motion. After that, one must use a pair of curves of the 
same kind, that is, for the same time; then if the distance is within the 
curves, one should hear a signal. Thus a 30-m wave should be reliable 
at all times up to 70 miles. From there up to 400 miles its daylight 
performance will probably be uncertain, while beyond 400 miles it will 
gradually die down until at 4600 miles it will again be below 10 m volts/m. 
From these figures, it is possible to estimate the skip distances. 

If, as in Fig. 223, we consider the case of a single reflection (strictly, 
refraction) from the ionized layer, we have one direct path of length di 
between sender and receiver and an indirect path of length ^2 which, so 
to speak, travels up toward the layer through a distance ^ 2/2 and is 
reflected down toward the receiver through a distance ^ 2 / 2 . If H 
denotes the height of the layer, the phase difference between the received 
waves is given by the phase angle 

#,1 «[< - 

*■ The carves are printed with the permission of the American Radio Belay lea^e 
(taken from “The Radio Amateais’ Handbook”}* 
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of the direct^ wave and the phase angle 


- 7) “ + (x) 

of the indirect wave. Therefore, we have at the receiver the phase 
difference 



If (di/X)p denotes a whole number, maximum signal intensity will be 
received; but if {di/\)p is half of an odd integer, we have to deal with 
phase opposition. Such phase effects do exist but are often obscured by 
multiple reflection which partially blankets out the inphase and opposite- 
phase relations. 

146. Effective Dielectric Constant of the Ionized Medium. — The 

field equation for the ionized medium has already been treated in Sec. 131 
[Eqs. (8) and (8a)]. Assuming a plane wave moving in the x direction, 
we find from the curl equations^ 


curlS=-M^ 


(2) 


that only the components 8, and Hy exist in the component relations 
(9), (10), and (18a) of page 338 if, instead of the term 4x0*6, the ionic 
contribution 4^qXv is used. We have then only 


d 8, __ dHy 

dz ~ '^nr 


dHy 

dx 


JL 


+ 4irg2 


V 


Differentiating the first equation with respect to x, the second with 
respect to tf and eliminating d^Hy/{dxdt) results in 

1 This phase equation is, of course, only approximately correct since, for a portion 
of the path dt (within the layer), the group velocity is smaller than c and the deduction 
is based on simple reflection. 

* Where So stands for the geometric sum of all field velocities of the ions per unit 
volume (1 cc in this case) and q for the charge of particular ion. 



874 


PHENOMENA IN HIGH^REQUENCY SYSTEMS 


^ (equation of motion for the ionized medium) (3) 

From this expression, it can be seen that the effective (or phase) velocity 
c' is different from the velocity c since we have an effective dielectric 
constant k^. insteacf of k only. The latter has already been brought out 
in Eq. (8a) on page 332. If for the sake of brevity we call 8 the z com- 
ponent of the electric-field intensity and assume sinusoidal excitation, 
we have 

8* = 8 = 8o sin oit 

According to Eq. (2), this field strength produces two currents in the 
ionized medium. One current results from the linear to-and-fro vibration 
of the ion and the other is the Maxwellian displacement current. Both 
are due to 8 and agree with the direction of this electric force. If m 
denotes the mass of an ion of charge we have the equation of ionic 
motion 

d^z , j-fdz / j \ 

Here z denotes the displacement of each ion from its original position and 
F{dz/dt) — F ‘ vis the friction term. If it is assumed that for free ions no 
elastic restoring or dissipating force exists (effects due to collisions are 
neglected), then Fv can also be neglected in comparison with 7n{dvldt) and 
we find 

dv ^ 


This expression omits the less important motions of the ion.^ Integrat- 
ing this equation and putting the constant of integration equal to zero, 
since we are not concerned with the random velocities, we obtain 


V 



&dt = — ^ 
nua 


8o cos (at 


which expressed symbolically is 



m<a 


( 6 ) 

( 7 ) 


^ Strictly speaking, the equation of motion for each ion is 

for curl 8 


dv 


, 8 . , 2 8 * 


and 




For motions due to thermal agitations, see footnote I, page 831. 


MdH 

e at 
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Now the motion of N ions/cc contributes a current 

ii = Nqv cos ojt 

mo) 


(S) 


In addition to this we have the ordinary displacement current flowing 
across a unit cube. The potential difference between two planes 1 cm 
apart is 8 times 1 cm. The capacity of the fictitious condenser with 
plates 1 cm^ in area and 1 cm apart is /c/(47r) = I /{Air) since k = 1 and 
the charging current becomes 


1 dS 0) ^ . 

^2 = T- "37 = T-So cos Wt 
At dt At 


( 9 ) 


This expression could have been directly obtained from the definition 
for the Maxwell’ an displacement.^ Hence the total current is 



/Cf> d 8 

At dt 


ArNq^ 

>w8o cos m 

mco^ } 

ArNg^ d^ 

mo)^ ] dt 


( 10 ) 


from which the effective dielectric constant of an ion medium^ is 


Ke - I 


ArNq^ 

mo)^ 


( 11 ) 


where all quantities are in the e.s. c.g.s. system. We see from this that 
the dielectric constant is smaller than for ether, and that the effect of 
gas ions on the effective dielectric constant can be neglected in comparison 
with the effect due to electrons. This can be understood if it is remem- 
bered that even the lightest ion, the hydrogen ion, has a mass of about 
1800 times the mass of an electron. If the ions collide v times per 
second, the dielectric constant becomes 


k/ - 1 


AtNq^ 


m(a\/ 


( 12 ) 


when all collisions are assumed inelastic. The derivation of (12) is as 
follows: Take any ion which had its most recent collision B,i t ^ U and 
can move freely under the influence of the electric field. Assume that 
after the collision it has lost its velocity in the direction of the electric 

, dP dQ . K dB 
dt dt Ardt* 

* Another expression lor is given in Bq. (37). 
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field fi. The velocity of an ion, according to (6), is, in the symbolical 
form, 

k 


— £LpUlut _ 
mu ' 


since 


«!> 


qPi 




It is furthermore assumed that the number of collisions v per second of 
an ion with other molecules is the same whether the electric field is present 
or not. Then the formula for the kinetic-gas theory can be applied. 
Now during the interval dt there occur Nvdt collisions for each cubic centi- 
meter of volume. The number of ions which collide during the interval 
between t and t + dt (but for the interval V = t — h pass freely) is 

{Nvdt)v€-'^^'dV 

Each ion when colliding loses the velocity 

mo) 

and the sum of the velocity changes of all ions colliding at t becomes 


s Nv'^di r 

Jo m V + 


3^ 


-&dt 


Then the velocity change per cubic centimeter during the interval dt due 
to collisions is — But for no collisions we have the velocity change 

dt 

per cubic centimeter during dt 


m 


m 


and the resulting velocity change becomes 

<(2') - 

/ ml v+jcaj m v+j<a 

which givesi upon integration, 

2” 


Nq 


m V + Jw 

We have therefore for the ionic current contribution 
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and the displacement current, according to (9), 

1 d8 jo) 


47r dt 4ir^ 


Hence the total current 


i — ii + i2 




4ir m{p + jco)_ 


_ 1 r. irNq^ ld8 _ J_ i iirNq^ 

4ir\_ in{jo3P — iir f ,p 

mco^ 1 — 7- 

L 


that is, the apparent dielectric constant for a JAedium with collisions is 

> = 1 


{ 1 - 3 - 
L 


The dielectric constant is therefore complex and must have a power (or 
watt) and a wattless component if expressed in this form. This can 
readily be seen from the following derivation where the ordinary instead 
of the symbolic method is employed. We have, for 8 = 8o cos w<, 

V = ^^[sin (at — sin (ato] 

and each ion when colliding loses the velocity 

V = —[sin wt — sin (a{t — <')] 
m<a ^ 

and the resulting velocity change becomes 

d ( - i— 7 ^ 7-^ 2 80 cos o)t — — Y -- j^^- - v - ^g 8 o sin (a^dt 

} ( m 1 + {(alpy m 1 + (w/j')® ) 

= {a 8 o cos (at — fiSo sin <at)dt 
Integration yields 

St; — 760 sin <at + 58o cos <at 


90 d«g out of in phase with 6; 
phase with 6; henoe absorp* 

henoe displace- tion (watt) 
meat (wattltes) component 
component 


for 7 » a/« and S ^ fi/<a. Inserting these results in the main equation 


lae 

cdt^c ^ 


curl H 
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for the ionized medium, yields 

curl H — - ^ + ^^[780 sin «< + 58o cos 

C ut C 

But 8 = So cos o)t; hence 80 sin o>t == —d&/dt and 

* curl H ^\[l- 4rqy]^^ + (14) 

Ke 4t1Ca/ C 

Therefore, for the ionized layer with v collisions per second, the true 
dielectric constant Ke and true conductivity a are 

. = 1 _ 

m{w^ + 

= 

Tn{(i)^ + v^) 

146. Phase Velocity, Group Velocity of Propagation, Index of Refrac- 
tion, and Critical Frequency. — Since the permeability of the ionized 
medium remains unchanged and the dielectric constant Ke alone changes 
and the velocity of propagation of an electromagnetic wave in a medium 
is inversely proportional to the square root of the permeability times the 
dielectric constant of the medium, we have for the phase velocity 




(16) 


since m = 1 - We therefore see that the phase velocity is greater than 
the velocity c of light. Phase velocity njust be distinguished from group 
velocity. 

The phase velocity c' is the speed at which an infinitely long sinusoidal 
wave train travels through a medium. 

The group velocity c" is the speed at which the energy travels through 
a medium. For our case, we have the simple relation 

c'c" = c2 = 9 X cmVsec^ (17) 

that is, when the phase velocity c' is greater than the velocity c in free 
ether, the group velocity c" is smaller than c. Hence high phase velocity 
means that the energy received arrives somewhat later. This is a very 
important point when dealing with electromagnetic echo effects which 
often occur seconds after the direct signal has been received.^ 

Prom these definitions, it is evident that the phase velocity is of no 
practical value except when unmodulated time signals present themfeelvCs. 

1 For details, see p. 403. 
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But as soon as a wave is modulated or we receive impulses, we deal with 
the group velocity c". Stokes first called attention to a general formula 
for group velocity and he regards the group as due to two infinitely long 
trains of waves of equal amplitudes and nearly equal wave lengths 
advancing in the same direction. Rayleigh shows more generally that, 
if c' is the velocity of propagation of any wave length X where k = 27r/X, 



then the group velocity c" of a group composed of a great number of 
waves and moving into an undisturbed part of the medium is 


dk 


(18) 


The derivation is briefly as follows. Referring to Fig. 225, we have for 
two infinitely long waves represented by 

yi = cos k{vt —"x) and 2/2 = cos ki{vit — x) 

a resulting wave (1 + 2) 

(kiVi — kv. ki — k \ jkiVi + kv. ki + k \ 
y = 2 cos ^ 1 - cos I ^ 1 - 

where 

I. _ 2ir 


At time < = 0, the resultant wave has a maximum at the point of origin 
(x ™ 0). If the wave lengths are almost equal, that is, fci — fc and Vi — v 
small, we have a train of waves whose amplitude varies slowly from one 
part to another between 0 and 2, forming a series o( ^ups separated 
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from one another by regions comparatively free of disturbances. The 
position at the time t of the middle of the group which was initially at 
the origin {x = 0) moves on with a group velocity c" determined by 

{k}Vi — kv) — (ki — k) — 0 

which shows thatlihe group velocity is {kiVi — k%v^/{ki — k) which, in 
the limit, yields 

„ _ d{kv) 
dk 

= . - X| (19) 

and checks formula (18). From this derivation, it is evident that, when 
wave trains X and Xi travel with equal speeds, the speed of the inter- 
ference beat would be equal to the speed common to both component 
waves. 

The index of refraction n is defined as the ratio of the velocity of 
propagation in vacuum to that in the medium;^ that is, for the ionized 
medium it becomes 


n 



( 20 ) 


This equation determines the degree of bending in the ionized layer. 
If during 1 sec v ionic collisions occur, then according to (12) and (13) 
we obtain a complex index of refraction since 



nuay/ (0^ -\~p^ 



( 21 ) 


and hence absorption takes place. But, at heights greater than 80 km, 
the atmosphere is so dilute that v is very small (Table XV, page 384) and 
for short waves v/ca is small in comparison with unity. Consequently a 
real index of refraction as given by (20) exists. Combining (19) and (20), 
we find another expression for the group velocity 


and 


m ^d{f) 

d{J/c') 


1 ^ia(n/) 
df 


F’-c 



^ Another expression for n is given in Eq. (37). 


( 22 ) 
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and for any path 

cJ^ = Jnd8-/J^ (23) 

if ds denotes the element of the path and / the frequency. 

In order to prove Eq. (17), we have to investigate Eq. (3), the equa- 
tion of motion for the ionized medium. Since the time factor of the field 
strength 8 of Eq. (4) is we find for the velocity v of one ion, when 
the frictional term F(dz/dt) is included, 

qS 

f) ' 

F -f jm(a 

and (3) becomes for N ions/cc 

dx^ dt^ F + jmo) dt 

if 8 denotes the remaining z component and like ions are considered. 
The solution of this expression is of the form 

S = 

Neglecting the frictional term (F = 0) we obtain for the phase velocity 



for = 1; ^ = 27r/\; ki == 2ir/\i; Xi^ = T7nc^/{Nq^) 
But, according to (18), the group velocity is 


Hence 



c 



and the group velocity becomes 



if /o denotes the resonance frequency for which selective absorption occurs. 
Since the group as well as the phase velocity for the ionized medium is 
often very different from the velocity c in a vacuum, we have to distin- 
guish the three cases. 
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1. If AtrNq^/nuji* < 1, then the phase velocity in the ionized medium is greater 
and the group velocity correspondingly smaller than the velocity of propagation in 
empty space. 

2, If the group velocity c" vanishes, then, according to (26) 

- 1 (26) 

for which case the phase velocity (16) is infinite. Hence, for a given number of ions 
a frequency /o exists for which electromagnetic waves can no longer pass and that 
portion of the layer is opaque to waves of this frequency. From (26) we find that the 
critical frequency 



3. If AirNq^/mo)^ > 1, we have to deal with an imaginary group velocity. The 
value of the critical frequency is difficult to calculate since the number of ions and 
the kind of ions have to be assumed. Certain authors assume the action to be due 
to electrons and give values ranging from 10® to 3 X 10® electrons/cc. For N = 10® 
eloctrons/cc, we had /o = 2840 kc/sec, corresponding to a critical wave length of 
106 m; this absorption was never observed. For electrons ~ 4.77 X lO"'® e.s.c.g.s.; 
m = 8.97 X 10"^® g, and A^q^jm = 3.2 X 10® e.s.c.g.s. The index of refraction for 
10® electrons/cc and short waves becomes 

” - - (n)' ™ 


when X is measured in meters. 

147. Dispersive Properties of the Ionized Layer. — From (16), (25), 
and (27), we find for the phase and group velocity 


(29) 


and from (20) for the refractive index, 


VI - {UHY 




where /o denotes the resonance frequency and / the frequency of the 
wave. These results show that the ionized layer has dispersing properties 
and rays of higher frequency pass at a greater speed than those of lower 
frequency, A modulated wave (/ + 26/ and / — 26/, respectively) with 
side bands must therefore arrive somewhat distorted. The effect is 
more pronounced the larger 6///. Hence the distortion for shorter vxwes 
is less since (f + 6/)// is almost unity. Besides this velocity effect we see 
from (23) that different frequencies can follow different paths. 
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148. Notes on the Physics of the Atmosphere' and Selective Absorp- 
tion. — The earth's atmosphere is composed of two concentric shells. 
The inner shell is called the “trophospherc^^ and the outer the strato- 
sphere/' 

The trophosphere has a temperature gradient which decreases from 
the ground upward, the mean gradient being about 6°C/km. The radial 
height of the trophosphere is 10 to 15 km and masses of air are continually 
moved about to places whore the pressure is different. 

In the stratosphere no temperature gradient exists. This is an iso- 
thermal shell and eonveotion currents of air cease at a radial height of 
about 20 km since the temperature is there only about — 54°C, conse- 
quently there are no large mass movements. 

With respect to the main elements contained in the atmosphere we 
have the volume percentages of nitrogen, oxyg m, hydrogen, and helium 
as in Table XI\’ ^ VVe see that at a height of 70 km there is a rather 


Table XIV 


Height, 

km 

Pressure, 
mm mercury 

Nitrogen 

Oxygen 

Hydrogen 

Helium 

0 

760 

78 1* 

20 9 

0 033 

0.005 

20 

41 7 

86 

16 



40 

1.92 

88 

11 

1 


60 

0 106 

77 

6 

16 

1 

80 

0 019 

21 

1 

74 

4 

100 

0 013 

1 


95 

4 

120 

0 011 



97 

3 

200 

0 006 



99 

1 

600 

0 0016 



100 



marked dividing line. From this height on, the lightest gas, hydrogen, 
forms the main constituent of the air. The volume percentage for the 
content of hydrogen is somewhat doubtful since Jeans gives a value which 
is 3.3 X 10“^ against a value of 3.3 X lO"”® as in this table. 

Ionization is brought about as explained on page 369, and Table XV, 
the work of S. Chapman and E. A. Milne,® gives the approximate values 

^ Humphrey, W. J. '^Physics of the Air,'' J. B. Lippincott Company, Philadelphia, 
1920; Wegener, ^'Thermodynamik der Atmosphare," 1911, p. 46; S. Chapmann in 
Glazebrook, Dictionary of Applied Physics," Vol. II, The Macmillan Company, 
New York, 1926, p. 643; Loei> J^tleigh, Proc. Roy. Soc. {London) ^ 109 , 428, 1926; 
W. R. G. Baker and C. W. Rice, AJ,E,E. 40 , 636, 1926; H. Lassen, E.N,T., 4 , 324, 
1927; S. Chapman and K. A. Milne, Qimrt, J. Roy, Met. Soc.^ 46 , 367, 1920; J. J. 
Thomson, Phil. Mag.j 47 , 337, 1924. 

* Wegener, loc. dt. In this table the hypothetic gas geocomium is included 
with hydrogen. 

®Loc. cU. 
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Table XV 


Height, 

km 

Pressure, 
dynes /cm* 

« 

Number of 
moleculcs/cc 

Molecular 
mean free 
path, cm 

Electron collision, 
frequency per sec 
{v - 1 /r) between 
an electron and a 
gas molecule 

0 

1.01 X 10« 

2.7 X 10*9 

9 X 10-« 

9.5 X 1011 

J2 

1.92 X 10" 

6.5 X 1019 

4 X J0-" 

2.1 X 1011 

20 

6.53 X W 

1.9 X 10« 

1 X 10-® 

8 5 X 1019 

40 

2.55 X 10" 

8,6 X lO*® 

3 X 10-" 

2.8X10* 

60 

1.24X10* 

4.2X101" 

6 X 10-* 

1.4X10® 

80 

6.27 

2,1X101® 

1 

8.6X10® 

100 

0.363 

1.2 X 10*9 

20 

4.3X10" 

150 

1.49 X 10“* 

5.0 X 1011 

500 

1.7 X 10® 

200 

5.62 X10-" 

1.8 X 1011 

1000 

8.5 X 10" 

300 

6.99 X 10-“* 

2.4 X 1019 

1 X 10® 

8.5 X 10* 

400 

1.05 X 10-“* 

3.6 X 10* 

7 X 10® 

1.2 X 10* 

600 

2.59 X 10-« 

8.8 X 10^ 

3 X 10® 

2.8 

800 

7.97 X 10-« 

2.7 X 10® 

9 X 10^ 

0.95 

1000 

2.92 X 10-9 

9.9 X 10® 

3 X 10* 

2.8 X 10-" 


of pressure, molecular concentration, mean free path between molecules, 
and collision frequency. The molecular mean free path I is calculated 
from 


irV2MD^ 


cm 


(31) 


where M denotes the number of molecules per cubic centimeter and D 
the molecular diameter (assuming 3 X 10“® cm, and that no account is 
taken of air as a mixture). For the electronic free path U, we have the 
approximate formula 


MirDi\[l + 

\ m 


cm 


(32) 


where M, the number of molecules per cubic centimeter, is assumed large 
compared with the number of electrons, Di = (D + D*)/2 is the average 
value of the diameters of the molecules and electrons, m, and m are the 
masses of an electron and a molecule, respectively. The second expres- 
sion is obtained when the mass and diameter of the electron are neglected 
in comparison with those of a molecule. The radius of the electron at’ rest > 
is only 1.86 X cm, but that of the lightest atom, a hydrogen atom^ 
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m 


is 1.085 X 10~® cm. We see that the electron mean free path is about 
4\/2 times the molecular mean free path. Since the average electron 
velocity is 


V = 



where the universal gas constant fc = 1.37 X 10“^®, T is in Kelvin degrees 
(273 + C®), and^ = 8.995 X lO^^s g, then the average collision 
frequency v between the electrons and a gas molecule is 


V 



(33) 


We note from Table XV that selective absorption takes place at 
A = 70 km for a frequency of 5000 kc/sec, sinct the collision frequency v 
equals w = 3.14 X 10^ at a height of about 70 km. Hence, if the lower 
boundary of the ionized layer is much above 70 km, the electromagnetic 
waves will not be subjected to large absorption. 

By means of Eq. (4), the amplitude z of the motion of an ion can be 
found, and we have for 


d^z , „dz 


Q'So sin (Jit 


a solution of the form* 


Hence 


z = A sin B cos co^ 


dt 

d^z 

dt^ 


= coA cos (d — coJ5 sin (j)t 
= —w^A sin (Jit — cos (at 


and the equation of motion reads 


r F 

— w^A sin (Jit — (a^B cos (jit H — A sin (jit H — B cos (jit 

m m 


for (at = 7 r/ 2 ; sin (at = 1 and cos (at ~ 0; hence 


F 

— “W^A H — A 
m 


1 

m 


6m 


1 This is the mass » wo which is correct up to velocities =* c/5 » 60,000 
km /sec. It should be remembered that the entire energy W of an electron in motion 
is W * TT* + O.Smo*^* where the first term denotes the magnetic*field energy due to 
the electronic charge q in motion, and the second term the energy required to move 
the uncharged mass of the electron with a velocity v. 
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and for cot = 0; sin = 0 and cos o)t = 1 


Hence 


+ -B = 0 
m 


(g/ni)e,o 
(F/m) - 0)2 


and 


B - 0 


and the amplitude z for any frequency / = w/ 27 r, after steady-state 
conditions have been attained, is 


iq/m) So 
“ (F/m) - 0)2 

which shows that, for a frequency 


(34) 




(35) 


a theoretically infinite amplitude would be reached if the ion did not col- 
lide with its neighbors and thus consume energy from the wave which 
produces the vibration along the direction of 8. In f35), the quantity F 
denotes the restoring force per unit displacement and is, according to (27) 

F = 


Thus we ^nd for the amplitude of the ionic oscillation due to Go sin (at 
from (34), 


(q/ni) Go _ qSo 

0 ) 0 ^ — 0)2 — P) 


(36) 


From the relation (8) for the ionic contribution, we find 


or 


i, = Nqv = Nq^ 
Di = fiidt = Nqz 


which is nothing more than the component of electric displacement due 
to N ions. From (9), we find for the unit cube 


Da = 



which is nothing more than the dielectric displacement in the fictitious 
condenser since the field strength per unit length is numerically equal to 
the potential difference. The resultant effect is, therefore, if we deal 
with maximum values, 


Do 




So , Nq^&o 

4 ir 4 t 2 w(/o* — P) 
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and 

47rZ)o = 6„[l + 

= 6o« 

Hence the dielectric constant Kc and index of refraction n can also be 
expressed in a dispersive medium as 

, -II ) 

(37) 

n = 1 

These results, however, are of value only when the atoms are so far apart 
that the free periods of the ions are not aflFected by the presence of the 
neighboring atoms and there is only one critical frequency /o. 

With referen^'C to ionization due to ultraviolet rays (X < 400^//) from 
the sun, the following is added: The action of such rays liberates an 
electron from a neutral molecule. It leaves behind a positively charged 
nucleus. The electron can either remain free or join another gas molecule 
and thus produce a negative ion. Generally nitrogen and oxygen are 
ionized m this way, while hydrogen is hardly affeet(»d by ultraviolet rays. 

If A denotes the absorption ability of air at the surface of the earth 
and assuming that A is proportional to the number of molecules per 
cubic centimeter, and therefore also proportional to the pressure, the 
absorption ability at any height becomes 

a = 


for fc = 1.3 X 10”® (ratio of specific gravity and pressure at 0®C). But 
where there is strong absorption, there is also strong ionization. Hence 
the change in the intensity of the rays at any height becomes 

dJ = aJdh = Ae^^^^Jdh 


or 


and 


J = 


where /o denotes the intensity of the ultraviolet rays at h — <» , that is, 
before absorption begins. We find for the absorption 


dh 




The coefficient A for a monatomic gas is given in the formula for the 
intensity of ultraviolet light 


J »= JoT** 
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if the rays pass along in the direction of x. According to Lenard and 
Ramsauer, the ionization effect of the ultraviolet light is, after passing 
through an air distance of x cm, 100 relative ionization numbers for 
X = 0.5; 6.8 relative numbers for x = 1.5; and only 0.3 relative numbers 
for a distance of 2^5 cm. Hence A = 2.7. Figure 226 gives the func- 
tions of J and dJ/dh. The latter is a relative measure of the number of 
ion pairs produced at any height h per unit volume and in unit time. 

The strongest ionization takes place in a layer 
of about 30 km thickness and the maximum 
ionization is, according to 



for 




A = i log* y == 112 km 


Fio. 226. — Degree of ioniza- 
tion above ground. 


Above and below this height, the ionization 
decreases and more decrease takes place below 
112 km. Accordingly, the ionized layer is at 
about 100 km. 

Now the question arises whether the elec- 
trons remain as free electrons or join a neutral 
gas molecule and produce a negative ion of 
molecular magnitude. Since at the foregoing height hardly any oxygen 
exists, the electrons can join with nitrogen or hydrogen molecules only. 
But the former has, like the noble gases, no great tendency to catch free 
electrons, and therefore hydrogen seems to be the only gas that can at 
this height act as a negative ion after absorbing an electron. Hence we 
have to deal with such negative ions and with free electrons. 

149, Bending and Path of the Rays —We have seen that the dis- 
tribution of ionization in the ionized stratum will at first increase with 
height, reaching a maximum, and will then decrease again to a small 
value at very great heights. 

The effective refraction index [Eq. (20)] of the medium is reduced on 
account of the free electrons which are in the ionized layer and some of 
the waves moving toward the layer will be bent and return to earth. 
For the treatment of the path, we can therefore consider the energy flow 
like light rays. 

According to (16), we have for the phase velocity 


3 X 1010 






;3 X lowfi + 

mor 


j 


m 



THEORY OF THE IONIZED LAYER 


389 


the approximation to the right being permissible for short waves (below 
100 m). In order to realize the effect of the variable phase velocity of 
propagation, we imagine (in Fig. 227) an infinitely narrow wave element 
dz which is cut out of the wave front. The wave front will be at time t 
dA A B and at time t dt along ED. Hence it takes the wave the same 
time to go from .A to as from B to D. But the distance from .4 to £ is 


(c' + dc')dt and from B to D is c^dt 
figure. The wave element has turned 
itself through angle Ad, which is 

Ad = + dc')dt — c'dt _ dc^dt 

dz ”” dz 

and the patli of the ray is therefore 
curved owing to the variable velocity 
c' of propagation. The radius p of 
the curvature can be found from the 
relation 

' pAd = c'di 

Hence 


for the velocities indicated in the 



Fi«. 227. — Wave element dz of wave front 


1 = _ d c' jdz _ d(log e cQ 

p ddi c' dz 


In order that the rays shall have sufficient intensity at the receiv- 
ing end, the maximum value of p cannot be greater than the radius 
R = 6.37 X 10® cm of the earth. With p == i2, we find from (39) the 
curvature 

i = i ^ ' 

R c/ dz 


Hence if the number N of ions increases along 2 , then c' increases and the 
rays will bend downward with a curvature jbz. 

Introducing from (20) the refractive index n, we obtain from 


^ 3 X 10^^ 
n n 


for the equation of bending 


JL — 

R ndz 


(40) 


where z is perpendicular to the direction of the ray. Eq. (40) is therefore 
the equation of the path if n is everywhere known. Since n is 
practically unity except at the critical frequency, this curvature is 
0.6(d?»*/d3), If the ray is to follow the curvature of the earth, it is 
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evident that n must decrease at higher altitudes; that is, dn^ldz must 
be negative. 

As the ray passes into the ionized layer (Fig. 228), the angle 
changes to some angle since the index n of refraction decreases within 
the layer and gives the smallest value at some critical height in the 
ionized medium, ^rom there on, n increases again toward the limiting 
value 1. Assuming a definite small electron concentration N below the 
layer, we find from (20) that for short waves the index of refraction is 
practically unity and a real quantity. 



U2x ^ ► X 


Fig. 228. — Path of sky ray for single- and multi-layers. 

Within the layer, Snell’s law 

n sin ^ = constant (41) 

can be applied. But since n decreases at first with z, the angle ^ grows 
until the path is horizontal. But, according to Gans, just before — 90° 
at a critical plane Pi — P in the layer, the refraction law breaks down and 
total reflection takes place at point Pi. After that, refraction occurs 
again and it is justifiable to apply the refraction law 

no sin 4>o = n sin 4> (42) 

with the condition that a critical plane must exist in order to bring the 
ray back toward the earth. This condition requires = 90° or sin = 1. 
Hence n = no sin 4>o =® sin 4>o since, for short waves below the layer, 
r^o 1. The number of electrons per cubic centimeter can be calculated 
since the expression introduced in (20) yields 


sin 4»o 
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the latter approximation holding only for short waves. Hence the 
electron density 

N = (43) 

An angle <^>o = 80° corresponds for X = 14 m to a ray which is tangent 
to the surface of the earth and from this value we can calculate the 
number of electrons per cubic centimeter or hydrogen ions per cubic 
centimeter, respectively, which exist for this frequency. Most authors 
assume an electron concentration N since the hydrogcm ion seems alto- 
gether too heavy to account for the transmission phenomena. Assuming 
a certain number of electrons per cubic centimeter, we see from (43) that, 
with increasing frequency (<*j/27r), the refraction becomes smaller and 
smaller until, above a certain frequency, the ray can no longer be refracted 
back. This frequency seems to be in the neighborhood of 20 Mc/sec, 
When the curvature of the earth is to be taken into account, we use the 
relation 

djlog, n) ^ 
dr R 


assuming that a ray which was once parallel to the ground becomes again 
parallel to the ground. The quantity r denotes the distance from the 
center of the earth and R the radius of the earth. In this formula the 
height of the ionized layer is neglected in comparison with R, If we 
deal, for instance, with waves below 100 m in length, we have again 
n ^ 1 — (ZjrNq^/iTKa^) and, according to the curvature condition. 


AN = 


mo)^ 


;Ar 


%rmP 

q^R 


Ar 


(44) 


This equation gives a means for determining how much the electron 
density must change for a certain he^ht Ar in order to keep the ray 
parallel to the surface of the earth. For instance, for a wave of 

X = 80 m ( = 3.748 X 10* cycles/sec), 

we find for the increase of N per kilometer height (Ar = 1 km) if we 
fljwnnnft the presence of electrons only 


AN 


6.28 X 9.02 X 10^*» X 3.748* X 10‘» X 10* 
4.774* X 10-*» X 6.378 X 10* 


56 electrons/km 


Hence if the curvature of the surface of the earth is taken into account, 
the electron density is slightly larger. With respect to the path of the 
ray, we find from Big. 228 
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-r- = tan $ 

dz 


sin $ 

•\/l — sin* $ 


and combining this with (42) for no = 1 gives 


which gives 


^ sin #0 

^ — sin* 4>o 


X — sin 4>, 


•r 


•v/n* — sin* 4>o 


(45) 


This integral can be evaluated when n is known as a function of the 
height 2. 

From this point, assumptions have to be made. E. 0. Hulburt* 
assumes, for instance, as one possibility that the electron density is 
proportional to the height and finds for n® = 1 — 72 for the path of the 
ray an expression 


a;* 


4 sin* $0(1 — sin* 4>o — yz) 

yi 


which is a parabola. The maximum height h above ground then is 


h = 


1 


sin* $0 
y 


(46) 


and the ray comes down again at a distance 2x = 4h tan $0 (Fig. 228). 
On the other hand, H. Lassen^ calculates the index of refraction n also 
with respect to 2 (Fig. 229) and assumes 2 » 0 at a height of 95 km above 
ground (lowest level of the layer). The index of refraction then becomes 



- 2.3 X 10-»X*| 


(-3^) 


if 2 is expressed in kilometers and the wave length in centimeters. The 
rays which are incident in the layer at an angle <&{ to the normal from 
ground will pass parallel to the ground when 


cos = 1.4 X (47) 

This corresponds to an angle of * 0® at the sender. Table XVI is 
obtained from Eq. (47). The table shows that waves below 14 m in 
length can never return from the layer. The limiting angles assume, 
however, a plane earth. 


^Loe. dt. 



THEORY OF THE IONIZED LAYER 


393 


Table XVI 


X<“) 

4*1, deg 

e, deg 

14 

79 

0 

20 

73 

13 

30 

65 

22 

40 

66 

32 

60 

33. 

56 


Moreover, in Eq. (28) we found, for short waves and N = 10® elec- 
trons/cc, an index of refraction 

” = + (^) 



if X is expressed in meters. Hence, for a certain angle of incidence 
into the layer, there is no longer refraction but only total reflection 


given by 

sin « n 

or 

^ X 


cos ^ fg 


(48) 


This formula yields about the same results as those obtained from (47) 
and given in Table XVI. Now, in Fig. 229, the distance AB represents 
the normal limit reached by short waves if we do not take into con- 
gidemtion the rays which travel for long distances completely within 
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the layer (Fig. 223) and may account for abnormal distances and probably 
some long time-interval echo effects. This distance is approximately 

d = AB^ 2y/{R + hY -R‘‘ 

= 2y/2Rh + h- 

' = 2y/l2,imh -1- (49) 

But 

• .T. ® 

s,„ 4, - 

and 

or 


which together with (49) gives 


or 


X = — d 

2{R -I- h) — 2R 
= d 

12, im 


(50) 


The distance AF = di for angle 4>o of incidence (Fig. 229) becomes 

djO™* = tan 4>o (51) 

160. Effect of the Earth’s Magnetic Field on the Path of Transmission 
and Selective Absorption Due to Electron Motions.— The magnetic held 
of the earth is derived from a potential which is approximately 

r = 0.32«V-=> cos a (52) 

• 

if R denotes the radius of the earth and a the angular distance from a 
hypothetical magnetic north pole. The magnetic north pole lies in 
the neighborhood of the geographic south pole. The deviation from the 
geographic north-south direction is about 8 deg. The angle of the 
magnetic axis with the horizon is about 66 deg. At a height of 50 km, 
the horizontal and vertical components of the resultant magnetic-field 
intensity are 

Hh = 0.31 sin a 
Hv = 0,62 cos a 


When the wave passes into the ionized layer at an angle $ in the direction 
of the magnetic field, we have 
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Ht = cos d 
Hx — H sin 6 

When long-distance transmission takes place and the ray is horizontal 
and at an angle 6 with the magnetic meridian, then 

Hz = -'Hh cos 6 
Hx = y/Hk^ sin^ B + 

and the total field varies from the horizontal and a value of 0.33 at the 
magnetic equator to the vertical and a value of 0.62 ai the poles; the 
average value therefore^ is 


Hr = 0.5 gauss (53) 

Omitting the less impoj*lant motions of th“ ions and electrons, we 
have seen from tiie prc'ceding sections that ions can be excited by the 
electric vector 8 of a wave and that the ions execute linear to-and-fro 
motions along the direction of 6. It will be shown in the following 
that the ions for an api)ropriate orientation of the electromagnetic 
alt(Tnating field with respect to the magni'tic field of the earth can be 
caused to oscillate along ellipses and circles, by means of which the 
polarization of the existing wave will be clianged. The original linear 
polarized wav(i is then for the general case elliptically polarized. Special 
cases, circular and linear polarization, respectively, can occur. Besides 
this, selective absorption exists for a different critical frequency /o from 
that given by the theory originally suggested by Eccles and Larmor. 

As is well known, a free ion moving in a magnetic field has a force 
(due to the magnetic field) acting upon it at right angles to its velocity 
and to the magnetic field. If the ion has a simple periodic electric force 
impressed upon it, it will execute a free oscillation together with a forced 
oscillation whose projection on a plane is in the general case an ellipse 
traversed in one period of the applied force. The component velocities 
are linear functions of the components of the electric field and the natural 
frequency fo depends only on the magnetic field and the ratio of the 
charge to the mass of the ion. The components would then become 
infinite if energy dissipation due to collision did not take place. 

The simplest case is that in which the electric field 8 which accelerates 
the ion is assumed to act perpendicularly to the earth^s magnetic field He 
and it is assumed that the magnetic field H due to the wave is negligible. 
For a vanishing electric field, the force due to He causes the ion to move 
along a circular path. The direction of rotation depends upon the 
polarity of the charge of the ion. If wo denotes the angular velocity of 

1 This corresponds to a flux density of 0.5 maxwell/cm* since m 1 and is the 
value used in our calculations. 
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the ion, and R the radius of the circular path, we must satisfy the con- 
dition of balanced forces 

—HeR<i<a^ = mRui)^ (54) 

c 

* mechanical force centrifugal force due 

due to Ht to motion of ion 

for which the ion remains moving along the circular path with the 
velocity v = cooii. The correctness of the left side is evident if it is 
realized that, for the ionized medium, the flux density B = ixHe = Ht 
and that the force due to the earth’s field H, on the ion is 


F 



The natural frequency wo/2«-of any ion becomes therefore 


«».«/«.) = 53 X (55) 

m 

if the charge of the ion is expressed in e.s.c.g.s. units and its mass in 
grams. For electrons, we have q = 4.774 X 10“^® cm\/dynes and 
m = 9.02 X 10“^ g. Combining this with the value He = 0.5 gauss oi 
(53), we find that the resonance frequency of the electron is 1395 kc/sec, 
corresponding to a wave length of X = 215 m which is in the vicinity of 
the selective absorption noted in the experiments of A. H. Taylor (Fig. 
224). The other resonance frequency that might occur would be that 
due to the hydrogen ion which has a ratio q/m, equal to 1/1800 of that 
of the electron. Putting this value into (55), we find 

Jo = ^ ^Q 2 = 775 cycles/sec 

corrresponding to Xo = 387 km, that is, a value in the audio-frequency 
range, which could not occur in this class of work. Hence for the 
selective absorption, which in this case has also been experimentally 
confirmed, the ions cannot play a part and the action of the free electrons 
together with the earth's magnetic field seems alone to be responsible 
for it. 

Now if we include the action of the electric field 

s = -I- = Si -j- g, 

an electromagnetic wave where ^ is the angle with respect to the 
direction of the alternating field S, we note that we have a left- and a^ 
right-^handed revolving field. One component must have the same direc- 
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tion of rotation as the ion and the other must revolve in the opposite 
direction. It should be noted, however, that, when 8 also acts, the 
forced oscillating frequency of the ion is due to the frequency of 8 . The 
action of the He field then affects the orbit velocity v » i 2 w only, since 
He determines the radius R of the ion path. According to the two 
revolving fields 8 i and 82 , we have two components for the balanced 
forces [similar to Eq. (54)] for the stationary state 


c 

+ 

11 

mR<a^ 

mechanical force 
due to earth field He 

and for the other rotation 

mechanical force due 
to electric field 6i 

balancing centrifugal 
force 


--HMqoo + ^q = mflw* 

C A 



Upon rearranging the terms and utilizing the resonance condition 
[Eq. (55)] 


we obtain the relations 


(aR 


o)R 


0.5 So g 0.5 ( g/m)8o 

w — Wo 

mu HeQ 

c 


(7/^)fio (for field in the same\ 
4ir(/ — /o) direction as the cir- 1 
culation of the ion) \ 


(9/m)8o 
4^(/ + /o) 


(for field in the opposite direction) j 


(56) 


These results give the relations for the velocity v = wfl of the ions. The 
ionic current contribution due to the first expression of (56) for N ions is 


ii = Nqv = 


0.5Arg^8o 
m(w — Wo) 


m(w — Wo) 


(67) 


For the other component, we find 


The displacement current h is 


m(w + Wo) 


it 


0.5 d8o 
4 * dt 


( 68 ) 

(69) 


It is, however, to be noted that the ions $xe moving in the direction of the 
field when the revolving-field components are perpendicular to it since 
the velocity of the ions lags 90 deg behind the exciting field. Bearing 



m 


phenomena in high-frequency systems 


this in mind, we find for a wave propagation in the direction of the 
earth’s field (about north-south transmission) for the total current as in 
solution (10) 


= n' + i, = ^[l 

^ k/ d^i 

4:T dt 


tnuiico — ajo)J dt 


( 60 ) 


and for the other component 


ii" = i," + ** = ^[l 

^ d^2 

4t dt 


47rNq^ d^2 
inu){o) + wo)J dt 


( 61 ) 


The effective dielectric constant for -the two cases is therefore 


= 1 ^ 

fnii)(o) -h a)o) 

We have also two different indices of refractions 


( 62 ) 


n 



mw(ci> + coo) 


( 63 ) 


as well as the phase velocities^ 


r' = 






m«(w -f Wo) 


( 64 ) 


The wave therefore breaks up into two oppositely circularly polarized 
components traveling with different phase velocities Ci' = c/V^' and 
Ci' = c/ \/ k 7^ . The plane of polarization of the resulting alternating 
field is rotated through an angle $ with respect to the field in the plane 
d « 0 which is 


e 


(j)d 


wd 

c? 



( 66 ) 


^ If r denotes the time between two impacts of an electron and gas moleculeSt the 
absorption coeflScient for the wave is 


2tc m{<a wo)* 

The minus sign stands for the counterclockwise-polarized wave and the plus 
for the clockwise-^polazized wave. Hence one wav^ has moie decrement than the 
other and in many cases only one will arrive with sufficient intensity. 



THEORY OF THE IONIZED LAYER 399 

since the wave after passing through a distance d has one component 

Si = 

and another component 

S, = 

We must, however, realize that the two circularly polarized components 
remain coherent only if the index of refraction is not too great and the 
distance of propagation is small. If the two components are separated 
by greater refraction or distance, each will proceed as a circularly polar- 
ized wave. This can be understood from Eq. (40). We can calculate 
from it the curvature by means of the simplified formula 0.5{dn^/dz) if z 
is taken perpendicular to the direction of the ray. When this is done, 
it will be seen that the curvatures of the two components are also different. 

For short waves (below 100 m), that is, w ^ wo, the two dielectric 
constants k/ and /c," become almost equal and the rotation of the plane 
of polarization occurs only for long distances. For a> = ojo, only the 
natural period of the electron oscillation plays a part. The dielectric 
constant kJ decreases as approaches cuo until it becomes negative; that 
is, the phase velocity Ci becomes imaginary and the first-component 
wave becomes extremely damped. The reason for this is that the radius 
R of the electron orbit would become infinite if the energy absorption 
due to collisions did not interfere and produce the well-known selective 
absorption at about X == 215 m (Fig. 224). 

Fading in the broadcast range may be due to changes in the phase 
velocities and absorption by small changes in the electron density N or 
the strength of He- 

For long waves (« <$C wo), only one of the two circularly polarized 
rays will normally be returned from the ionized layer since the component 
of the dielectric constant Ke' has a value greater than the dielectric 
constant k of ether. The phase velocity is therefore smaller than that 
of c and the ray will curve upward and be lost. 

In case the earth^s magnetic field is perpendicular to the direction of 
wave propagation (about east-west direction), we can decompose the 
electric field 8 into a component parallel to the He field and a component 
p)erpendicular to it. The phase velocity Ci for the 8 oscillations parallel 
to the magnetic field cannot be disturbed by this field and is 



since the dielectric constant has the same value as for absence 

of the magnetic field. The same is also true for the index refraction 
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since n' = n [Eqs. (11), (16), and (20)]. For the other component, the 
total ionic current contribution is the sum of the ion motions due to both 
revolving fields. The other dielectric constant becomes 


K, 


\ - o-sf 

\ma)(a) — cDo) ma)(co + wo)/. 






and 


— 0)0^) _ 


«" - -v/i 

with a phase velocity 


4wNq^ 


m(o)^ — c*?o^) 


C2 = 


li ^ 

\ m(cA)^ — ojo^) 


(67) 

( 68 ) 


(69) 


From these expressions we see that, for the earth^s field perpendicular to 
the direction of propagation, double refraction takes place. The original 
ray is therefore split into ordinary and extraordinary rays which behave 
quite differently. The path is also entirely different. One ray can 
bend away from the earth, while the other returns to earth. Abnormal 
curvatures can occur in the path of a ray in the neighborhood of the 
critical frequency (a/2w = a;(j/27r. 

161. Polarization of the Received Electromagnetic Waves and 
Fading. — Since, in the actual case, the dirpction of propagation does not 
always occur along the earth^s field or perpendicular to it but is usually 
oblique to it, the received sky wave at the receiver antenna is generally 
an elliptically polarized wave, since the wave is split into two elliptically 
polarized waves traveling at different velocities. The magnetic vector 
lies in the wave front but the electiical vector is oblique to it. The axes 
of the magnetic ellipse are along and perpendicular to the component 
in the wave front of the imposed magnetic field. One of the axes of the 
electric ellipse (Fig. 230) is in the direction of this component also. The 
paths of the ions are ellipses in a plane oblique to the wave front. Usu- 
ally the inclination of the electric vector to the wave front is small but 
the inclination to the wave front of the plane in which the paths of the 
ions lie will in general be appreciable. The electric vector of the down- 
coming ray CO is conveniently resolved into a component 6y' along the 
F-axis and a vector 6' in the vertical plane and perpendicular to CO. 
The vector 8' is then resolved into components 8,' and 8/. The polari- 
zation of ray EDO is changed upon reflection and is resolved into 8'^ and 
oy"' where 8" has again the subcomponents 8," and 8,". 
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The components of the resultant electric vector 6 at 0 are then 

S. = S.' + 8." ) 

Zy = 8/ + 8v" } (70) 

= 8/ + 8." + 8/"j 

which is an ellipsoid with 0 at its mid-point. The eccentricity varies 
if the phase velocities and curvatures of the paths vary owing to vari- 
ations in the effective ionic concentration N and changes in the effective 
value of He* Thus the variations of field intensity (fading) at the receiver 
and the bearing errors in direction finding are explained. 



Fig. 230. — Elliptical polarization of electromagnetic waves. 

^By fading we mean a variation of the field strength at the receiver 
end with time. This can only be true for a constant transmitter intensity 
when the ion concentration N or the earth^s field He or both are functions 
of time. If this is true, then the velocities of propagation, refraction, 
absorption, and rotation of the plane of polarization will also be variable 
and the amplitude of variation will depend on iV, dN /ds, He, dHe/ds, 
and /if s is the path. The effect of He and dHejds on fading is probably 
only secondary. “^Probably owing to the irregularities of the ionic dis- 
tribution in the layer, the wave fiont, soon after entering the layer, 
develops irregularities which become more and more pronounced as the 
wave goes on. The irregularities can be obtained by a Huygen con- 
struction at any point. In the neighborhood of a receiving antenna we 
can imagine regions in which the wave front is convex and regions where 
it is concave. Hence at certain portions of the wave front energy will be 
scattered, while at other parts it wiU be concentrated and the e.mi. 
induced in the antenna will be very sensitive to changes in the ionic 
distribution along all the paths ds of the elementary rays contributing 
to the effect at the receiver. 
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According to experiments by Hollingworth, the downcoming waves 
longer than 10,000 in are usually plane polarized. The direction of the 
plane is approximately constant during the day but during sunset and 
sunrise it varies in a manner depending upon the distance between the 
transmitter and Jihe receiver. At some distances the plane is turned 
in one direction and at other distances it is turned in the opposite 
direction. 

For waves of 400 m wave-length at distances of 100 miles, the down- 
coming components are circularly polarized, which means that both the 
electric and magnetic vectors have a constant amplitude but rotate 
synchronously in the direction of rotation cl(*pending on the direction 
of the earth’s magnetic field. A left-handed rotation is found in all parts 
of the Northern Hemisphere. 

For very short waves, 15 and 50 m, T. L. Fckersley finds the down- 
coming waves to be almost plane polarized, the plane rotating slowly 
with a period of a lew seconds wdiich should produce fading when a 
vertical or a horizontal aerial is used for receiving. ^ 0\\ing to the prob- 
able irregularities in the wave front at the receiver, it is evident that 
time variations in the ionic contribution should be very marked for 
short waves. ^ ‘^But single fading seems to be due to a change in the 
intensity of the downcoming waves rather than to a change of phase with 
respect to the ground wave. 

v^or waves of the broadcast range, similar rotations of the plane of 
polarization of the downcoming waves were found, according to experi- 
ments carried on by T. Parkinson^ of the Bureau ol Standards, and seem 
to be the cause of much fading. This is especially pronounced during 
the sunset period. At other times fading can occur at 1-min intervals. 
(The periodicity of fading is, of course, irregular.) Fading caused by 
interference between direct (surface and normal space waves of the 
Sommerfeld type) and indirect waves seems to occur only for receiving 
stations sufficiently near to produce appreciable direct waves. The 
night-time field intensity is then usually less than the daytime intensity 
because of the constant direct wave. The out-of-phase indirect wave 
often partially and sometimes completely neutralizes the effect of the 
direct wave, even for short distances. Fading due to a fluctuating 
height of the ionized layer has not been found, but evidence of refraction 
of the indirect wave from a rising layer is found in the fact that the 
received field intensity in a frame antenna at minimum position starts 
at zero in daylight and gradually increases during sunset. 

^ For long waves, the region of the medium comparable in dimension to a wave 
length has to undergo a very great change dN/ds before it can affect the field strength 
at the receiver, 

^Proc. I.R.E., 17, 1042, 1929. 
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For waves of 400 m wave length and a distance of 80 miles, the 
apparent height^ of the ionized layer changes during the night from 
90 km at sunset to about 130 km at 1 hr before sunrise. At times 
during the winter months, heights as high as 300 km and more have 
been measured. One metliod of dc'termining the apparent height 
(method with interference fringes) often gives two sets of fringes, one 
corresponding to a height of about 100 km and the other about 250 km. 
Hence thcr(» must be two regions in the layer where the ionization density 
tends to become a maximum after several hours of darkness. The lower 
maximum can transjnit an incident wave downward to the receiver. 
During the middle of the day, a third layer less than 10 km high can 
exist (probably the Lindemann-Dobson layer). It has, however, little 
refracting power and causes only attenuation. 

Returning to the theoretical speculations, it may be said that, for 
waves longer than 1 km, reflection pra(*tically takes place during day 
and night. For waves between 100 and 1000 m, refractions in the layer 
are possible duiing the day and especially at night since during daytime 
a very p»*onounced absorption occurs. Waves betwc^en 15 and 100 m 
are refracted during the day and night but only during the day does 
absorption play a part for longer waves of this range. Very short waves 
below 20 m cannot return again to earth during the night but refract 
back to earth with appreciable absorption during daylight hours. Waves 
much ):)elow 15 m (}^ to 3 m) behave like light rays and travel, it might 
be said, in straight lines. The distances can be increased only by placing 
the small dipole sender on high towers.^ Such weaves, of course, can never 
extend to v(‘ry long distances (at present about 50 to 100 km maximum) 
but, nevertheless, seem to have a promising future because of the beam 
and shadow^ effects which can be utilized to great advantage in certain 
kinds of work. 

162. Long-time-interval Echo Effects.® — It has been observed that 
within the range of short waves a definite signal which has been given 
off at a transmitter repeats itself several times at a receiving station. 
Such echo effects have been reported by Taylor and Young, Hoag and 
Andrew, Quaeck and Moegel; they correspond to 0.005- to 0.08-sec 

1 Apparent height is somewhat higher than the actual height of the layer. For 
details, see “High Frequency Measurements,” McGraw-Hill Book Company, Inc., 
New York, 1933, pp. 411-417. 

* For details, see p. 362. 

® Stoebmbk, C., Uonde 4lec., 7, 531-533, 1928; Compt. rend., 167, November, 1928; 
Nature (London), Nov. 3, 1928; H. S. J. Jblstbup, Uonde ilec.f 7, 538-540, 1928; 
B. Van deb Pol, Uonde ilec.y 7, 534-537, December, 1928; Echos von Hertzian 
Wellen (Echoes of Hertzian Waves), editorial, E.N.T.y 6 , 488, December, 1928; J. B. 
Hoao, and V. J. Andbbw, Proc, I.R.E., 16, 1368-1374, October, 1928; L. C. Vbbman, 
8. T. Char, Awar Mohammed, Proc. /.P.i?., 22, 906-922, 1934. 



404 


PHENOMENA IN HIGH-FREQUENCY SYSTEMS 

intervals and seem to be due to a layer about 1500 km above the earth, 
from the polar night-light zone or from the sunset-shadow wall. 

C. Stoermer and J. Hals and Van der Pol have reported long-time- 
interval echo effects in which the echo arrived as much as 3 to 16 sec. 
after the direct signal was received for a wave length of 31.4 m. Echoes 
have also been heard even after 30 sec. Direct layer reflection could 
occur only if it were at an immense distance from the earth — for instance, 
as far as to the moon.^ This means that the echoes must have passed 
through a distance of from 1 to 5 X 10® km. For this reason, some 
writers have claimed that the wave experiences multiple reflections 
between the ionized layer and the earth — so-called round-the-world 


Magnetic 

axis 



signals. Stoermer applies his theory of the Aurora Borealis^ and assumes 
reflections or refractions on the electron envelope of empty pockets of 
very great dimensions. The pockets are of oval shape as indicated in 
Fig. 231 with the smallest width 

D = (v/2 - 1)J^ cm (71) 

in which the magnetic moment of the earth ilf = 8.4 X 10^®, m is the 
mass and q the charge of the particles, and certain initial velocities are 
represented by v in centimeters per second. The origin of these immense 
empty pockets surrounded by electron shells may be due to electrons 
which are shot off from the sun and travel through very great distances. 
Some of them reach the earth and are deflected by its magnetic field. 
The ovals are tangent to the magnetic axis passing through the center 
of the earth. Some rays either pass directly through the ionized layer 

^ Moon to earth 384 X 10* km; sun to earth 160 X 10* km. 

» Stobsmbb, C., Arch, m. phya. not., Genf, 1907. 



THEORY OF THE IONIZED LAYER 


405 


or are so refracted that they curve away from the earth. After passing 
through the ionized layer, they pass into the empty pockets and cither 
undergo reflection at the inside of the ionized oval or refract back again 
to earth. According to Table XVII, if it is assumed that an electro- 
magnetic wave passes along path 1, that is, along the electron shell, then 


Table XVII 


Kind of particles 

mvjq 

D, km 

T\y sec 

j 7^2, sec 

Cathode rays 

About 300 

2.2 X 10« 

22 

15 

^ rays 

Up to 4000 

6 X 10^ 

6 

4 

a rays 

300 000 

7 X 10^ 

0.7 

0.6 


Ti is the interval between the main signal and ( ''ho. For path 2, we have 
the time interval Tj. The cciho interval is calculated by multiplying the 
distance by 2 and dividing by the velocity of light. 

According to Eqs. (17) and (20) and Fig. 223, it is evident that, 
although the Stoermer explanation gives reasonable values, the long time 
intervals can also be explained by means of the immense phase velocities 
which can occur in the layer. The group velocity c" with which the 
echo arrives is then very small and can easily correspond to such time 
intervals as were noted in the Stoermer-Hals experiments. 

If a “moon echo” of radio signals could be established, it might be 
used by astronomers to gain better pictures of the moon’s somewhat 
erratic travel path. 

As far as wave propagations through ionized layers are concerned, 
there should be an ample field not only for the radio engineer but also 
for the physicist since it seems that from so many strange reception 
phenomena we could, by means of experimental data and theoretical 
speculation, also enrich other applied fields of physics! 





CHAPTER XI 


LINES OF LONG AND SHORT ELECTRICAL LENGTH WITH 
SPECIAL REFERENCE TO ANTENNA PROBLEMS' 

High-frequency currents arc often conducted either along single or 
along double lines. Single-wire and Leeher-wire feeds for Hertzian 
aerials are representative. For aerials operating with short wave 
lengths a concentric line feed is often advantageous to Lecher-wire 
(parallel-wire) feed since for practical dimensions the characteristic 
impedance can be made as low as 10 to 150 S2, while for the liecher-wire 
feed, it would be in the range from about 400 to 750 ohms. Twisted cable 
feed is also used. In telephonic multichaniel communication, sys- 
tems with supersonic carrier frequencies are also often used. Carrier 
currents of supersonic frequency are likewise used when radio programs 
are transmitted directly over power lines. Treating certain aeiial 
problems like problems in transmission lines gives a means for accounting, 
to a fair degree of approximation, for wave distributions and possible 
natural frequencies. 

153. Formation of Progressive and Standing Waves along an Elec- 
trical Line and Impedance at the Generator End. — When a high-fre- 
quency e.m.f. which follows a sine law is impressed on a line, a 
considerable portion of the wave length is usually developed along the line. 
The effective values of voltage and current have different values along 
the line. Points for which the effective voltage is a minimum may be 
regarded as pseudonodes^ since the prevailing voltage is just sufficient 
to supply the power for the conductor loss, that is, sufficient to keep the 
line in a state of oscillation. 

The following constants hold for the high-frequency two-wire system (go and 
return) as well as for the long horizontal antenna. For the former, the following 
constants belong to the section mentioned including the go-and-retum conductor 
(Fig. 232). 

1 For other details, see Elektrotech, u. Maschinenbau, Heft 26, 34, 37, 46, 1920; Bur. 
Standards f Set. Paper 491, 1924; Proc. I.R.E.j 8 , 424, 1920. E. J. Sterba and C. B. 
Feldman, Proc. I.R.E. 20, 1163, 1932; W. C. Tinus, Electronics, 8,239, 1936. 

® If the voltage or current distribution is represented in a plane (two coordinates 
only), it is not possible to show the pseudonodes. But if the wave diagram is repre- 
sented in space (three coordinates), then the wave winds around the line as it passes 
on and the pseudonodos correspond to points where it curves closest to the line ot 
reference. 
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y.(cihm) regjgtance per unit length (centimeter), apparent (static) value for uniform 
current distribution 

^(henrv) inductaucc per centimeter of length for uniform current distribution. 

capacity per centimeter of length for uniform voltage distribution. 

^(mho) leakance (or conductance) per centimeter of length for uniform voltage 
distribution. 

j^(voit) naaximum value of the voltage at any distance x from the distribution end 
of the wires (is a complex function of x). 


I <5x— 

I I 

— i 

j I 

U I >1 

Voltage Display 


*6k >!<• X 



Current Display 


X 

Fig. 232. — Vector representations of Eqs. 1 and 2. 

El maximum value at the input. 

E 2 maximum value at the end of the wires. 

e instantaneous value of voltage, the real part = E where E is the vector 

jr(amp) maximum value of current at any place x. 

1 1 current at input. 

1 2 current at output. 

i instantaneous value of current; the real part of = /. 

^(ohm) impedance r + j<t>L per centimeter length. 

y(mho) admittance (g + juC) per centimeter length across the line. 

I geometric length of the line. 

Q — nl electric length of the line. 

Zo y/z/y surge impedance of the line. 

n =« a -fijS *= y/^ generalized angular velocity, also known as ^‘propagation 
constant” in the case of lines. 

a. Space » attenuation constant, 
wave =» length constant. 

Let 8x be a small section of the parallel-wire system shown in Fig. 232. The 
distance is first measured from the right toward the source of the e.m.f. Eit^'^K The 
voltage drop per unit length fri 4- L(di/dt)] i$ equal to the decrease de/dx of 
the voltage; that is. 
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de 

dx 


. . fdi 

rt 

di 


( 1 ) 


and the loss of current per unit length \Qe + C(de/dt)\ must be equal to the decrease 
di/dx\ hence 


di . ^de 

= + 


( 2 ) 


The particular solution of Eqs. (1) and (2) of interest here is that for which 
both e and i are simple harmonic functions of the time. The instantaneous potential 
difference e is the real part of and the current i the real part of where E 
and / are complex functions of x. The corresponding vector equations of (1) and 
(2) which can also be directly read from the vector diagram of Fig. 232 are 



(3) 


for 0 =* r 4 j(aL and j/ = gr 4- 
leads to 


dx^ 



dX^ * 


A partial differentiation of (3) with respect to x 


and n = y/yz — a ± 


(4) 


The quantity n is known as the propagation conslant and the valiu^ y/z/y = as 
the surge impedance of the line. It is also known as the eharacterictic impedance. 
The expression 

jp = 4- (5) 

is the solution of the first equation of (4) and, by means of the first equation of (3) 
and Eq. (5), the solution of the current is 


/ = 


ae^ - 
Zo 


( 6 ) 


The quantity n is generally complex, and both relations show that the potential as 
well as the current at any point of the line is, in general, caused by wavelike disturb- 
ances moving in opposite directions. Suppose the parallel-wire system is bridged at 
the end with an indicating instrument of impedance Z2. Then there will be at that 
point, for which a: « 0, a voltage E ^ E2 and a current / » /* where 62 « ^26^"* 
and u » This, when used in (6) and (6), gives the constants 

E2 4 ZqI 2 E2 — Z0I2 

a ^ 6 = 

The maximum values of voltage and current at any point, therefore, are 
E =» cosh waj+Zi^rjsinh nxl 

^ + *“"*1 + * h web n» + ^sinh n*| 
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Therefore, if a parallel-wire system is connected at the far end to a load 
impedance Z2, we have, for the voltage at the input end of the line of 
length X = i, 

El = E2 cosh nl + Z0/2 sinh nl 

At the output end we have the current I2 and Z2 = Hence the 

driving impedance with respect to generator voltage and output current 
is 

El 

-j- Z 2 cosh nl + Zo sinh nl 

i 2 

This is a very important relation when a line is used for feeding power 
into aerial systems, where it is imperative that the load shall not change 
the relationship of the driving impedance. If the line is such that the 
attenuation a can be neglected, we have for this impedance 

E 

= Z2 cos fil + jZo sin pi 
I2 

and when the length I is equal to a quarter wave length (etc.) 

— 'iZ 

which means that the load current I2 has a constant relation to the 
generator voltage Ex, In such cases it is often desirable that generator 
and load impedance be properly related. This can readily be done with 
an impedance-matching device which in case of high-frequency currents 
may be a simple air-core transformer for which the Q value (also known 
as o)L/R ratio) of primary and secondary turns is large compared with 
the load impedance, and for which the coupling coefficient is high. The 
turns ratio of the transformer is then equal to the square root of the ratio 
of the impedances to be matched. 

For the instrument disconnected (line open, that is, T2 = 0 ), 

E — E2 cosh nx^ ^ 

r . V / hence Z = = Zo cotanh nx ( 8 ) 

I - Y j ^ 

For the line short-eircuited (E^ *= 0 ), 

/-/fcoXtr’} Z = Zotanhnx ( 9 ) 

where It denotes the maximum value of the current, and E and I are the 
ma ximu m values of voltage and current at any distance x from the end, 
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From (8) and (9), we note that the impedances Z are either hyperbolic 
cotangent or tangent functions according to whether the line is open or 
short-circuited at the end. Hence at the input side (r = we have 
E ^ E\ and / = /i and Z = Zi, and for the line open at the free end, 

Z\ = Zo cotanh il (10) 

for the electrical length Q = nl. This denotes the impedance with which 
either an open-ended parallel-wire system or a single-wire antenna acts 
against the generator and is a most important relation for studying the 
conditions along such lines. 

Calling Zop and Zac the open and the short-circuited line impedance 
experienced at the beginning of the line, we have 

Zop = Zo cotanh i>) 

Zac = Zft tanh 12 j 

From which 


Zop + Zar _ cotanh 12 + tanh il _ cosh^ 1 2 + si nh^ 12 _ 
Zop — Zae cotanh 12 — tanh 12 cosh- 12 — sinh^ 12 

Hence the electrical length 12 = nZ == (a + j(^)l is given by 
= 2 cosh-‘ f " = i cosh-' P 

^ /jop “ " 

where P = p\<p and, since P > 1, we have the expression 
cosh-'P = log.2P-J-2[^] 


and 


ci = ll 

« = 5| 


log« 2p - 
2iirq -f- ^ + 


cos 2(p 3 cos 4:<p 


4p2 32p4 

sin 2^ 3 sin 4(p 


]| 


+ 


(11) 


4^=* ' 32p* 

if g is an integer. The approximations of (11) for large values of fl are 

oi = log, 2p) 


|3l = gr + | j 

For this case, we also have the approximation 

nt __ Zop Z$e 


( 12 ) 


( 13 ) 
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since 

Zop “4“ Zsc ~ .Z'o[cott8/rih 12 'tsiiilx 12] 

_L .-*20 

= - 2Zo[l + 

= 2Zo[l + 2€~4« + 4e-8« + • • • ] 

^ 2Zo[l + 2€-4a] 

Formulas (12) and (13) are convenient approximations when determina- 
tions have to be made on certain lines and filters. 

If Ri and R 2 are the resistances measured for the open and short- 
circuited condition and Xi and X 2 the corresponding reactances, we have 


a. = + Ztc _ [Ri + Rj] + j [Xi X 2] 

<p Zop — Zac [^1 — R^ “t" j[Xi — X2] 


Putting Ra ~ Ai "h ^ 2 ) -^1*4" X2 = Ri — R2 ^ Rt] and 


we have 


Xl - Xs = Xty 
_ Rn^ + 

^ 


(14) 


and the attenuation a, the wave-length constant S for unit length and 
surge impedance Zo, according to Eq. (12), can be computed from 


a ^ 0.25 log, 4p“ ^ 576 X 10~* logic 4p“ nepers\ 
= 5 logic 4p“ decibels 

S = I^Trg + — j radians 
Zc S H[Z^ -f- Zc] ^ {0.5VRjTx7j/>(>a 
where g is a suitable integer and 

Xi + Xc l 


<Pa ~ tan"” 


JBi + R 2 


=.-t,ao-x£LZL£! 


(pb = tan 


Ri R 


2/ 


(15) 


(16) 


164. Time and Space Functions, Velocity of Propagation, and Propa- 
gation Constant. — If the end of the parallel-wire system is bridged with 
a wire which has practically only low resistance, the voltage and current 
are in phase and the complete solution (space and time functions) becomes 


E * -y {£,[«"* 4- e-"*] + Zc/»[*»* 
I = -f «-**] + 


- «■"*]) 



— ' €' 


( 17 ) 
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which for the short-circuited line = 0) yields 

gl— aic+ ;■ ( ) ] I 


2 


I (a»< — iSx)]| 


( 18 ) 


which shows that at each point the amplitude varies harmonically with 
the time, and that similar space distributions exist along the line. The 
phase of the current or voltage is either ahead of or behind the state at 
the end of the line by an amount fix. Hence at points for which x 
differs^ by 2Tr/fi = X, the same phases exist al the same time. The dis- 
tance corresponds to the time interval of 1/f sec, if the current feeding 
into the line performs / cycles/sec. The velocity of propagation is then 
given by 

■’-w-i-'"-"' 

This velocity differs by a small amount Ac from the exact recognized 
value c = 2.9982 X 10‘® cm/sec. Grouping the real and imaginary 
terms of Eq. (4), we have for the propagation constant 

n = a 4- jd = Vj/a = Vlff + iwC][r + jt»L] 

= \/H[2/2 + rgf - w*CL] + 

jVH[y^ - rg + w*CL] (19) 
The rigorous formula for the phase velocity becomes 


V = 


■\/li[yz - rg + u^CL 


(20) 


If we bear in mind that the leakance g across the line or from a single 
antenna wire is negligible, wc obtain for the propagation constant n the 
solution 

n *= Vyi = \^juC[r -f- jwL] = ju\/CL^l + -f- 

since r/{uL) is a snmll quantity and [r/{uL)Y, etc., can be neglected. 
Hence 

n = + juy/CL 

* a + id 

and the velocity 

— ^ — 1 


c = 3 X 10“ cm/sec 


( 21 ) 

m 


* Convenie&t points are every other current antinode. 
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where C and L are the high-frequency capacitance and inductance per 
centimeter length of the line. 

If the ordinary formulas for C and L for wires of d(cm) diameter 
and spacing a(om) between centers are used, we have 

C I 

4 X 9 X 10“ log. ± ~ 

lO"* henries = 

where the expressions to the right are given in e.m.c.g.s. units and 





b = 


d/a 

1 + 


(24) 


c = 2.9982 X 10'® cm/sec and L*- denotes that portion of the inductance 
which may be considered as due to the internal field of the wires. The 
capacitance formula holds even for the highest frequencies used in radio. 
The inductance formula holds for commercial alternating currents, that 
is, for lower frequencies where the current is uniformly distributed over 
the cross section of the wire. Since practically a cylindrical current 
field exists for high-frequency currents, the inductance Li due to the flux 
within the conductors can be neglected, which leads to the approximate 
formula for higher frequencies 

L ^ 4 X 10“® log* ^ henries (25) 


If the spacing between the wires is not chosen too small, so that the 
diameter d of the wires is small compared with the spacing a, the capaci- 
tance formula simplifies to 


4 X 10“®c2 log* (2o/d) 


farads 


With such assumptions we obtain from (22), (25), and (26) the phase 
velocity v = c. For very accurate work, however, it should be remem- 
bered that (25) is not accurate enough since the high-frequency induc- 
tance L is a function of the frequency, the resistance, and the dimensions 
of the wire system. According to C. Snow of the Bureau of Standards, 
the formula 


= 4 log.i + D 
^ “ ^41 
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holds up to the highest frequencies used in radio. All units are in the 
e.m.c.g.s. system and ro denotes the direct-current resistance per centi- 
meter length in centimeters per second. 

The high-frequency resistance r per centimeter length of the parallel 
wires is 




row 


(d/ay 


(28) 


If the small quantity D in (27) were neglected, we should again obtain 
the result v — c, although the assumptions are somewhat different, since 
nothing needs to be omitted in the capacitance formula. By taking D into 
account, we find from the capacitance formulas of (23) and (27) 


CL = 

Inserting this in (22) yields* 


i) + 4 log, (1/6) 
4c* log. (1/6) 


V = c 


1 + 


D 

4 log. (1/6) 




A] 


for 


A = 




(29) 


(29a) 


81og.(l/6)V«[l-(d/a)1 

Introducing the high-frequency resistance r from (28) in the expression 


for A, we find, from (29), 

" ~ 8w log. (1/6)] 


(30) 


or 


A = 


2ciiZ/ 


(31) 


166. Current and Voltage Distribution along Lines and Antennas 
and Possible Modes. — Figure 233 gives the voltage and current dis- 
tribution for the open-ended parallel-wire system for three successive 
modes. The upper representation shows how the potential difference V 
and current I change during the cycle at any place on a line of length 
I = X/4. Figure 234 gives the case for a long horizontal antenna. 

There are two ways for producing successive modes of predominating 
standing waves. One is to keep the frequency (/ = /i) constant and 

^ For details, see Bur, StandardSj Sci. Paper 491 (Fig. 6), which shows, for instance, 
that the phase velocity v between 16 X 10* kc/sec and 34 X 10® kc varies from 
2.99415 X 10^® to 2.99^ X 10^® cm /sec for a spacing a « 4.2 cm and copper wires 
of d » 0.145 cm diameter. 
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to choose the length Z, as for the short-circuited double line of Fig. 235, 
equal to X/2 or any other integral multiple of it. For each case, a decided 
maximum current is noted at the short-circuited end, and even very 
little shortening of the line decreases the reading considerably. The 
actual length Z of the line becomes longer for the higher modes of sta- 
tionary waves because a larger portion of the wave length due to the 



Fiq. 233. — Wave development along an open-ended parallel-wire system. 


impressed frequency /i is developed. The second way is to maintain 
the physical length fixed as in Fig. 236. The frequency f — fi of the 
exciting current is then changed to the values as indicated in this figure. 
Figure 237 shows the distribution on a vertical wire for which the standing 
waves are excited either at the ground side (for X/4, %X etc., dis- 
tributions) or at the mid-point in case of a free wire and for I = X/2. 
For Franklin antennas, a beam effect is produced by properly exciting 
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the antenna, but the effect decreases beyond I = X/2 since the phase 
reverses in the upper part of the vertical wire as is indicated in diagram e. 
But we can add one-half wave-length aerials (diagram i) by means of 
phasing coils (diagram f) or by exciting inphase distributions as shown 
in g and h. A pjirallel-wire system is used as lead-in in order to have 
feeders without appreciable antenna effects. The equations for the 



Stcitic inductance and 
--HM capacitance fora uniform 
distribution alonoj actual 
-r- length 



Fig, 234. — Wave development along a horizontal wire. 


distribution for standing waves are given in (8) and (9). The electrical 
length nx for the actual length / is (a + j^)x in which a. can often be 
neglected for conductors which develop a considerable portion of the 
wave length. We can change the hyperbolic functions to circular 
functions since 

sinh jfix « j sin /3a; ; cosh jfix = cos fix) tanh jfix « j tan fix) 

cotanh jfix = — j cotan fix 
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fi 

Impressed 



Fig. 235. — Modes ol predominatiiiK standing waves with frequency fi of exciting current 

constant. 


Source 


K 1* Constant 





Maximum re- 
sponse for each 
mode 


fi Impressed 


2f| Impressed 


3f, Impressed 




Firsfmode 


Second mooh 


c;*ic 

i:*iL 


Third mode 


Fourth mode 


Fio. 236. — Modes of predominating standing waves with frequency adjusted to fu 2/i, 3/i, 

etc. 
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We have, therefore, for the open-ended parallel-wire system (Fig. 233) 
and the corresponding case of a grounded antenna with quarter-wave- 
length distributions (Figs. 234 and 237, a, 6, c, and d), sinusoidal and 
cosinusoidal distributions as indicated. Whether the distribution follows 
a sine or a cosine law depends upon the point of reference. For instance, 
if the effective potential F* at any place a distance x from the potential 
node is a sine function, we have F* = F sin (27ra:/X) if F denotes the 
effective value at the potential loop. If we reckon x with respect to 



Fundomentcil Shortenin9 Len9thening Higher Mode 
Mode 



Froinklin Aerials 

Fig. 237. — Potential (TO and current (/) distributions along aerials. 


the open end, that is, with respect to the potential loop, we have a cosine 
function. 

According to (10), we have, for the impedance of the open-ended 
line and, with a good degree of approximation, also for an antenna which 
is excited at the ground side. 


= Zo cotanh U = cotanh nl = cotanh Z\/^ 


But 2 = r + jwL and y — g + jwC and, by neglecting r in comparison 
with (joL and the g in comparison with wC, the reactance Zi = Xi experi- 
enced at the input side is 



(^ 2 ) 
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The generator current h at the beginning of the line is 

/i == tan (j)l\/CL/ = Ei^^^ tan aLa (33) 

if IC = Ca and IL == La denote the total static capacitance and induc- 
tance of the antenna or parallel-wire system, respectively, for uniform 
distribution along the length I cm. By means of (32) as well as (33), 
we can find the conditions for which natural oscillations occur since Ii 
must become a maximum when X\ vanishes. Hence the different pos- 
sible modes occur for all values that make cotan o)l\/cL = 0, that is, for^ 

C C \ 

equal to 7r/2, 3 t/ 2, 5^r/'2, etc. But 2tI/\ t/2 gives I == X/4 and 

2Trl/\ = 3x/2 gives I = etc. Hence the fundamental mode corre- 
sponds to a quarter-wave-length distribution and the possible modes 
are odd multiples of X/4. Since for the fundamental mode Xi = 4Z, we 
find for the fundamental frequency 

f. = -£- = L _ ^ 

X, u - UVCT. ^ iVcjTA ^ ^ 

in contrast to the effective antenna constants Ce and Le which give 




1 

2Tr\/ CJje 


(35) 


For the second possible mode we find /s = 3/i, for the third mode /a = 5/i, 
and so on. By checking these results against the actual distribution, it 
will be found that they hold fairly well for the parallel-wire system and 
the long horizontal antenna which is not too close to ground. According 
to A. Meissner, we have, for ordinary antennas, the values of Table 
XVIIL 


Table XVIII 

Fundamental Wave Length 
in Terms of the Actual 


Kind of Antenna Length I 

Vertical wire \ == 4/ to 4.1Z 

Straight wire inclined to ground X - 4.2Z 

Horizontal wire 1 m above ground X = 6Z 

T antenna with small, fiat top X = 4.6Z to 

T antenna with wide, fiat top X « 6Z to 7Z 

T antenna (& = width of fiat top and height h » 5/2 to 

5/3) X « 9Zto lOZ 

Umbrella antenna according to the number of wires .... X * 6Z to 8Z 

Umbrella antenna with maximum number of wires X » 8Z to lOZ 


‘From (22);c =» l/VcL. 
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For antennas with more branches, I denotes the longest current path 
to ground. The factor k in \ kl becomes larger the larger the ratio 
of antenna capacitance to antenna inductance, that is, the larger the top 
of the antenna. Such discrepancies may be expected since in reality 
the C and L per ainit length cannot be the same everywhere even for a 
single vertical wire. In spite of this, the actual value of fc = 4 to 4.1 
for the vertical wire comes surprisingly close to the theoretical value 4. 


For a more accurate^ theory, C and L cannot be considered constant but as func- 
tions of the position, that is, functions of x. But the functions are chosen such that 
CL remains constant in order to fulfill the condition of constant phase vclocitj'^ 
V = l/\/CL. The solution no longer is of the form given here but uses cylindrical 
harmonics with Bessel functions. The constancy of v is obtained by choosing 


L = Loa;P and 



and (1) and (2) read, for ri and ge neglected, 

and 

Utilizing (36) gives the Bessel equation 


dx 


at 


di ^de 


dH p de 

dx^ X dx 

dH , p di 
dx^ xdx 


- 


- CoLo- 


dtV 


which for m =* (p — l)/2 gives the following solid ion for the current; 

i - 

X”* x"^ 

for 

Iw(gx) _ (g/2)«» (g/2)"*-*^*®* 

x^ 0!ml ll(m-l-l)! 2!(w + 2)! 

I^iqx) _ (g/2)“”»a;^ (g/2)~”*+2a;“’”+2 . 

“ oi(~w)! l!(-m-i-l)! ■^■ 2 !(-m + 2 )I ‘ * 


(36) 


(37) 


(38) 


(39) 


Assuming a vertical wire of height I and = 0 at the grounded end, we have i — I 
for a; *= 0, and f « 0 for a; = 1. We find the constants 

A « T and B — I m(g0 a ^ ^ 

^ {q/2r ^ ^ “■ I-migir ^ ^ 

which, inserted in (38), give the final solution. 

Moreover, the fact that the length of the line permits stationary 
waves does not necessarily mean that these waves are of much value. 


lO. Heaviside, “Electromagnetic Theory,” Vol. II, London, 1899, pp. 289, 240, 
244, has given a solution for such a condition for the cable. Stone-Stone, Eke, 
Bev,t Oct. 15, 1904, has applied it to an o^oUIator; Press, Free, 6, 317, 1918, 
tQ a y^rUcal ant^xma* 
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For instance, the distributions shown in Fig. 238 are correct. The cur- 
rent, however, is theoretically zero at the input side, that is, at a place 
where it should be a maximum in order to transfer much power into the 
line. The line then behaves practically like an infinite reactance against 
the source since, according to (32), for the simplified electrical length 


wlVCL = y Z 

Xi = cotan yZ = cotan 2t = <x> 


x=l x=o 

[• - -1 







3 

1 


4 


5 


Open 


5 


No noHceable 
siandin^ waves 
since current 
node at the 
input side 



Fia. 238. — Full-wave-length distribution for the open-ended double line. 


But if the line is short-circuited either at 5-5 or 3-3, very strong oscilla- 
tions are set up for this condition and we have, according to (9), 

Xi = tan yZ = tan 27r = 0 

The full-wave4ength distribution, however, can be greatly e^xcited if the 
e.m.f . is induced at a place where, a large current flow is possible. 

The impedance offered by the open-ended line at the input end is, 
according to (8), 

Z. = .^cotanhnZ = ^[l + ini+ • • • ] 


When, for instance, an audio current excites a high-frequency antenna, 
it is sufficiently accurate to retain the first two terms of the series only, 

and we find, for n « 
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where is the total admittance across the line and Za the total 
impedance along it. This expression shows that, if a radio aerial is 
excited at an audio frequency, the voltage distribution is essentially 
constant but the current decreases linearly toward the open end. In 
Eq. (41) we h%ve = Qa + Jo^Ca and Za = Va + Jo^La- Hence the 
measurement of these quantities with audio-frequency currents is a way 
of determining the static value of the total line or antenna capacitance 
Ca and the fractions L^/3 and r^/S of the total static inductance La 
and resistance 

166. Effective Antenna Reactance for the Loaded and Unloaded 
Antenna. — For the vertical antenna, the theoretically possible natural 
modes correspond fairly well with thie actual case and also for the long 
horizontal antenna which is not too close to ground. The reactance 
formula of Eq. (32) can, therefore, be used for finding the condition of 
such antennas. For other antennas, the formula holds only approxi- 
mately. The customary ways of exciting an antenna are (1) by having 
a loading coil at the input side, (2) a loading condenser, (3) a condenser 
and a coil in series, and (4) a coil and a condenst^r in parallel. 

Case A , — When a high-frequency e.m.f. is impressed at the ground 
side and the effective reactance is due to the antenna only, according to 
(32). 

Xe = cotan fil = cotan 12 (42) 

where Q = /3Z = (d\/CL = 27rZ/X denotes the simplified electrical length 
of the antenna of actual length I cm. The imaginary unit j indicates a 
reactance and has no value in the numerical calculation. The reactance 
follows a cotangent law and a graphical solution (cotan 12 plotted against 
12) will show that the fundamental mode gives a frequency deter- 
mined by the electrical length 12i = t / 2 , the second mode occurs when 
122 = 37r/2, and so on, and that, for 12 = tt, = 27r, Stt, etc., no current 
could be forced into the antenna when excited at the ground side.^ 

Case B . — When a loading inductance Lo is inserted at the ground side, 
the natural frequency of the system is lowered since, for the unloaded 
antenna with the effective constants Ce and Lc^ the fundamental frequency 


fi - 


1 

2irVCZe 


(43) 


but, for coil loading^ at the base, 



(44) 


^Por other details see ‘‘High Frequency Measurements,” McGraw-Hill Book 
Company, Inc., New York, 1983, pp. 395-396. 

* The effective antenna constants L*, and change with the loading to C/, 
If/, and 
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This can also be seen from the formula for the effective reactance 


XJ = jwLo — cotan Q — j wLo — cotan 12 j 


La (Li 




12 — cotan 12/ 


which can likewise be solved graphically.^ 

For the fundamental and all higher modes, the ratio of the load 
inductance to the static antenna inductance is 


Lo __ cotan 12/ __ cotan I22' _ cotan ^ 

La “ 12/ 1^ 


( 45 ) 


since Xg = 0 and Lo denotes another loading i'^ductance for each mode. 
The static antenna inductance can therefore be calculated from either 
the electric length 12' = /S'Z or the corresponding wave length X'. P^or the 
fundamental mode, we find 

La = LoQi' tan S 2 i' = tan ( 46 ) 

Ai Xi 


The frequency in cycles per second for the fundamental mode becomes 


// = 


Qi' 


( 47 ) 


The natural modes occur for X/ = 0, that is, for 

cotan 12 = ^12 = 12 tan 6 
La 


( 48 ) 


which is a transcendental equation. The successive solutions 12/, I22', 
123', 12/, etc., for the possible modes is therefore obtained by plotting 
the cotangent curves 

y = cotan 12 

and the inclined line 




CUZ/Q 


Hence if we determine the intersections of the cotangent curves with the 
inclined line (at the angle ^), we note that the electrical lengths 12 /, 
122', 123', 124', etc., are no longer integral multiples of the fundamental 
electrical length 12 / as for the unloaded aerial. Also the possible 
resonance frequencies are no longer integral multiples of the fundamental 
frequency, and we find, for instance, for the scaled-off electrical lengths 

‘L. Ooh^ has proposed euch a solution for coil-loaded antennas {Elec, TforW, 
es, 286, 1915). 
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which are given below, ft = 3.49/i instead of 3/i and/s = 6.63/i instead 
of 6/i. The electrical lengths are 

Oi' = 0.314t = 0.986] ^ith the (56.5® ) (tan = 1.5 ] 

£ 2 *' = 1.094ir = 3.44 >corresponding< 180° + 17°/ and <tan £22^ = 1.05 > 

£ 2 ,' = 2.05ir = 6.44 ) angles ( 350 ° + 90°) (tan £23' = 1.02) 

Case C . — When a loading condenser Co is inserted at the ground side, 
the natural frequency of the system is increased since the effective 
antenna constants C" and L" for the fundamental mode give 


^ 2ir / C."C„ ^ „ 

Sc:' + cr 

The effective reactance of the condenser loaded antenna becomes 

" ■’’Vi “ ■ “fe + -s/c “] 

For the fundamental and all higher modes, = 0 and the static 
antenna capacity C^ becomes 

Ca = Co£2i“ cotan £2i“ I 


= cotan ^2“ 

= cotan Os” 

= etc. 

1 

► 

1 

( 51 ) 

since Co denotes another loading capacity for each mode, 
the angle 0 of the slant line is given by 

In this case. 

tan B — ^ 

and the frequency for the fundamental mode is 


( 62 ) 

/n_ 

^itVCaLa 


( 63 ) 

According to ( 50 ), the natural modes occur for = 0, that is, whenever 

Q 

cotan 0 = —7:^^ 
UCo 


( 64 ) 


The ^phic solution simplifies when we put it in the form 
tan 8 « -^0 = -Qtantf 


( 56 ) 
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Then it is only necessary to draw the tangent curves (y = tan Q) and the 
inclined line for these solutions. Because of the minus sign the inclined 
line due to Co is drawn downward at the angle S given by (52). 

Case D.— Often a loading coil Lo and a loading condenser Co are used 
in series in order to adjust for the proper frequency and produce favorable 
distributions. The fundamental frequency is given by 

1 

The effective reactance becomes 


. fL 


X “ = ja.L. + cotan 0 = j[coLo - - 


cotan Q j 


The frequency of the fundamental mode is 


' HI 


and, for the fundamental and higher modes, we have the relation 

(X “ = 0) 


(58) 


cotan SI — 

La. Co«« 


= 0 tan B — 


Co Si 


(59) 


In the graphical solution we draw y = cotan Q; and 


which is a hyperbola with the y-axis and the inclined line (at the angle 0) 
as asymptotes. 

Case E, — In another case the antenna loading consists of a loading 
coil Lo parallel to a loading condenser Co as in Fig. 239. The fundamental 
frequency for the effective antenna constants Ce^^ and is 

" WICV" + C,][L^ + Lo] “ WTO 

and the effective reactance is 

(«) 



426 


PHENOMENA IN HIGH-FREQUENCY SYSTEMIC 


The graphical solution is based on the y = y/lZJCA cot an and 
y ~ wLo/(l ~ io^CoLo) curves, the intersections of wliich again give the 
electrical lengths etc., for the possible modes. 

The frequency equation (XJ^^ = 0) is conveniently written in the 
form * 


tan Q = coCo* 


CiJ“CoL/o 



( 62 ) 


and the intersections of the curves 


2/1 = tan and 



give the consecutive electrical lengths 12i, ih, etc., wimre, for simplic*- 
ity, the indices IV are omitted. These lengths correspond lo the possi- 



Fia. 239. — Oraphical solution for a loading Lo ('o of an aerial. 

ble frequencies /i, / 2 , /s, etc. The intersi^ction ol the hyperbola 2/2 with 
the abscissa gives the electrical length Qo which corresponds to the natural 
frequency /o of the loading circuit. Hence th(‘ corresponding coupling 
frequencies fi and /2 are lower and higher than the natural loading 
frequency /o. It is therefore of interest to know the natui*al frequency 
fA of the antenna without coupling. This can be obtained by putting 
in (62) the quantity Co = 0, which gives 


coL„ 

The intersection of this curve with the tangent curves then gives the 
natural frequencies, which for the fundamental mode yields the electrical 
length Qii corresponding to frequency /a. We have for the frequencies 
the relations 

A < /a ^ /o < A 

Hence the higher coupling frequency exceeds the higher of both natural 
frequencies^ The lower coupling frequency is smaller than the smaller 
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natural frequency. We have therefore the same case as that for two 
closed coupled circuits. 

It is possible to find the static inductance and capacitance of an aerial 
by the methods just described. 

167. Apparent Effective and True Effective Antenna Constants. — As mentioned 
in the previous section, the effective antenna constants Ce and Le depend upon the 
degree and kind of loading. The reason for this can be seen from Fig. 240 and the 
following derivations. An unloaded aerial has, for sinusoidal distributions, an 
electrical length == /3Z for the fundamental. For a coil loading, a longer equivalent 
length r must be taken into consideration and therefore also an equivalent electrical 



length instead of the apparent electrical length and (iT becomes larger as the 
loading inductance Lo is increased. If the effective potential along the aerial were 
uniform, the effective value of the antenna capacity would be equal to the true (static) 
value Ca. = IC. A uniform current distribution along the line would make the static 
and dynamic values of antenna inductance and resistance identical since they depend 
upon the current distribution. This follows from the fact that the magnetic-field 
energy is • ILlA^t and the Joulean heat loss is equal to According to Fig. 

240, the effective antenna current /* at any distance x from the current source with 
a current of effective value I a is 

T r 

Ix = I A COS —a: 

and at a certain instant, for the fundamental mode {I ^ X/4), the average value of 
the effective values along the line is 

I r ^lAW^^dx^-lA 

Aj««0 X 1- 
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But the definition 


La^IL^ 


magnetic flux 


shows the apparent effective antenna inductance 

' L. = 0.636L^ (63^ 

that is, only 63.6 per cent of the static value. In a similar way the potential dis- 
tribution is 

Vx = Vb sin 

for an effective potential Fb at the free end with respect to ground. The average 
value along the antenna is 

Vav = Bin^dx = ~Vb 


But the true (static) antenna capacity according to definition is 


IC ^Ca-^ 


charge 


Hence the apparent effective antenna capacitance 

Ce = 0.636^^ 

Since at any instant the effective value along the line is 


and the heat loss in the entire line is 




we have for the apparent effective antenna resistance 

fe ~ O.fir^ (66) 

For a heavy coil loading, the current decreases toward the open end almost linearly, 
and the potential distribution is substantially uniform. Hence 

/ —Li 

iav - y 


Fov Fb Magnetic flux *» - 
Heat loss - 

Electric charge » FbC^, or 
C. - Ca\ L. « r. - 0.33r^ 
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The apparent effective antenna capacity changes therefore from 63.6 to 100 per 
cent of the static value, the inductance from 63.6 to 50 per cent, and the resistance 
from 50 to 33 per cent for unloaded antenna to heavy coil loading. Henee the reso- 
nance frequencies / for coil loading is smaller than for the unloaded aerial. 

For condenser loading, wc have the conditions illustrated in Fig. 241 which shows 
that the fundamental frequency /" and the corresponding higher modes are greater 
with loading. 

To find the apparent effective values for any degree of coil loading, we have, for 
example, for an inductance Lo at the ground side, the equivalent electrical length 
and the actual electrical length (i'l = (/'//) (ir/2) = (X/X')(7r/2) < ir/2 since 



jS'Z' < /37 and jS'Z' == 2irf'\/CL\' f4: *= ir/2 because 1//' \'y/CL^ In this case 

potential and current for any actual distance x, that is, for an effective^ distance x' 
from the ground, are 

= Vb sin ** Vb sin a;' J 

/' = /^' cos « — IA— cos x'l 

X . T X I 
sm ■= —I I 

2 X' / 

since 

/A=/ic08 

The average values of antenna potential and current for an electrical length 


T 

2 



IT ^ 

2X' 




^ For such calculations it seems more logical to use the wave length X instead of 
the frequency / in the derivations since we deal with distributkms and use the fre- 
quency in the final result. 
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are 




and 


/av - 


2 \' Ia 

TtX . T \, 

«“5v 


, cos x'dx' = ^ - .-■^^ ,,;. r 1 - COS (90X/X')] “ 
J(ir/2)(l-XA ) ’tX sin (90X/XOL J 

,TSlW'-“(“7)] <**> 


where / denotes the resonance frequency for the unloaded antenna and/' the resonance 
frequency for a coil loading of any degree. 

Since 


Charge = (average voltage) (static antenna capacitance) 

the apparent effective capacity for any coil loading Lo becomes 
C' = 1^, sin (90 ^) = AsCa 
M agnetic flux = (average current) (static inductance) 


Since 




2X'La 


irX sin I 


sin (90^)1 

the apparent effective inductance of the antenna for any coil loading is 

_ ^11 - COS 90(/V/)], 

■ ■ ,r/'8in(/'//)90 

Moreover, since the potential at the generator end with respect to ground is 
Fa - Vm sin j'[i - j = Vb cos (^ ^) 
we have for the unknown effective potential at the free end of the antenna 


Vb 


Va 


cos (/'//)90 

For any condenser loading Co (Fig. 241), we find for the electrical length 

of /I gg. ^ _2L ** ^ ^ 

X"4 X"2“/2^J 


( 69 ) 




(70) 


( 71 ) 
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Henco the electrical (space) angle is greater than 90 deg since X" < X. The fre- 
quencies / and /" denote the resonance frequencies for the unloaded and condenser- 
loaded aerial 

We find for the average value of the effective voltage along the line 


Fav - 


irX 


'R 


\ 

V' 2 


2x" 

cos xdx = ~ -Fb sin 
ttX 




and since 




F^sin 


in (4) 


(72) 


we find 


c - 


2 \" 

ttX sin (X/X' 


A IT 

h<T/2)fo “ 


2X''7a 


-[l -co8(90A)] = 


ttX sin 

[l-cos(4')] (73) 


it/" sin 


which leads to the apparent effective antenna constants 

I a-"/ sin (sOj) j 


(74) 


Tables XIX and XX show the application of this method. For each case the funda- 
mental frequency of the unloaded antenna was 438 kc/sec and Va — 10 volts. 


Table XIX 


Measured values 

Results 

Coil loading 

Resonance 

frequency 

(fundamental 

mode) 

kc/sec 

y^(VOlt») 

Apparent effective values 

C,' per cent of 
Ca 

L,' per cent of 
La 

0.000246 

296 

21.0 

82.6 

56.0 

0.000279 

284 

19.1 

83.5 

54.8 

0.000308 

274 

18.0 

85.0 

54.5 

0.000345 

265 

17.3 

85.6 

54.2 

0.000384 

258 

16.6 

86.4 

53.8 

0.000422 

252 

16.2 

86.6 

53.6 

0.000448 

245 

15.7 

88.0 

53.6 
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Table XX 


Measured values 

Results 

Loading 

capacity 

Resonance 
« frequency 
(fundamental 
mode) 

/", kc/sec 

pr^(volt*) 

Apparent effective values 

C," per cent of 
Ca 

Lt" per cent of 
La 

0.00241 

635 

29.2 

48.8 

74.3 

0.00217 

650 

26.6 

46.7 

76.6 

0.00192 

660 

23.6 

46.0 

78.0 

0.00166 

670 

21.9 

43 4 

80.0 

0.00141 

682 

20.3 

41.5 

82.2 

0.00116 

696 

18.9 

39.9 

84.7 

0.00092 

615 

16.9 

36.4 

89.6 

0.00067 

660 

13.9 

29.4 

104.0 

9.00042 

740 

11.3 

17 6 

161.0 

0.00018 

810 

10 .'3 

8.2 

284.0 


The derivation of the true effective antenna constants is based on the 
energy equation 


where Wh denotes the power consumed by heat losses and We and Wm the 
energy of the electric and magnetic field, respectively. This equation 
holds for lumped as well as for distributed circuit quantities. For the 
antenna of length I we have 


Wh = J^rPdx 
W, = j^kCV^dx 
= j^hLPdx 


which leads to the expression 

dU 


eC 

dtX 


r cos* fixdx + 




X' 


L cos* fixdx + 


wh6n compared with 


J^*C sin ffxdx 
j^C sin* pxdx 


91 , 9*1 


_i_ " *r 1 


0 (76) 
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Equation (75) shows that the effective capacitance and inductance of the 
line can be calculated from the expressions 


sin /Sxdx J 


sin^ fixdx 

= 1 f. 

iSUo 


LI cos^ Sxdx 


> (for any electrical length) 01 


(77) 


For the unloaded antenna, when (75) is written in another form, we have 


for all natural modes. Le, Ce, and denote '.he correct effective con- 
stants since they confirm, in addition to the effective oscillation constant 
CeLc, the effective decrement = irre\/ Ce /L« whereas the apparent 
effective constants, as a rule, confirm the oscillation constant only. 
This can be demonstrated with an artificial antenna circuit built up of 
the apparent effective constants and the correct effective constants, 
respectively, both circuits excited independently with impact excitation 
(damped wave trains of single frequency). The circuit with the apparent 
constants gives resonance at the correct frequency, but the resonance 
current is either smaller or larger than the true antenna current, depend- 
ing upon whether the apparent effective antenna capacitance was too 
large or too small. The equivalent circuit with the correct constants 
gives, however, the correct resonance current of the antenna. 

For the unloaded antenna, we find for the correct effective antenna 
resistance 

X 

re = rjT cos^ ^ (78) 

Le = 0.5La . (78a) 


since, according to (75), the same distribution function holds for as 
for re and 


X 



C sin* (2irx/X)dx 


= 0 . 81 Ca 

IT* 


(79) 


For heavy coil loading, the antenna current decreases almost linearly 
toward the open end; that is, 
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if * ia the distance along the wire from any point of the antenna to the 
upper end of the loading inductance Lo. The effective antenna potential 
remains substantially constant; hence 


F, = Vj, 

In these expressions denotes the effective current at the foot of the 
antenna and Fb the potential of the far end to ground. The correct 
effective resistance of the antenna for heavy coil loading due to the 
distribution function 





becomes 



- 1] T 

(80) 

as well as 

Le = JTl^I - f^dx = 0.33X^ 

(81) 


and the correct effective capacity because of the potential function F(x) — 1 
becomes 


C. 


[J 

>Y 

J 

f^Cdx 


IC 


(82) 


We see therefore that the correct effective constants vary from 
r. = (50to33%)rx ) 

L, = (60to33%)L^ ((between unloaded antenna 
C, = (81 to 100%)CJ 


For any coil loading Lo, according to Fig. 240, the electrical length is 
^7 * (/'//) (ir/2) = (X/\')(ir/2). Since the effective potential 7* and 
the effective current at any place x are 


F* =* Fb sin a; 
the potential function is 


and the current function 


1 r - cos a: _ 

8in[(X/X')(ir/2)/^ 

F\x) = sin a: 


nx) = 


cos X 

sin KX/XOW] 


Tho effective electrical length over which the integration is to be taken is 
» ir/2 - ir/2(l - X/X'). Hence 
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C,' 


^ 4 C08» {t/2[1 - \/\'] } 

f C sin* xdx WX' + sin {t[1 - X/X^]} 

•'^[i-CXAOI 


But Ca ~ IC along the actual length I of electrical length (t/ 2)(X/X'); 
hence for any coil loading Lo, 



For the correct effective inductance LJ for any coil loading, we find 


LJ = 


.ffiMWWViOl 


dx = 


X' r(X/X') - sin {180[1 - (X/X')]}, 
2irX sm*{(X/X')90} ^ 


_ / ^r(/V/) - sin {180[1 - U'/m r 
M sin*{(///')90} 


BrLj, (85) 


which for f — S' gives L,' = 0.5 • La — L,. For the correct effective 
antenna resistance we have the same function as for L,') hence 


r,' = BitA (86) 

Tables XXI and XXII show the application of these formulas. 
Figure 242 illustrates the conditions of an antenna without loading. 
The static antenna constants Ca, La, and Ta can be calculated from 
standard formulas or determined by the graphical methods given in 
“High-frequency Measurements.” In addition to these, the reactance 
equation 

for any coil loading Lo gives, for cases of resonance (X,' = 0), 


Lo2t, 

LaN 


cotan 


2Tf 

V 


and for the fundamental mode I ^ X/4, we find the static inductance of 
an antenna 



Tabls XXI 
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X = 2t X 3 X 10»V'(4/jr«)C^^ - 12 X IOWCaLa. 

The apparent constants give only the correct antenna current for sustained oscillations. 
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= Lo{stan^90* 
J J J 


(87) 


! Va 





Vg = ^riloadedl antenna of length I 

Ce“ -:5rCA 


) Source constants 
Ca=C*1 
La=L-1 
fA=rl 



Le^-rU 

re=4-'-A 

X"=6-I0®n VcU”e 

^cycles/sec.l 

^ 'C; 1- _ f ,4-'-».nl80[l-^J 

_ f »T^ - 5 »n isofl- 4 ”] 

X:=6'IO®-rtVC^tL'e+l-o] 

f'=- 



l,^=-S5^cosx] 

Eoiwvalent emfenna\ 

\L )i ' " 3 ' Equivalent 

‘'“4 ^ Circuit 

% ^ 

1185 )00[ S ^ticCA.U.PA J^ tnnof 

mu 

h ^(yi^PPar^T£-n ^60% 


‘ EnVC'elUe+Co^ 




885'-J 40 




785 20 1- 

685 0 V . — I 1 1 1 , 

0 100 200 800 400x10’® Henries 

Looioling Lq — ► 

Fiq. 242. — Curves and formulas for the correct effective aerial constants. 


when / and /' denote the resonance frequencies of the antenna for no 
loading and loading Lq, respectively. The static antenna capacity can be 
found from (87) and 


as 


4vu:xi 


C^W) 


1 

1^5^^353551 


( 88 ) 
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if the frequency / is expressed in kilocycles per second. Table XXIII 
gives an application. 


Table XXII 


Measured quantities 

Calculated correct effective antenna constants 
in percentage of the corresponding static values 

Loading 

Resonance 

c. 


Tc 

frequency /, 
kc/sec 

same 

same 

same 


dimension 
as Ca 

dimension 
as La 

dimension 
as ta 

0. no loading 

438 

81.0 

60 0 

50 0 

0.000246 

296 

96.7 

39.3 

39.3 

0.000279 

284 

97.4 

38.6 

38.6 

0.000308 

274 

97.9 

38.1 

38.1 

0.000346 

266 

98.1 

37 7 

37.7 

0.000384 

268 

98.2 

37.6 

37.6 

0.000422 

262 

98.6 

37.2 

37.2 

0.000448 

246 

98.9 

31 1 

31.1 


Gen6ral remarks: The measured frequency can be ch(‘ckcd by for ( 7 / in farads and 
LI in henries. 


/ = — — 
2WC'cI\LI ^LI\ 


Table XXIII 


Measured quantities 



Loading 

Resonance 

LAf henries 

Remarks 

inductance 

frequency 




/b kc/sec 



0.000246 

296 

0.000466 

For no loading, resonance 

0.000279 

284 

0.000463 

frequency / “ 438 kc/sec 

0.000308 

274 

0.000464 

with the average value of 

0.000346 

266 

0.000463 

La = 0.000468 henries 

0.000384 

258 

0.000474 

Ca - 0.00069 m/ 

0.000422 

262 

0 000486 

0.000448 

246 

0.000474 



Another method for determining the static antenna constants can be 
obtained by comparing the expressions for the apparent effective and 
true effective constants. According to ( 84 ) and ( 85 ), the correct effective 
constants are 


Ce^ A.1C4 and Ij0^ B1L4 
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and, according to (69) and (70), the corresponding apparent effective 
currents are 

C,, == A^Ca and I/«, = B 2 LA 
for the distribution constants 

A -8/ sinM(/V/)90°} 

' »r(/V/) + sin 118011 - (/V/)]} 

R - / ^(/V/)-sin{180[l-(/^//)] } 

^ sin* {90(/V/)I 

^ sin {9 o£| 

_ 2/ [ 1 - cos {90(/V0}] 
tP sin {90(/V/)} 

Sincje the oseillation constants of the apparent effective and true effective 
value for the same loading inductance Lo are the same, we have 

C.JLe^ + Loj = C.JLe, + Lo] 
or 

AiCa[BiLa + Lo] ~ A2Ca[B2JLa + Lo] 

The static or true antenna inductance becomes 

- . ^2 T (h^) (89) 

A2JD2 — -Al/Jl 

and Ca as in (88), since 

f 1 L_ 

W(8/ir*)C^-(W2) iVCj:i 

168. Transmission-line and High-frequency Equation. — If in Eqs. (1) 
and (2) the variable i is eliminated, we obtain the equation for the trans- 
mission line 

g = + Cr]% -H ,re (90) 

which is also known as the telegraph equation. The equation obtained 
by substituting i for the e in (90) is also true. Relation (90) is satisfied 
by the solution 

and leads to 


or 


= p^CLEe^ + p[gL + CrJ-Be”* + grEe^ 
CLp^ + [gL + Cr]p + [gr + ?*] « 0 


( 91 ) 
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with the roots 


for 


Pi = - 


r 

2L 


+ 


2C| 


= a -t ju 
P2 = « — ^CO 


+ / 


■Jgr + 

\~mr 




2 


a® < 


gr + 
CL 


The final expression is therefore 


e = i;^~((r/ 2 L)+(a/ 2 C)]e gin [qx ± U] 


= i7c-[<^/2L)4-(i7/2C)l< sin 




(92) 


since the wave length X = 27r/g and the velocity of propagation 
V = (a/q = o)\/2v. Hence a damped wave train passes toward the 
end of the line and a wave train of of the same form is reflected back 
with the same velocity v toward the source. 

For the high-frequency line, the resistance r is small compared with 
the surge impedance (wave resistance) Zo = 's/LjC^ and the leakance 
g is small compared with \/CJL, For r = 0 and g — Of (90) reduces to 
the high-frequency equation 




(93) 


This expression shows that, for high-frequency systems, the frequency 
of the impressed e.m.f. does not affect the velocity of propagation (since 
= c - 3 X 10^® cm/sec) and that by means of the velocity c one can 
always calculate one of the antenna constants if the other is known 
{Ca or La). The solution of the high-frequency equation for < = 0 
(space distribution) and forn = a + jfi ^ jfi = ±jo 3 '\/CL is 

— n 

® “ 21 *”* “ ^ = EcoaccVCLx 

+» 

and for * <* 0 (time distribution) 


e - 21*'"' “ 1^*’'"' + 

+ m 


E coBcd 
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These two results can be found directly by the universal solution 

E cos 03[t + y/CLx] 


where 


^ = “ = M = ^ = „VcE 

c c X 


x = ^ = 


2irc 

0) 


1 


c = 


VCL 


/VCL 

= 3 X 10^® em/sec 


(94) 


(96) 


From these relations, we note that, if an e.Ui f. E is suddenly applied, 
this voltage will produce a current flow / = E/Z^ (where Zo = y/ L/C) 
toward both sides of x = 0, since generally I = function {t + x/v). 

169. Theory for the Experimental Determination of the Propagation 
Constant and Surge Impedance of a Line. — According to (8) and (9) 
for the open and short-circuited line (at the free end), 


and 


if El and Ii denote the maximum value of voltage and current, respec- 
tively, at the input end and E 2 and 1 2 the values at the far end of the line. 
For the open line, the measurement of Ei and /i gives the impedance 

Zop = Zo cotanh U (98) 

for the electrical length Q — nl and for the short-circuited line, the value 

Z« ~ Zo tanh 12 (99) 

From which the surge impedance becomes 

Zo 


El == Ez cosh nli 


il 

(96) 

El = Z 0 J 2 sinh ni\ 

Il =* I 2 cosh ni / 

(97) 


vz: 


op 


( 100 ) 

If a sinusoidal e.m.f . is impressed, Ei and h denote the measured effective 
values also. Since the generalized electrical length n2 = 12 is the propa- 
gation constant times the length of line, we also have a means foi^ finding 
n * Q/l from 


tanh Q 


( 101 ) 
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which leads to 


0 - iiog.^ 

2^1- y/Z,,IZo^ 

(102) 

Equation (101) reduces 


tan Q = \f^ 

\ ^op 

(103) 

for the high-frequency line since nl ~ j^L 


The surge impedance is 


7 — R — r** + 

" \2/ \g+jo>C 

(104) 


which in many high-frequency cases can be simplified to 



^ Roitio 


Fig. 243, — Surge (characteristic) imped- 
ance of parallel-wire system. 


Z,‘ 


fohtns) 



j^^(hennm) 

(famds) 


(105) 


Figure 243 gives the value of the 
surge impedance of a Lecher system 
for different sizes of copper wire and 
spaeings. The curve is calculated 
by means of the ordinary L and C 
formulas (25) and (26) which lead to 


(ohn») = 120 log. ^ 


if o denotes the spacing between the centers of the wires and d the 
diameter of the copper wire. This formula is not correct for very small 
spaeings since the proximity effect (d/a)^ is neglected in comparison 
with unity as is the factor D in the strict high-frequency equation (27). 
Very small spaeings, however, are impractical for this class of work. 
The neglect of D does not affect the result very much if the size of 
the parallel wires is not chosen unreasonably small. For example, 
D <= 0.03928, 4 log, (1/5) = 16.236 represents the most important portion 
in (27). Neglecting D gives 487 instead of 487.9 ohms. 

Moreover, from Fig. 243 it is seen that the surge impedance Zo of a 
Lecher-wire system^ can, with practical dimensions, not be made very 

* In short-wave work, for instatice below lO-m wave length, for aerial feeders the 
parallel-wire line is often made Up as a transposed double line in order to obtain more 
symmetry and a better balance toward ground. Transposition insulators at ecpial 
distances along the double line are then required. A transposed line then consists 
<rf a lAcher-wire line for which the go and the return cross over at equal distances. 
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low. This is a drawback when the line is to be used as feeder for trans- 
ferring power from a high-frequency source to elevated Hertzian or other 
radiating systems. For instance, Fig. 243 shows that a surge impedance 
only as low as 150 ohms would require a very close spacing of the parallel 
wires. It would therefore not be possible to match suitably certain 
aerials' with such feeder lines. This can, however, be done readily with 
a concentric double-line feeder for which the surge impedance is 

Zo = 138 logio X ohm (106o) 

U2 

where di is the inside diameter of the outer conductor and d 2 the outside 
diameter of the inner conductor.^ Formula (106a) is again the outcome 
of Zo = y/hjC since for the concentric double line the capacitance C per 
centimeter length 

0 = 1^2 loge ^ j " (1066) 

in e.s. c.g.s. units and the inductance L per centimeter length 

L = 2 log. ^ (106c) 

(12 

in e.m. c.g.s. units. According to A. RusselP the high-frequency resist- 
ance of a concentric parallel line is 

R = ohm/cm (106d) 

for the specific resistance p in e.m, c.g.s. units and the frequency / in 
cycles per second. The quantity p denotes the magnetic permeability. 
The respective diameters di and d 2 are expressed in centimeters. Equa- 
tion (106a) shows that it is an easy matter to design concentric lines 
from about 10 to 150 ohms. The inner conductor of such lines may be 
either solid or made of a tube. For a ratio di/d 2 = 3.44 the value 

^ A Hertz serial (one half-wave length distribution) has at any point along it a 
series impedance which behaves like a pure resistance, with a value of 74 ohms at the 
center and practically several thousand ohms near the ends. At any point a series 
resistance with a value of 74 divided by the square of the ratio of the current at that 
point to the current at the center exists. 

* The power transferred by a concentric line is all confined to the inside since 
the outside sleeve acts as a shield. The line itself can not, therefore, radiate. The 
outside tubing can then be grounded at any point along it and even be buried in the 
ground with practically no losses. For this reason the outside tubing is generally 
connected to ground and the terminal of the inside wire moved along an aerial until 
proj^er matching occurs. 

• Alternating Currents,'' vol. I., p. 222, Cambridge Press, 1014. 
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at 74 ohms matches the feed at the center of a Hertzian dipole. Hence if 
a copper wire A.W.G. No. 4 is used for the axial inside wire of a 
thick copper tubing with ^^-in. outside diameter the central matching 
resistance of a Hertzian one half-wave length aerial is satisfied. The 
axial inside wire jp kept in place by means of quartz pegs or pegs of hard 
rubber which has better dielectric properties at ultra-high frequencies 
than bakelite. 

If the line is bridged at the far end through a resistance Ry for the 
high-frequency equation [Eq. (93)], we have the solutions 

e == F{x + ct) + 4>(x — ct) 
fIx 4- ct) — 4>(x — ct) 

" “■ Z, 

which show that wavelike disturbances F and ^ move in opposite direc- 
tions with the velocity c == Since co == Ri^ and x =?= 0 at the 

far end 

Rh = F{ct) + H-ct)) 

F{ct) — 

**= z, ) 

or 

H-d) = = pPid) 

Hence at any point x 

e = F{x H- ct) + pF{—x -h ct)^ 

F(x + ct) — pF{ — x + ct)\ 

" T, ) 

where p is the reflection factor caused by the resistance bridge. For 
R > Zq, the factor p is positive and the reflected-wave disturbance will 
have decreased in height. Otherwise it would behave as though coming 
from an open line. For R < Zo, the reflection factor becomes negative 
and a reflection similar to that of a short-circuited line is obtained, but 
the reflected wave starts out with a smaller amplitude. If 12 = Zo, no 
reflection takes place since all the energy of the arriving wave is con- 
sumed by B. This gives, therefore, another method for experimentally 
finding the surge impedance of a line. 

For a line of infinite length, the wavelike disturbance passes outward 
only, since no reflected wave can return and (6) and (6) reduce to 

? - , , 

r a«"*> (109) 


(107) 

(108) 
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and the voltage at any place divided by the current at that place gives 
the surge impedance 

^0 = I (110) 

which can also be considered as wave resistance for most high-frequency 
work. Hence the outgoing-voltage disturbance depends upon the 
generalized angular velocity n = a + given in Eq. (19). From it we 
note that, for the voltage E at the sending end, we have at any place 
X on the line 


sin (<ai + + tp) 

where jS denotes the phase reduction for each unit length (1 cm).^ The 
quantity a, the natural logarithm of the ratio of the voltages (or cur- 
rents), measured a unit length apart, is also known as the ‘^damping 
factor.'^ The pliase measure 0x is of little importance for the transmis- 
sion of speech over homogeneous lines but a, Zo and the length I play a 
part. The quantity a is a measure of the losses in the line and therefore 
becomes smaller as the resistance r per unit length and the leakance g 
per unit length become smaller. In order to transmit currents of all 
frequencies with the same velocity (no distortion),* we have the condition 


_r 

L 


9 

C 


( 111 ) 


Equation (21) gives the propagation constant 


that is, 


n^l^+ji^VCL 

a = and P «= (ay/Wb 


if the leakance g is neglected as is practically the case for the parallel- 
wire system (Lecher wires) used in high-frequency work. But for wired 
radio, in some cases, it is not permissible to neglect the leakance and we 
have the attenuation factor 



( 112 ) 


^ For telephone and power lines, the uhit length is either 1 km or 1 mile. 

* The same can be obtained wh^ loading coils (Heaviside, Pupin) with large 
<aL make v as well as or independ^t of In this case the damping constant 

is only half the value for the condition of (111). 
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Since 


n - = Vff + juCVr + = ju-s/CLyjl + + j; 


r 

juL 


■ + "> 1 ] 

= a + j/3 


iu^CL - 1 
+ ^ iccVCL 


(113) 


For the amplitude and the effective value of a current, only the damping 
term is of importance. For the infinite line, we have 


h = i€-- 


(114) 


if I denotes the effective current at the beginning of the line, and /, 
the current at a distance x. But log. ///, = ax; and if x denotes a unit 
length, we have, for the damping factor, 


l og,o(7//,) 

0.4343 


(115) 


For wired radio, using power lines, the line can be regarded practically 
as infinitely long since the carrier frequency may be of the order of 
26 to 60 kc/sec. The sending-end impedance is therefore the surge 
impedance Zo and is practically a pure resistance to the high-frequency 
currents. The line can be imagined as a line which is bridged at the 
far end by a resistance^ B = Zo = a/L/C. 

If we assume, therefore, that the resistance per unit length is small 
compared with the reactance per unit length and that g is negligible, as 
in some cases, then 



Hence the resistance per unit length can be determined from 

r = 2aZo (116) 

It is then only necessary to measure the input current I and the current 
Ixf 1 mile away or some other suitable distance, and calculate a from (115) 
which holds for the distance x — 1. The surge impedance is E/I, the 
voltage-current ratio at the input end. The surge impedance can also 
be calculated by means of formula (106) which for the loop mile as a 
unit distance gives 

^ Zo is in the neighborhood of 300 to 900 ohms. 
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= 276 logic ~ (117) 

since the capacitance and inductance per loop mile 

log,, iia/i) 

14 g X 10-4 logj^ ^ 

^ i 

for a diameter d of a copper conductor and a spacing a between centers 
of the conductors. 

The velocity of propagation v is somewhat smaller than that of light 
but, if it is known, we have v = lly/Cli and together with Zo = V^L/C ; 
this gives another means for finding the ii'Huctance and capacitance 
per unit length, namely, 



C 


Zot^ 


(119) 


and the static values of antenna inductance and capacity become 


V I 
Zot; 


( 120 ) 


For some types of power lines, the effect due to leakance is not negli- 
gible. Then Eq. (112) must be used. The constants refer to the loop 
mile as the unit length. For such a condition, the attenuation factor 
becomes 


OL = 


2Z,'^ 2 


( 121 ) 


160. Theory of the Lecher System When Excited with a Harmonic 
E.M.F. — A wire arrangement can be used to calibrate frequency meters. 
A thermoelectric current indicator of low resistance (shunted by a No. 14 
A.W.G. wire) is connected across the line and can be made to slide along 
the parallel wires.- For a certain position, the indicator gives a pro- 
nounced deflection and again when the instrument has been moved to a 
position which is one half-wave length farther away. It is of interest to 
learn how close the wave length obtained by such a measurement checks 
the wave length which would be obtained in free ether and without the 
guiding effect of the wires. There can be no difference when the velocity 
of propagation along the wires is equal to c «= 2.9982 X 10‘® cm/sec. 
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Phase velocity has been dealt with in Sec. 154 and Eqs. (29), (30), 
and (31) hold. For the sake of simplicity, I cm is the distance between 
the indicator bridge and the input end and, according to (9), we have 
for the current through the bridge 


7 = 

* Zo sinh nl 


( 122 ) 


for Zo = = n/y; y = jtaC; g = 0; n = a + jfi and Ei the voltage 

impressed at the input end. Since v = w/S, the indicator current 
becomes 


r _ 

~ n[€“' - e-"'] 


2vCEi 

[1 - i(a//3)][e“'e>^' - 


(123) 


Substituting in the ratio a/S the values given by 


= 2'\/^ CL = a + jd 


and neglecting insignificant terms in the scries for e±“' leads to 

e±«i = 1 + al 


and 


vCi!^ 


[1 — jA](al COS + j sin Si] 


(124) 


where, according to (31), A = r/{2a)L), the correction term in the velocity 
of propagation 

e = c(l - A) (125) 


Therefore, for the scalar values, we have 


j vcEi 

\/!l + '^*][(«0“ cos* SI — sin* SI] 
and for the current in the indicator bridge 




vcEi 

•\/ (aiy cos^ SI + sin* Si 


(126) 


since A* is very small compared with unity and the scalar value of the 
denominator is the same for positive and negative signs. The effective 
current which is actually measured follows, of course, the same relation 
as the maximum value /». The current through the indicatin g instru- 
ment, therefore, becomes a maximum for all values of 01 that render the 
function 


WD •= W cos* SI + sin* ffl 
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a minimum. This happens for^ 

(01) m = mw[l — A^] 

^ mir (127) 

where m = 1, 2, 3, etc. The distance between two consecutive current 
maxima is therefore tt corresponding to X/2. This is, however, the wave 
length which is developed along the parallel-wire system. But, according 
to (125), 

V = 2.9982 X lO^ll - A] (128) 

For/ = 26 X 10^ kc/sec, we have, for example, for copper wires, diameter 
d = 0.14 cm; spacing a = 4.2 cm, A = 0.001088. The scaled-off wave 
length is therefore 3^10 cent too short if we assume v = Cy and the 
correct formula for the wave length in free ether is 

X^cm) = 2Z<“>(1 + A) 


The corresponding formula for the frequency in kilocycles per second 
when the distance I between consecutive maximum settings is measured 
in meters becomes 


/ = 


1.4991 X 10^ 
I 


[1 - A] 


(129) 


Table XXIV is added in order to give an idea of the percentage error for 
different frequencies if the correction term A is neglected. The table 
also takes up the case for which a somewhat larger diameter (d = 0.145) 


Table XXIV 


f, 

kc/seo 

Percentage 

error 


True velocity 
t; = c(l — A), 
cm /sec 

Percentage 

error 

1(“) 

Percentage 

error 

16 X 10* 

0.139 

9.356 

2.9940 X 10*" 

0.135 

9.366 

0.131 

18 

0.131 

8.317 

2.9943 

0.127 

8.317 

0.123 

20 

0.124 

7.486 

2.994S 

0.121 

7.486 

0.118 

22 

0.118 

6.806 

2.9946 

0.116 

6.806 

0.112 

24 

0.113 

6.239 

2.9948 

0.110 

6.239 

0.107 

26 

0.109 

6.759 

2.9949 

0.106 

6.759 

0.103 

28 

0.106 

6.348 

2.9950 

0.102 

5.348 

0.099 

30 

0.101 

4.992 

2.9952 

0.099 

4.992 

0.096 

32 

0.098 

4.680 

2.9953 

0.096 

4.680 

0.093 

34 

0.095 

4.405 

2.99535 

0.093 

4.405 

1 

0.090 

Diameter d = 

0. 14 cm 

d =» 0. 145 cm 

d ae 0.145 cm 

Distance between wires a « 4.2 cm 



a » 4.7 cm 


1 The proof for this was given in Bnr. Standards, Sci. Taper 491, 528, 1924. 
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is used. In each case it can be seen that the error is about 
and any small changes in the diameter of the wire are negligible. 

The space-resonance curves of Fig. 244 can also be interpret'Hl 
theoretically since, according to (9), the impedance experienced at the 
input side of the parallel-wire system is 

-2^1 = Zo tanh nl = Zq , ^ — (130) 

e" + €“”* 



Fig. 244. — Space resonance curves of a parallel-wire system which is bridged over for a 
20 megacycles /sec excitation (spacing between centers of conductors a = 4 2 cm, diameter 
of copper conductor d ** 0.145 cm). 


Since 


we have 


Z, 


1 — jA 
vC 


7 = [1 — iA][a? cos + 3 sin fil] 
' »C[cos /3i + jal sin (il\ 


when only the significant terms in the series for €+“' are used. Since 
and A* is very small compared with the unity, we find upon 
scalarizing for the effective impedance experienced at the input side that 


r _ 1 j(A/3iy cos® + sin® fil 
'* pCV (my sin® + cos® 


(131) 


Any minimiun values of Z, cause a maximum current flow into the parallel 
wires, and thus through the indicating instrument. Equation (131) shows 
that Z,S(tan ffl)/{vC). Current maxima then occur every half wave 
length. This is practically true since A®080* is a small quantity. For the 
dimensions given in Table XXIV, for example, for / - 20 X 10» jeo/sec, 
we have A*(j8Z)* «■ 6.779 X 10~®. The minimum values for Z» can be 
found by usii^ the results OSl)* * mir of (127) and (131) for which 
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(-1)"^ cm/sec (132) 

since A = r/(2a)L). All quantities are expressed in e.m.c.g.s. units. 
The final result, therefore, needs only to be multiplied by 10“® in order to 
express the impedance in ohms. The maximum values are found 
by putting (01) m = (2m - l)(7r/2); hence 

y _ 2 _ 8c log. (1/6) 

(2m ~ 1)tAvC ~ (2m - l)irA 


since c^fv = c and b = . - -=y a<'cording to the capacitance 

1 + vT^ Way 

expression of (23), and m stands for 1, 2, 3, 4, etc., corresponding to 
successive settings. By means of (131), the distribution curves of 
Fig. 244 were obtained. Plotting 1/Ze gives the admittance curves, 
which, for a constant applied e.m.f. of constant frequency /, gives the 
shape of the space-resonance curve (/), that is, the effective current as a 
function of the displacement of the indicator bridge on each side of the 
resonance position. For the dimensions noted in the figure and 
/ == 20 X 10® kc/sec, a condition of 1 deg corresponds to a displacement 
of 41.35 mm, and a shift of 1 mm produces a noticeable effect. This is 
small when compared with the corresponding wave length X = 14,973 mm. 
The calculation of the successive impedances for maximum values (133) 
m = 1, 2, 3, etc., shows that the first maximum value 


Ze 


8c log. (1/6 ) 
ttA 


10~» == P ohms. 


while the next is P/3 ohms. The successive maxima are therefore 
as 1:3:5:7, etc., and corresponding relatively large values since, for 
the dimensions of Fig. 244, P = 2,56 X 10® In a similar way we 
can show that the consecutive minimum values of (132) are for 01 = 0, 
Ze = 0, forjSZ = TT corresponding to i = X/2, Ze = (rj;/4/)10~'^ = Qohms, 
for 01 = 2ir corresponding to Z ~ X, Z. = 2Q, for I « ^X, Ze = 3Q, etc. 
For the dimensions given in the figure, Q = 1.85 ohms. The successive 
minima differ more and more from a zero value, and the settings for 
maximum current farther out must therefore become less sharp. The 
successive space-resonance curves show that the decrement for settings 
farther out becomes larger; for this reason it is better to use only the first 
two maximum settings and to shorten the line by means of a condenser 
connected across it near the input terminals. The degree of moving the 
first current maximum /-/ in Fig. 245 can be treated graphically as with 
antenna loadings, but it should be remembered that in this case we have 
the transcendental equation 
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— cotan 0 (134) 

since, according to Eq. (97) on page 441, the entrance impedance for a 
short-circuited line is 

Zi = Zo tanh nl ^ tan 

With a condenser Co as in Fig. 245, the net impedance becomes 
Z.-J^ tan 01'+^^ 

. J^^tan B - - 0 ( 135 ) 



Fio« 245* — Qraphical determination of line shortening produced by setting of Co. 

if r is the actual distance from the input end to a setting of the low 
resistance indicating instrument for maximum response. 


Q = pv uVy/CL 


and Ct I'C ia the total static capacitance of the parallel-wire section 
of lei^thl'. It is therefore only necessary to determine the inter- 
sections of yt = QCa/Ct with yi = cotan Q. Only the first intersection 
is of interest here since the distance V * Qi/0 gives the length to the first 
current maximum (position I-I). Since /3 » 2ir/X we find that 



( 186 ) 



LINES OF LONG AND SHORT ELECTRICAL LENGTH 453 

and the entire minimum length of the parallel wires can be computed 
from the expression 

Imm ~ 0.5xj^l 

The graphical solution of Fig. 245 shows the case for the capacitance 
Co = Cf . In this case draw a cotangent curve from 0 to 90 deg correspond- 
ing to an electrical length il = t/ 2. Since Co = Ct, the absolute value of 
y = Cofi/Cf must be equal to fl itself. Hence draw the ascending line 
such that the ordinate of = 7r/2 is 1.57. The intersection of this line 
with the cotangent curve gives = 0.2778«- and a minimum length for 
X = 10 ni of imin = 5 X 1.2778 == 6.389 m instead of 10 m. The actual 
length V to tlie first current response I -I is therefore as short as 1.389 m. 
This can also be computed from (136). Tht percentage shortening S 
can be computed from the formula 

l-v] (138) 

which for this example gives 36.11 per cent. Equation (137) can also be 
used in order to find the limiting conditions. One limit exists for a 
capacity Co so large as to form a short circuit. Then Co/Ct = oo and, 
according to (134), the cotan = oo ; that is, % = 0. This can be 
seen from the ascending line of Fig. 245 since, as Co/Ci increases, the 
ascending line becomes steeper and, for Co/C/ = w , it coincides with the 
ordinate through the origin. The intersection takes place at infinity 
corresponding to 12 = 0. This value inserted in (137) gives /min = X/2 
and inserted in (138) gives 50 per cent shortening. Now, when Co/C/ == 0 
and the ascending line is horizontal, that is, when it coincides with the 
abscissa, then the intersection occurs at 12i = 7 r /2 and from (137) we 
obtain Zmin == 0.75X, which is a three-quarter-wave-length distribution. 
This is true since an infinitely small condenser Co means an open circuit. 
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CHAPTER XII 


DIRECTIVE SYSTEMS' 

Directive aerial systems are desirable in many cases since the radiated 
power can be directed along certain space channels. It is thus possible 
to guide aeroplanes, etc., and to project radio signals to certain localities 
(beam radiation). 

161. Theory of the Wave Antenna (Beverage Antenna).^ — The sim- 
plest type of wave antenna is given in the upper diagram of Fig. 246. It 
consists of a long horizontal aerial which has a length at least equal to 
one wave length and which points toward the sender. The arriving 
electromagnetic wave moves with the velocity of light c along the hori- 
zontal wire and induces a current in it. Hence waves travel in the wire 

^ Macdonald, H. M,, Note on Horizontal Receivers and Transmitters in Wireless 
Telegraphy, Electrician, 63, 312, 1909; E. Bellini, Aerials for Directive Wire- 
less Telegraphy, Jahrh. drahtl., 2, 381, 608, 1909; J. Zbnneck, Arrangement for Direc- 
tive Telegraphy, Jahrh. drahU., 9, 417, 1915; F. Braun, On the Substitution of Open 
Conductors by Closed Circuits, Jahrh. drahtl., 8, 1, 1914; An Absolute Determination 
of the Radiation Field at Strassburg Due to the Radiation from the Eiffel Tower, 
Jahrh., drahtl, 8, 132, 212, 1914; A. Esau, The Frame Antenna Due to Braun, Elektro- 
tech. u. Machinenbau, 87, 401, 1919; J. H. Dellinger, Standards, Sci. Payer 354, 
1919; H. R. Traubenberg, On the Quantitative Determination of Radiation Fields, 
Jahrh. drahtl.'^l^, 569, 1919; M. Abraham, Coil in the Radiation Field Compared 
with Antenna, Jahrh. drahtl., 14, 259, 1919; R. Mesny, On the Radiation of a Frame, 
Uonde 6lec., 2, 571, 1923; H. Chiredc, Directive Antennas, RadioiUctridU, 6, 65, 
1924; Uonde Mec., 64, 262, 1926; L. Bouthillon, Optic and Radioelectricity, 
Uonde (dec., 287, 1923; 577, 1926; A. Esau, Direction Characteristics of Antenna 
Combinations, Jahrh. drahtl, 27, 142, 1926; 28, 1, 147, 1926; E. Green, Directive 
Reception, Exptl Wireless, 26, 828, 1925; W. W. Tatarinofp, The Construction of 
the Radio Mirror, Jahrh. drahtl., 28, 117, 1926; K. Strecker, *‘Hilfsbuch fur die 
Elektrotechiuk> Schwachstromausgabe,” 10*® Auflage, Julius Springer, Berlin, 1928; 
E. Green, Calculation of Polar Curves of Extended Aerial Systems, ExpU. Wireless, 
4, 587, 1927; J. A. Fleming, Approximate Theory of the Flat Projector (Franklin) 
Aerial Used in the Marconi Beam System, ExpU. Wireless, 4, 387, 1927; W. Buhstyn, 
The Radiation and Direction Effect in Free Space, Jahrh. drahtl., 13, 362, 1918-1919; 
W. H. Murphy, Space Characteristics, J. Franklin Inst., 201, 420, 1926; W. Burstyn, 
Wireless Telegraphy in Space, Jahrh. drahU., 16, 322, 1920; R. Me^ny, Directive 
Transmission with Grid Antennas, Uonde dec., 6, 181, 1927; R. M. Fositbb, Bell 
Stfstem Tech. J., 8, 292, 1926; G. C. Southworth, Proc. I.M.E., 18, 1502, 1930; 
H. Diamond, Bur. Standards, J. Res., 10, 7, 1933; F. G. Kbar, Proe. I.R.E., 22, 847, 
1984. 

» Beverage, H. H., C. W. Rice, and G. W. Kellog, Tram. 90, 268, 

372, 510, 636, 728, 1923; H. Busch, Jahrh. drahU., 21, 290, 374, 1923. 
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in opposite directions with a velocity v which is smaller than c. The 
current wave traveling toward the receiver increases as it passes on since 
the electromagnetic wave in space moving in the same direction (although 
with somewhat larger velocity) keeps on feeding into the line while the 
traveling wave toward the transmitter is thereby weakened. If the resist- 
ance R at the end toward the sender is adjusted to the value of the 
wave resistance Zq = ’s/LjC of the line, all wave trains traveling toward 



R will be completely absorbed by it and no reflections are possible at this 
end. The aerial then acts as an ordinary resistance and receives only in 
one direction. The direction effect becomes more pronounced as more 
wave lengths are developed on the antenna. Even if R is not exactly 
== \^ICy a certain direction effect is experienced for a long aerial since 
the reflected wave arrives with much diminished amplitude at the 
receiver side. 



Fig. 247. — Open-ended parallel- wire system acting as wave antenna. 

The lower diagram of Fig. 246 shows a wave antenna with two wires 
(a parallel-wire system). For this case, the wave resistance can be 
adjusted on the receiving end of the apparatus. The receiving set is 
on the end pointing toward the transmitter. The other end is closed 
through a transformer and both wires serve as return wires. This is 
evident from the following: When an electromagnetic wave comes from 
the l(rft, that coil which is grounded at the right side returns the energy 
and the antenna acts like a parallel-wave system, which gives off the 
energy at the left end. When a wave arrives from the right, the corre- 
sponding currents in the two primary halves of the detector transformer 
eancel each other. 
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In Table XXV, the experimental constants for a single-wire and 
double-wire wave antenna are given. Figure 247 gives the case of an 
open-ended parallel-wire wave antenna. 


Table XXV 


Constant 

Single-wire antenna 

Double-wire antenna 

L 

2.31 mh/km 

1.59 inh/km 

C 

0.006 Mf/km 

0.0098 iuf/km 

vie 

0.853 

0.806 

Zo - 

592 ohins 

384 ohms 

a(see p. 446) 

0.039 

i 

0.056 


In order to have a picture of the respective currents h and J 2 which 
pass to ground at each end, they are plotted in Fig. 248 to the same scale. 



Arnvtng-^ 
e,m, wave 




Fro. 248. — Ciurents at the two ends of a wave antenna for ® 


^ ^R eceiver 


» c « 2.9982 X 10» km/seo. 


The wave velocity along the aerial is for this case assumed equal to the 
velocity of an electromagnetic wave in free space. The theory shows 
that for such an assumption, that is, p = vjc « 1, the respective currents 
are 




/2- 


8X . 2ir, 
sm 

4irJ6o X 
g-z 
2^0 


( 1 ) 


where 8 denotes the electric gradient in volts per kilometer. 

ExamfAe . — wave antenna has a length I 2.6 km, 8 0.0814 volt/km, the 

wave resistanoe of the antenna Zq » 500 ohms, t> - e « 3 X 10* km/seo and wave 
Iwgth of the arriving electromagnetic wave X » 10 km. Then 


h 


0.0314 X 10 
4r600 


6 X 10-» aa^ 
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and 


/* 


0.0314 X 2.6 
1000 


7.85 X 10-» amp 


while, for I = 7.5 km, h = 23,55 X 10~« amps, and since h is as before, a pronounced 
directional effect occurs. For I = X/2, 3X/2, etc., h for the ideal case (v * c) is equal 
to zero (Fig. 248). As Table XXV shows, the phase velocity along the aerial is 
smaller than c, often as small as v = 0.8c. This is due to the long wires which must 
be held by insulators and are only a short distance above ground. The electrical 
length is then no longer, as above, = 2vl/\ but = 2x1 /(p\) for p * v/c. The 
respective currents are 


h 


h 


psx ;[1 -H p] ^ 

2x11 -f- p]Zo P^ 

^[1 - P]_ 


p&\ 

2x11 — p]Zq 


sm 


pX 


( 2 ) 


-- ► Arriving wave 



^^rrWing wave 
0 

I sin tot Volt/km ^ S'" «(t -I-) VoH/km 
* »0lK 


<• X •>!< l-x 

H'' A = 

^ di*=A-olx-sin«(t-|-) 

di, « 

dij^A-dx-sin 

Fia. 249. — Building up of currents di\ and d.%% at the 



Receiver 


roBT>Anf.{v£i on/la 






The proof of these formulas which hold generally, according to Fig. 
249, is as follows: Ima^e an infinitesimally small antenna element dx. 
The arriving electromagnetic wave following a sine law produces at the 
beginning of the line a gradient S sin cot volts/km. Since the electro- 
magnetic wave travels with a velocity c in the space near the line, it 
must take x/c seconds imtil the wave reaches the infinitesimal section dx 
of the line. Hence we have at this place the gradient 8 sin — x/c] 
volts/km. In the l^igth dx an e.m.f. c. «' Sdx sin a{t — x/c] and a 
corresponding current di, is induced. Since R » y/h/C » Zo, the 
induct current experiences a total resistance 2Ze and is di, e*/2Zo. 
This cmiscs ft flpw current in bpth direotiim which is propagated with 
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the somewhat smaller velocity v. Hence the e.m.f. in dx produces the 
resulting currents dii and di 2 at thie respective ends which lag behind 
the current du since it takes x/v sec. before the disturbance reach.es the 
left end and {I — x)/v sec. before it reaches the receiver coupling coil 
at the right end pf the wave antenna. 

The measured effective values of the respective currents is obtained 
by the integration of dii and dU between the limits x = 0 and x = 1; 
that is, 



For B = A/(o3b), we obtain the solution for h 


/i = B 

= B 
= B 




COS w(< — bx) + constant 

cos o)t • cos o)bl — cos o)t + sin o)t sin M] 
[cos Qobl — 1] cos <at + sin M sin lat] 


=4 


^ , <t)bl . (M .in* 

■2 sm sin -y cos (at + 2 sin -y cos -y sin 


= 2B sin 


M\ 

2 L 

(obl 


in co< 


(abl . ^ . (abl 

cos sm (at — sm cos (at 


*= 2B sin ^ sin {(at — (p) 


(2a) 


For (p = (abl/2. The factor sin {(at — tp) plays no part in the value of the 
measured effective current and we can write 


But 


hence 


T O D • 

h « 2S sm 

2A , (abl S . (abl 

+ J] = ^[1 + P] - ^[1 + P] 


“ /3[1 + p]Z, 


(3) 


which leads to the h relation of (2) by putting /9 « 2r/(pX).- If the 
integration is carried out in the same way for dit, we find an expression 
as (3) with the exception that {-p) appears inst^ of p. Hoice 
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From the solutions given in (2), we can calculate for an actual case in 
which V < c. For instance, making the same assumptions as for the 
ideal wave antenna when 8 = 0.0314 volt/km, Zo = 500 ohms 
X = 10 km, I — 7.5 km, but v = 0.8c; that is, p = 0.8. Then 




h = 


0.8 X 3.14 X 10-* X 10 . 

2x X 1.8 X 500 
0.8 X 3.14 X 10-2 X 10 . 
2w X 0.2 X 500 


raw'*'*” ' “-Sz-amp 


We have therefore a very good directional effect. For a wave antenna 
for which a full wave-length distribution (Z = a) exists, only the factor 
with the sine term changes; hence 

7i = 44.4 X 10“® sin = 31.4 fj, amp 

J 2 = 400 X 10""® sin ^ = 282.8 fx amp 

V 

According to the theory of the line, we have for the surge impedance 
_ jr^ + ^ y/ 

The wave resistance is therefore somewhat dependent on the frequency* 
a?/ 27 r. If we also neglect in comparison with we have Zo == y/LfC, 
a quantity which is apparently independent of the frequency. The high- 
frequency formulas for L and C show, however, that Zo is not exactly 
constant. But, for practical work, y/LjC may be regarded as an ohmic 
resistance since for such experiments the accuracy of the method is 
usually hardly better than 1 per cent. When the wave antenna 
is grounded through a resistance R == Zo, or a parallel-wire system is 
closed at the end through Zo, the entire line is aperiodic; that is, it acts 
as though it did not possess any capacitance and inductance. This 
gives means for finding the wave resistance experimentally. 

The wave antenna usually consists of a horizontal wire about 3 m 
above ground. For a construction of this kind, the vertical lead-in 
does not play a part in the direction effect. If the horizontal wire is 
brought closer to ground, the velocity v of propagation decreases. This 
velocity determines the maximum length I of the wave antenna, since, for 
instance, for a velocity v < c, the antenna wave falls back more and 
more behind the space wave, until points are reached lor which counter- 
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phase effects (current decrease) occur. The maximum length Imu can 
for p = v/c be calculated from 

° 4l(l/p) - 1] 

Example: X « ^f)0 m, « 0.9 c; that is, p = 0.9, 


Imax 


500 


4[(10/9) - 1] 


- 1125 m 


and the wave antenna can only be somewhat longer than 2X. 

Moreover, it can be shown that, for a wave antenna, the direction 
factor is given by 




= Do cos B (5) 

since the arriving electromagnetic wa^ve induces in each line element dx 
an e.mi . proportional to the cosine of the angle of incidence of the wave 
with respect to the line. Hence the wave antenna is excited only when 
the arriving field is somewhat tilted so that the horizontal antenna wire 
cuts the lines of magnetic force. In other words, the wave antenna would 
not show directive 'properties if the ground were a perfect conductor. When 
^he wave comes from the front, ^ = 0® and, when it comes from the rear, 
B = 180®. Therefore if we neglect the damping (a = 0), that is, put 
cosh aZ = 1 and assume for simplicity that the velocity of propagation is 
equal to that in free space, then v = c, p = 1, and (6) reduces to 



{ 


cosh al — cos 




[1 — p cos 6] 




2 ) = 


cos 0-^2^! — cos ^[1 — cos 


X 


[1 — cos 6] 


( 6 ) 


Hence fot a wave coming from the rear cos 6 = — 1, the value of 


O' 




cos 




4irl 


m 


should be zero. However, this is only the case when cos (4 tZ/X) — 1 «= 0; 
that is, cos (2wl/\) » 1, which happens when the length I of the line is 
X/2 or any integral multiple of X/2. That this is more or leas true 
can be seen from the diagrams of Fig. 2S0. When the length I is eqtial 
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to only one wave length, small components for the waves coming from 
the rear exist. For I = 2X, the components are still less pronounced 
and, for I = lOX, they disappear altogether. This, however, is not the 
case for the other wave-length distributions. For instance, for Z = X/6 
and I = ^sX, wte obtain the dotted direction characteristics indicated 
in Fig. 251. The rear effect can, however, be greatly reduced (full-line 
characteristics) when a compensation due to Beverage is applied. The 
compensation is accomplished by means of a recurrent network similar 
to that used in filter circuits. The recurrent network of Fig. 251 acts 
as a phase changer so that the disturbing wave reaching the other end 
is again brought to the receiver circuit with such a phase and amplitude 
as to neutralize the effect of the disturbing wavi' reaching the n'ceiver 
directly. 

162. Sonimerf eld -Pf rang Reciprocity Theorem,^ the Carson Theorem, 
the Lorentz Theorem and Ballantine’s Combined Lorentz -Carson 
Theorem. — A i and A 2 are two antennas local ed at Oi and O 2 , respectively, 
with arbitrary orientations. Signals arc first sent from Ai and received 
by A 2 and then sent with the same average power from A 2 and receivc^d 
by A I The intensity and phase of the electric field at the receiver Ai 
will then be equal to that previously produced at ^42 regardless of the 
electrical properties and geometry of the intervening media and the form 
of the antennas. 

If the Sommerfeld-Pfrang theorem is correct, it does not matter 
whether the equations for antennas of any kind are derived from the 
standpoint of the antenna as a sender or as a receiver. The theorem is 
based on the Lorentz reciprocal theorem which is as follows: If § 1 , are 
the field vectors of a wavelike disturbance from a source Ai located at 
Oi and § 2 , 1^2 the corresponding field vectors of a wavelike disturbance 
originating in A 2 from a source at O 2 , then we have for vector products 

X {fjis - X flJdS (7) 

or 

X + y ^[?l X ^f2]nd(S2 = 

/ /[§2 X + f ^[§2 X B,]ndS, 

where the surface integrals are taken over the closed surfaces 1 and 2 
surrounding the sources Ai and At, respectively. The Lorentz theorem 
can also be written in the form 

div [§i X fft] = div [§s X Ui] (8) 

^Jahrb, drahU,, 26, 93, 1926 (this paper is reviewed in detail by S. BaUantine, 
Proc. IM.E:, 16, 618, 1928); 8. Ballantine, Proc. IM.E., 17, 929, 1929; L R. Cabson, 
Free. IM^E., 17, 962, 1929; R. M. Wilmottb, J. 1,E,E,, 17, 806, 1929. 
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The Carson theorem which is based on the Rayleigh reciprocal 
theorem (which holds for quasi-stationary systems only) is as follows: 
Let a distribution of impressed periodic electric intensity 

= §i(a:, y, 

produce a corresponding distribution of current density 

= /i(x, y, 

and let a second distribution produce a second distribution 
of current density, then for the scalar product we have 

• Wdr = ///[82 /i]dr ( 9 ) 

The volume integration is extended over all conductive and dielectric 
media. The Carson theorem is therefore Ine generalized Rayleigh 
theorem. If theie are any two circuits of insulated wire A and B and 
in their vicinity any combination of wire circuits or solid conductors in 
communication with condensers, a periodic e.m.f. in the circuit A will 
give rise ^o the same current in B as would be excited in A if the e.m.f. 
operated in B. 

According to Carson’s theorem, the only restriction is that the cur- 
rent (conduction plus polarization) must be a linear function of the 
electric-field intensity. The medium can vary arbitrarily from point to 
point. Transmitting and receiving aerials are unrestricted in their 
physical form and disposition with respect to other bodies. For short- 
wave problems, the Sommerfeld-Pfrang theorem as well as the Carson 
the'orem fails since the waves are propagated partially through the 
ionized layer in which the earth’s magnetic field has an appreciable 
effect on the conduction currents. 

The main restrictions of the Sommerfeld-Pfrang theorem are the 
following: (a) The sending and the receiving aerials must not have 
arbitrary geometrical forms, but both must behave like simple electric 
or magnetic dipoles, as far as their radiation fields are concerned, (b) 
The sending and receiving aerials must be far enough away and isolated 
from other conducting bodies (including the earth) so as to make the 
reflected field due to induced currents and charges in such bodies neg- 
ligible in the neighborhood of the sender antenna. 

Restriction a can be readily understood from the proposition indi- 
cated in Fig. 252 which, according to S. Ballantine,' is the work of 
L. Hochgraf. Two equal antennas Ai and A 2 are oriented such that 
one is in the equatorial plane of the other, and both are excited in the 
full-wave-length distribution. According to the Sommerfeld-Pfrang 
theorem, these antennas radiate equal average power since the received 

1 Loc. eU. and Proc. I.R,E., 12, 838 and 3, 1924. 
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field strength at 4 2 due to the radiation of a certain average power from 
is equal to that at Ai with radiation of the same average power from 
At. This is, however, not true when the aerial does not act as a dipole. 
The electric-field intensity at .42 and due to source Ai is finite, while 
that produced aj Ai due to source .42 is zero for a large distance since 
antenna . 4 1 is in the equatorial plane of antenna At. 

Over the surface of integration 1 [Eq. ( 7 )] enclosing the source Ai, 
the vectors ?2, are assumed constant, and similarly over the surface 
of integration 2 enclosing source At the vectors §1, are taken as 
constant. The Sommerfeld-Pfrang theorem, therefore, cannot be used 
to solve problems with extended antenna arrays and those involving 
wave antennas. 



Fig. 262 . — Two equal aerials for which Ai is in the equatorial plane of Aj. 


According to S, Ballantine,^ the expressions of Lorentz [Eq. ( 7 )], who 
surrounds all sources with a surface integral, and of Carson [Eq. ( 9 )] 
who uses the volume integral over all space, assuming that all external 
influences could be accounted for by ponderomotive forces on the elec- 
tricity can be combined and give 

J J J[§i •/*-§* • h]dr = £jj [§i X^t-hX WildS (10) 


where / 1 and ft denote the total current densities = ( v -I- -r- 

L \ 4ir/ at 


resulting from the action of Si and 62, respectively, if all quantities vary 
as e’"* and if the properties of the medium fi, k, <r are scalars and inde- 
pendent of § and ff. This is evident since, for an impressed force, 
the field equations for the quasi-stationary state (d/dt jw) are in 
Gaussian units 


8 = c • curl ^ 
4ir[<r -f- (j«ic/4x)] 

c ’ curl § = 
div = 0 

div » 0 


-? 


<Loe. Oft 
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Application . — A normally polarized wave* induces a certain dis- 
tribution in a vertical receiver anteima, and the same antenna (Fig. 253) 
is excited by a generator. What is the condition for the same distri- 
bution, and what is the effective height? If denotes the effective 
current through any current element dz, the effective height h, is given by 

= Ih, (11) I *: 


where I denotes the maximum value measured 
at the base (Fig. 213, page 350). For the electric 
vector 8 in terms of the magnetic vector H of an 
electromagnetic wave, we ha^^^e 

8 « cH 

Hence each antenna element will be cut by the 
magnetic field with a velocity c and an 
e.m.f. cHhe will be induced between the ends of 
the vertical wire. Assume now that the vertical 
wire is excited by a harmonic e.m.f. at the 
ground end so that the same current is produced 
at that point as by an incoming wave of strength 
The problem is to find the value for the 
e.m.f. E to be inserted. The reciprocity theorem 
states that in any element dx the current Ix 



produced by E will be equal to the current at 263.-Vertioal aerial, 
the point of application of E due to an equal 
voltage Ex impressed at dx. Here x denotes the distance along the 
vertical wire. But the effective height he is also defined as 


= I (12) 

if £ is the induced voltage in volts and 8 the electric-field intensity in 
volts per meter. But, according to (11), 



* The direct wave of a sender is generally so propagated that, for good conducting 
ground (for instance, ocean), the electric vector § is perpendicular to it, but for ground 
of relatively poor conductivity it tilts forward by a few degrees (p. 362 and Table XIII) 
while the magnetic field always oscillates parallel to the surface of the earth. Such 
waves are said to be '^normally polarised.^’ Tlie plane of polarisation is formed by 
the direction of the electric vector apd the direction of propagation and is perpendicu- 
lar to the magnetic vec^r |r. 
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, and combining (12) and (13) shows that 



The same expression can also be obtained by integrating the relation 
El = EJx for each line element dx if it is remembered that the impressed 
voltage acting upon the length da; in a receiving antenna is the component 
of the electric vector along the wire. The effective height can therefore 
be calculated from (13) if the current distribution is known. For a 
vertical antenna with no loading, according to Fig. 240, we have 

T j 2Tr 

Ix — I cos — a* 

\ 

and thus obtain the effective height 

f cos ^^da; = 0.636A 
Jo A 

since, for the fundamental, h = X/4. 

163. The Theory of the Loop Antenna as a Receiver with Special 
Reference to Field-intensity Measurements and the Determination of 
Effective Height.^ — A loop antenna is an antenna consisting of one or 
more complete turns of wire. This is also called a ‘‘coil antenna^' or 
“frame antenna.’’ According to the expression 8 = cH, the relations 
for the coil antenna can be derived either by means of the magnetic 
flux^ passing across the plane of the frame or by means of the electric- 
field intensity along the wire of the loop. A loop antenna as indicated 
in Fig. 264 possesses at first only a single turn enclosing the area S — a - h 
and is suspended so that its plane is perpendicular to relatively good- 
conducting ground and in such a way that it points to the transmitter. 
The arriving wave is normally polarized. The two vertical sides of the 
frame act as two vertical antennas for which the induced voltage 
according to (12), is 

JS? * he 

if the electric-field intensity is expressed in volts per meter and the effec- 
tive height he in meters. The resulting voltage Er is the geoin^c sum 

^ The derivation is for sinusoidal field vectors. 

* The electric* and magnetic-field intensities 8 and H are for space waves always 
in phase; that is, when 8 has at any place a maximum value, the same is also true tor 
H at that ^ace. This is not true for stationary or standing waves since at the 
energy can be entirely dectnc and at other times entirely mll^etic. 
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of the voltages Ei and Et since there is a certain phase difference 6 
between Ei and Et equivalent to the time (f sec) required for the arriving 
wave to pass from the left side of the frame to the right side. The phase 
difference is 



( 16 ) 



Fig. 254 — Induced voltages for frame aerial. 


since the velocity of propagation c = X/ = X/T; that is, X = cT and 
a - ctf and accordingly 

a _ t _ 6 
X ~ “ 27r 


According to the ordinary induction law, due to the magnetic flux 
^ sin (at which is interlinked with the loop, the instantaneous 

induced e.m.f. is 


€ 


with an effective value 


dt 


— W^inxx COS (at 


<«>^niaxlO ^ 

V2 


whete (a = 2ir/. If = ^umx/S, the flux density in gauss, that is, 
the number of magnetic lines of force per unit area of the area 5 = a • ft, 
for N turns, we have an induced voltage 


According to B 


(aNBuaJ^^^S ^ 2Q~8 

V2 

fiH H ^nd 6 « cff , we have 


(a\Bn 


2ir 


( 16 ) 


g^^Cbvo«./«a) « cBuJ^^ « X/A 


( 17 ) 
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for the induced effective voltage we have 


^^(volta) 




( 18 ) 


\/2X'‘”> 

The effective value of the magnetic-field strength, according to (16), is 

zr _ ^rlO® 

2,rfNS 

if the frequency is expressed in kilocycles per second. 

For measurements the frame is tuned and we find the effective reso- 
nance current I to be given by 

Er = I -T 

if r is the entire resistance of the loop antenna. The effective magnetic- 
field strength is then 

== 159 X (19) 

which, because /x = 1, also gives the effective flux density B in gauss. 
Because of the relatiqn 

g(vol4«/em) gQQ^ (gilbert /oin) 

for the effective electric-field intensity we have 


g(Toi<./™») = 477 X 10^ 


Since the effective height 


^(ko)<g(omt)J^ 


( 20 ) 

( 21 ) 


. ^ E I • r 


( 22 ) 


from (21), for the effective height of a loop antenna we obtain 

= 209 X 10-»/»”>-S<™’W (23) 

Since it is more common to express this quantity in meters, we find, from 
(21), that 


g<^t./m) ^ 477 X lo». 


and the effective height 

- 209 X lO-T^V-'A'-W 

_ 6,28o*“’ft‘**W _ a (area of frame) (number of turns) ^ 

X= w.v.l.ngtl. 

form factor of a loop antenna is therefore 

F -« 209 X l0-y<'“>o‘*>JV (26) 
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a quantity which can be readily calculated from the dimensions and the 
frequency, but only approximately estimated for open antennas.^ For 
this reason, the loop antenna can be used for determining the effective 
height of other antennas. According to Eq. (64) on page 359, the electric- 
field strength at a distance d from an open antenna is 

1, (m)r (amp)f(kc) 

g(/*v«it./iu) ^ — (26) 


When a loop antenna is placed in the radiation field at a distance of 
about 10 wave lengths, the absorption factor can be neglected and the 
foregoing formula holds. Pointing the loop antenna toward the sender 
and tuning it to resonance gives the induced voltage 

Er = — It' r 

if r denotes the total effective resistance of the loop and Ir the received 
current, and 

g(MVolU./m) _ ‘ (26a) 

he^ 


Equating (26) and (26o) leads to the formula for the effective height of 
the sender antenna, 


= 796 X 10»' 


(my (ko) J ^(amp) 


(27) 


where is given by (24). Solving this expression for h gives 


//'“«’) = 1,256 




(28) 


a check on the received resonance current in microamperes when the 
effective height of the sender is already known. The same can be 
determined with the method of (27) and then used for other distances as 
in (28). \ 

Substituting in (28) the value for from (24) gives 


J^i/uaav) 


264 X 10-’^ 




(29) 


where S is the area of the frame in square meters. 

This expression shows that the received current increases with the 
square of the frequency and is proportional to the area of the loop 
irrerpedim of Us shape. This is, of course, self-ovident from the induction 

‘A, «• y* “ »* j— f* Idh; denotes the average effective current 

inuuc 

along the aerial of length h and hm the value at the eurrent loop. 
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law. It has a great bearing on waves that are not normally polarized. 
For instance, let us consider again plane-polarized waves but such that 
they have a forward tilt or are indirect rays. The loop (Fig. 255) is 
again pointed so that maximum current is received. We note that, for 
an elevation y jwith the horizon, the resultant field intensity 8 can be 
split into the components 8i and 82 and as such will produce circuital 
voltages in the same direction. Whereas, for a normal polarized wave, 
only the vertical sides of the loop act as antennas, in this case all four 

This is different with a vertical antenna 
for which the component 82 is lost and 
only the 81 component is active. This 
can also be understood from the lines of 
magnetic force sinct the loop cuts just 
as many lines irrespective of the hit. This 
is, of course, strictly true only when the 
loop is freely suspended and the effect of 
the ground is neglected. 

It should be remembered that the 
preceding formulas hold only when the 
width a of the frame is smaller than 
about one-sixth of the wave length 
(Xmin/a > 6) which is practically the 
case for most loop antennas as can be 
seen from Table XXVI dealing with 
loops of customary dimensions. When the width a is relatively large, 
the phase difference d == 2ira/X can no longer be expressed in the circular 
measure (6 = sin ^ as for a small angle) but must be used in the formulas 
as a sine function. The effective height of a loop antenna then becomes 

*,<■“> = = 2JVA<"> sin (1.045 X (30) 

since, according to Fig. 254, for 1 turn 

t]^ - 

instead of 

E, - Et0 - - A.8 

164. The Loop Aerial as Transmitter and Its Radiation Energy 
Compared with That of an Open Antenna.^ — If the sender current la of 
the form 

%$ ™ ftmx Sin Oot 


Er = 2Ei sin ^ = 28h sin ^ 


2h sin 


sides act in producing currents. 



Fio. 255. — The electric vectors 8i 
and show that only the area and 
not the shape of the frame aenal 
plays a part. 
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Table XXVI 


1 

^min 

a 

Construction of loop antenna 

j 

Electrical Quantities 

Dimensions 
a - A (Fig. 254) 

Number 

of 

turns 

Spacing 

of 

turns, 

inches 

Induc- 

tance, 

/ih 

Frequency, kc/seo, 
with a variable 
condenser 

Cmin 6 X 10 ®Mfj 
Cmin » 6 X 10 Vf 

Wave length, m 

Inches 1 

Meters 

/max 

/inui 


^max 

16.6 

10 

0.264 

4 

0.25 

10 

7120 

2262 

42.11 

133.3 

16 7 

10 

0.264 

4 

0.5 

9 

7600 

2375 

39.98 

126.3 

14.76 

10 

0.264 

4 

0.76 

8 

7960 

2620 

37.67 

119.0 

13.9 

10 

! 0.264 

4 

1,0 

7 

8610 

2696 

36.23 

111.3 

29.3 

10 

0.254 

8 

0.26 

31 

4u30 

1280 

74.40 

234.2 

26.8 

10 

0.264 

8 

0.6 

24 

4580 

1466 

66.46 

206.1 

23.6 

10 

0.264 

8 

0.76 

20 

6025 

1693 

69.60 

187.8 

21.6 

10 

0.254 

8 

1.0 

17 

5460 

1726 

54.91 

173.8 

16.8 

12 

0.305 

4 

0 25 

13 

6240 

1978 

48.06 

169.6 

14 5 

12 

0.305 

4 

0 6 

11 

6780 

2160 

44.22 

139.6 

13.8 

12 

0.306 

4 

0.76 

10 

7120 

2252 

42.11 

133.3 

13.1 

12 

0.305 


1.0 

9 

7600 

2375 

39.98 

126.3 

13.1 

20 

0.608 

4 

0.26 

26 

4500 

1426 

66.63 

211.0 

12.2 

20 

0.608 

4 

0.5 

22 

4800 

1522 

62.46 

197.2 

11.7 

20 

0.608 

4 

0 76 

20 

6030 

1692 

69.61 

188.6 

11.4 

20 

0.608 

4 

1.0 

19 

6170 

1635 

67.99 

183.3 

12.4 

24 

0.01 

4 

0.26 

32 

3980 

1260 

76.33 

238.0 

22.2 

24 

0.61 

8 1 

0.26 

103 

2215 

703 

136.4 

427.0 

10.6 

36 

0.916 

4 ! 

0.25 

52 

3120 

988 

96.10 

303.1 

19.3 

36 

0.916 

8 

0.26 

173 

1710 

542 

176.3 

663.0 

27.1 

36 

0.916 

12 

0.25 

346 

1210 

383 

247.8 

783.0 

41.6 

36 

0.916 

20 

0.26 

809 

792 

260 

379.0 

1199 0 


then its effect at a distance d is 




r di 

sin (alt 

L 


since it takes the electromagnetic wave d/c sec to travel through the 
distance d. Consequently, we find the radiation effect for the loop 
antenna, as for the open antenna [pages 345 and 358], by means of the 
vector potential 


sin (a^ — ^ 


if, for simplicity, h denotes the effective height of a vertical wire, since the 
instantaneous value of the magnetic-field intensity is Ht - 0*l(dA/dd). 
Hence in the direction of the plane of the frame (Fig. 266), we have to 
find instantaneous electric^field intensities for a distance d and a 
distangc d a which give the components 
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g^<yolt./«n) _ 300 ^?,, 

„ _ ZOhtalu 
^ 



if we take t|ie distance d large enough so that only radiation components 
exist. The term (d — a) is practically equal to d in the denominator. 
But this approximation cannot be made in the cosine term since we are 
1 2 


-C Oi-OI — ► 

I 2 

Fio. 256. — Width effect of frame aerial. 



there concerned with phase differences. The instantaneous value of the 
resulting ffeld strength is therefore 


since 


g^(v«^to/om) 


c5 



d-(.a/2;H . 0 

c J/ 2 


0^^ 


c 


2iro 

T 


The effective electric-field strength is then 

60Aw/ 6 SOahcc^I 
cd 2 

or for a frame of N turns 


g(volta/om) 


c*d 


- (m) I (n.) AT- T(.mW I /(!»)] 2 

6(«™it./m) ^ 1315 X 


(31) 


According to Eqs. (50) and (50a) of page 350, we have, in the equatorial 
plane, for the effective intensity of the sinusoidal field 


H = 


Mdh 

-^c.g.s. 


while for a grounded antenna of effective height A®, the corresponding 
amplitude values are 


fimm 


XT 


c.g.s. 




1.256' 


d5=5 1* 


volts/m| 


(32) 


if / ■* Imn/y/^ denotes the effective current measured at the baise*of the 
aerial.' We find, therefore, at a distance large enough so ^t the .radia* 
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tion term predominates, but not so large that the absorption factor must 
be taken into account a that the total direct-radiation energy passing 
through the hemisphere of radius d is 




or 




= 1579 


X 




= 1764 X (33) 

The radiation energy can also be expressed in terms of the electric-field 
intensity and we find that 

= 111 X 10 10[^(km)g(Mvolt»/m)]2 (34) 


8 would in this case be the field strength which is determined for a loop 
antenna by means of (31). It is assumed in this procedure that the wave 
propagation between the antenna and the loop is not affected by attenua- 
tion. The radiation ability of an aerial can also be expressed by the 
product of the effective sender current at the current antinode and the 
effective height of the sender. This product is called the meterampere 
and, according to (33), is 


Meterampere — I - he 



(35) 


where f2r, according to (48) on page 349, is the radiation resistance. 
The effective height can, according to (32), be calculated from 

A.<“> = 796 X 10-^ (36) 

The radiation resistance of a loop antetina can be calculated from 



since the Hertzian dipole^ must be used for this case and not the Abraham 


1 For the Hertssian dipole, which is free in air, the radiation energy is 

TTr « [ 80 ir*(XVX*)lf*, 

while for the Abraham dipole (Fig. 213 on p. 360] h' =» h/2 (half of the dipole, the 
image is just as much below the ground as the antenna is above it) 

Wr ^ t40r»(XVX*)]/*. 

Here the radiation occurs in the upper hemisphere only; hence 

Rr « 40ir»(XVX*) 160ir«(VVX*) 


where h! is the actual height of the elementazj antenna. 
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dipole. This equation holds for any effective height of the loop 
antenna and, according to (24), gives k 

(38) 

where the ji^ave length is expressed in the same unit as the two dimensions 
a and h of the loop. This holds for a loop of any shape ^ since the loop 
radiates equally well in all directions in its plane. Therefore, for any 
loop of N turns and area S, the radiation resistance becomes 

^ 337 X ( 39 ) 

166. Directional Effects of Linear and Coil Antennas. — We must 
distinguish between the directional effects of an antenna in the horizontal 



Fig. 257. — Direotion characteristic for vertical anteima (antenna is axis of rotation) . 

plane and its space characteristics. The latter play a part in receiving 
and sending from aeroplanes and also for receiving indirect rays. For 
instance, a vertical antenna (Fig. 257) for normal polarized waves receives, 
equally well waves coming in any horizontal direction (for any value a in 
the XY plane) but follows a cosine law in the XZ aud any other plane 

* For details see p. 470 in which it must be assumed that the lo0|) is fisr enough 
Irpm ground. 
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perpendicular to the surface of the earth. Theoretically, the vertical- 
wire antenna cannot send direct waves to a station directly above it 
We see, therefore, that the directional effects in the equatorial plane son 
any plane perpendicular to it are 

i) = dI cos is} 

where Do denotes the radius of the polar diagram in the XY plane, and 
denotes the elevation above ground. This is evident because the 
radiated field in the equatorial i 4 . ^ 


. Charofciensfic mfhouf 

plane is proportional to the average ^ 

effective current hv along the wire \ 

times its length; that is, / 

D - klj I ( _ ^ ^ 

- ?Ui - c. \ ' — * 

while for any elevation S we have 
to multiply Do with cos /?. The 
quantity I denotes the effective ^ 

current at the current antinode. C 1 

For the inverted L antenna, the ^ ^ ^ 1 

^characteristic in the horizontal ’ h 

plane is indicated in Fig. 258. The 
fields due to the height h and the ^ - 

flat top (i — h) are no longer pro- Fiq. 268 — Direction effect of inverted L 

portional to their lengths since the compared with uniform radiation 

^ I. 1 «• . effect of vertical antenna 

average values of the effective cur- 
rent along these parts are different. For the vertical portion, we have 


Best direction 
effect 


Fiq. 268 — Direction effect of inverted L 


and for the horizontal portion 

■ rh'L ' ““ (S*)* ■ “ “ S] 

We have, therefore, the directional effect due to the vertical portion 




r>\ = kli^h = 


2kll . vh 
~ 21 


and the directional effect due to the horizontal portion 


D, - ~ hfr ^[1 - sing] 
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Hence the resultant field is inclined to the surface of the earth by an 
angle y given by ” 


. _ _ D 2 [1 - sin {irh/2l)] 

tan y - gin 


( 41 ) 


In this case we have absorption in the ground. For I = 3h, the fields due 
to the vertical and horizontal portion are equal since y — 45*^. 



In Fig. 259, two vertical antennas A and B are shown a distance a 
from each other. The antenna currents have equal amplitudes but a 
phase difference tp so that 

u == J sin 

iB = I sin [(at + (p] 

Besides this, the waves traveling out to some distant point P will have a 
phase displacement ^ because of their path difference with respect to 0. 


<7 

2 cos a 

The difference in path is 06; hence — — 
or 



. ira (aa 

^ _ QQQ Q, == _ QQ3 Qj 

At P we have, at any instant, the directional effects of the antennas 
A and B, 


dd = Do sin 
dM » Do sin 

For dsf, the phase displacement is negative because the wave due to B 
lags by 06 «= — while the wave due to A is ahead by thevSaiUg amount 
lOb « For the total field, we have t^eu 


“] 

^ cos a + jj 


(aci 

^ cos 


( 42 ) 
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d ~ 2Do cos cos a — sin 
The amplitude value in any direction is 

D — 2Do cos cos ® ~ ij 

An application of this is illustrated by the loop antenna for which the 
sender current as well as the resultant received current circulates around 
the loop. Hence the currents in A and B (Fig. 269) are 180 deg out of 



Fig. 260. — Direction characteristics of loop aerial in horizontal plane. 


phase; that is, (p/2 
becomes 


90° and the directional effect of the loop antenna 


D = 


2Do sin 



= K— cos a 

A 


(44) 


Since the width a is small compared with the wave length (a < X/6) 
we have sin (iro/X) = iro/X. The constant K is equal to 2Z)o. The 
directional characteristic of a loop antenna in the horizontal plane is a 
cosine function of the departure angle; that is, 

D = F(co8 «) (46) 

which gives two equal adjacent circles as in Fig. 260. The loop antenna 
has therefore a directional effect along the plane of the loop. As far as 
measurements with a loop antenna and with an ordinary open antenna 
are concerned, we obtain, for a loop antenna having the effective con- 
stants r, €, L, the differential equ^ion 

ri + ^ J * idt = cos o (46) 

and, for an ordinary antenna, 
ri^ -j- 


( 47 ) 
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Equation (46) contains H and (47) contains 6 itself, and since Z ^ cH 
it is evident that the exterior force that acts on the loop is different in 
phase from the force that affects the open antenna. This can also be 
seen from (42) and (43) since the trigonometric function changes from 
a sine to a cosine term. For a single vertical wire as transmitter, the 
received current at any point P in the equatorial plane would be pro- 
portional to siti (*>[t — (d/c)]. 

The change in intensity for a change in frequency and in damping also 
varies differently for a loop from that for an open antenna. Thus, if the fre- 
quency or the damping is increased, the current increases more in the loop 
than in the open antenna. This explains why a loop receiver is less affected 
by static. These formulas can also be derived when a loop acts as a 


z 



Fia. 261. — ^Loop aerial as receiver. 


receiver. The induced e.m.f. in the vertical sides of the loop indicated 
in Fig. 261 is proportional to the height h and has a phase difference 
(cua/c) cos a since the arriving wave 8 sin cot makes an angle a with the 
plane of the loop. The resultant current flows as indicated in the figure. 
For N turns, the resultant e.m.f. is 


Er = iVAfil^sin co(^ — ~ cos — sin o)(^t + ^ cos 
=* 2NhS cos cot sin 


=* 2NhS cos o)t sin 

^ 2irahN . 

S — - — cos a cos (at 

A 

She COS a cos cat 


^ where he is the effective height of the loop. For an open antenna of an 
effective height A®, we had She sin (at. The same result is therefore 
obtained as for the loop as a transmitter. 

166. Anteima Effect, Width Effect, and One-sided Loop System* — 
If the capacity effect of the loop with respect to ground and other dis- 
symmetries are not neglected, the directional characteristics of the loop 
are not as shown in Bg. 260. This loop antenna effect gives rise to 
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bearing errors since, for the effective height he of the loop and the fictitious 
height he of the antenna, the resultant induced voltage, according to 
(48), becomes 


Er — S{he cos a cos o)t + h/ sin at} (49) 

if the condenser effects to ground are symmetrical. Otherwise these two 
effects are not exactly 90 deg out of phase. A current due to the antenna 
effect is therefore superimposed on the true induced loop current. This 
current can be decomposed into a component in phase with the true 
loop current and a component 90 deg out of phase. The latter is usually 
the most prominent term (because of the sin term in hj sin wi) unless 


90 " 



Fia, 262. — Bearing error for unsymmetrical antenna effects. 

the parasitic antenna circuit is tuned to the arriving wave. The com- 
ponent 90 deg out of phase causes a small current for the positions 
a = 90° and a = 270° but does not shift the bearing. It only blurs 
the minimum'positions. The component in phase with the true loop 
current causes a resultant current in the detector that is larger in one 
maximum position of the loop than when the loop is turned by 180 deg 
to obtain another maximum current response. But, for measurements, 
the minimum positions of the loop are more convenient positions for 
locating a sender direction. The plane of the loop is then perpendicular 
to the direction of propagation. With unsymmetrical antenna effects, 
the minimum positions are no longer 180 deg out of phase but make an 
angle of (180 — 2d) only, as can be seen in Fig. 262. Terminal 1 of the 
tuning conde^er sends more displacement current toward ground because 
it is connected with the batteries of the filament of the detector tube, 
while terminal 2 has a smaller fictitious condenser C 2 . The arriving 
electric field induces a voltage in the loop which is independent of the 
position of the loop, and which causes a latger displacement current from 
terminal 1 to ground than from terminal 2. This causes a potential 
difference across the tuning condenser and affects the indication on the 
detector instrument. 
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Now, if the undirective antenna effect is Do, its phase with the true 
loop effect Di cos a is about y = 90° and is determined by Ci, C 2 , and C 
The resultant effect is 

D ~ y/Do^ + Di^ cos^ a + 2DoDi cos a cos y (60) 

an equation which proves that two minima positions exist, at 
a = 90° + 6 and a = 270° - 5 

where 

sin 5 = ^ cos y (51) 

These minima are flat and unequal. Such dissymmetries can be balanced 
out by condensers Ci and C 2 as indicated in Fig. 262. A three-plate 

condenser could be used instead of Ci and C 2 . 
f The movable plates then connect to ground 

^ Another way of avoiding the dissymmetry is 

^ due to Bellini and is shown in Fig. 263. The 

detector is coupled to a capacity potentiom- 
eter. The grid voltages due to the antenna 

— effect and the loop effect are either in phase or 

IN in counterphase. By means of a variable 

resistance at the center of the loop, the 
g magnitude of the antenna effect can be varied. 

T The resultant direction effect is 


Fig. 263 ,— Capacitance po- D = Do ± Di COS a (52) 

tentiometer connection to re- a xi. xi. a • j x -n a t;^ i x 

ceiver. Another method is due to F. A. Kolster 

and F. W. Dunmore.^ Two balancing con- 
densers are used as in Fig. 262, together with a high-frequency 
transformer the primary of which is connected across C of Fig. 
262 and the secondary across grid and filament. These portions 
of the apparatus are both within a grounded screen. From the direction 
diagram of Fig. 262 we note that the antenna effect makes the directional 
characteristic one-sided. It can therefore be used for sense finding. 
In addition to the loop antenna (Fig. 261) with the vertical sides A- A 
and B-B, a vertical antenna OY can be used such that it is excited with 
an intensity twice that in A-A and B-B and in phase with B-B and 
counterphase with A-A. Then obtain the cardioid of Pig, 264. We 
have therefore a system which is directive in only one direction and when 
turned by 180 deg cannot receive. The same characteristic is also 
found when the system is used as a sender and the field is measured at 
places where true radiation predominates (no induction field). Accord- 
ing to Eq. (62) of page 368, the total effective magnetic fiqld is 
> Euf, Standards, Sci. Paper 428 . 
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oausee causes 
radiation induction field 

when the radiation and induction field are equah the directional effect 
disappears. This happens for 


12.56 ^ 2 
\d d* 

since the j term expresses only that the second component is wattless 
as facfas radiation is concerned. Hence, for d » 0.1592 and smaller 
distances from the sender, the receiving loop has no longer directive 
properties. 



Fig. 264. — ^Loop and vertical aerial combined. 

The cardioid can be obtained with the arrangement^ to the left in 
Fig. 264. If the antenna again receives the amplitude Do and the loop 
the amplitude Di the corresponding induced voltages of which have a 
phase difference y = 90®, the directional effect, according to (50), becomes 

D = VdTTdTcos^ (53) 

Hence, if the system in Fig. 264 is so adjusted that the antenna and loop 
effect are in phase, 

D s® Do Di cos Of (5*^) 

^yhich, for an adjustment of equal amplitudes (Do = Di * D'), gives 

/) = D'[l + cos a] (55) 

the equation of the cardioid. 

» If C denotes the capacity of the tuning condenser, L the effective inductance 
inserted in the loop, and Ll the loop inductance, the natural frequency of the loop 
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Reference is made to Fig. 265 for the width effect. In box loops of 
many turns the width b has to be taken into account since, for the mini- 
mum position (loop perpendicular to the direction of propagation), a 
certain voltage would be induced because the consecutive turns do not 
lie in the same plane and are therefore subjected to fields having different 
phase angles. For instance, for 2 turns a distance b apart, the time 
displacement between the 2 turns is 6 sin a/c if a again denotes the angle 
of the plane of the loop with the direction of propagation. Hence, for 
a « 90®, this displacement is b/c and a displacement current passes 
across the turns, while, for a = 0, no such effect is possible. Since these 



266. — Direction effect with box frames. 


fictitious circuits across the loop cannot be readily tuned, the displace- 
ment current will be about 90 deg out of phase with the true loop cur- 
rent. The width effect has therefore the directional characteristic 

Dm = Dz sin a (66) 

and the resulting characteristic for 90-deg displacement current is 

D = ■>/ Oi* cos* a + D 2 * sin* a (67) 

where Di is generally much larger than D*. The minima effects are 
flattened out (blurred) but not displaced from the 90- and 270-deg 
positions. Now if the width effect D is only about y = 90 deg out of 
phase with respect to the true loop effect Di cos a, we obtain for the 
resultant effect 

D “ •%/ Di^ cos* a -t- Dt^ sin* a -f DiDj sin 2a cos y (68) 

which for y =« 90 again gives the relation of Eq. (67). This formula 
shows that the two minima are again flattened out (blurred) and not 
exactly at 90 and 270 deg. 

The width effect is only pronounced when box frames are used in 
which the width is relatively large. The pancake frame does away with 
fihe width effect but, because of increased capacitance to ground, is likely 
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to have a greater antenna effect. Also, its effective height is con- 
siderably smaller than for the box frame. When a box frame has not too 
much spacing between turns, the width effect is not important and can 
be readily compensated by an auxiliary antenna. 

The combination of loop and antenna requires transmission lines for 
obtaining excitation or for carrying the induced currents to the detector. 
Assume again a coordinate system XYZ with A'F as the horizontal 
plane and the origin 0, a point of zero phase angle. A normal polarized 
wave 8 sin (at arrives at an angle a. At any point P of the polar coordi- " 
nates d and 7 , a receiving antenna with the directional characteristic 
D equal to function of a is located. The induced voltage is 


E 


= D sill ^ + 


d cos (a — 7 ) 


= D sin[ 


27rd f s 

(at + cos {a ~ 7 ) 
L ^ 


(59) 


If the effect is now transmitted to a detector by means of a line of length I 
with a phase velocity v — p • c which is normally < c and an attenuation 5, 
we have, for the effect on the grid of the detector tube, 


E = 


sin 



27rd 

T" 


cos (a — 7 ) — 


pxj 


(60) 


and, for n such systems, the resultant effect is 


Dr = 

n 


(61) 


With this expression it is possible to study the case of multiple antenna 
arrays and the like as described 011 page 517! 

167. Space Characteristics of Antennas and Loops and Effective 
Height in Any Direction. — The directional characteristics given so far 
refer to the XY plane only, that is, to the horizontal plane. But in 
receiving waves in aeroplanes or from them, the space characteristic 
must be taken into account. Assume again a vertical antenna, as in 
Fig, 257, which stands on relatively good conducting ground. For the 
various elevation angles jS, we obtain in the XZ plane the characteristic 
shown. If It denotes the effective current at any distance z from the 
ground, we can calculate the effect of the element dz for any elevation. 
The resultant effect becomes 


cos 


cos sin (62) 
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which means that, for an elevation $ « 90, no reception is possible. The 
resultant characteristic is almost two half circles, the dotted lines indicat- 
ing the half circle. 

In Fig. 266, AB denotes an antenna element the length of which is 
small compared with the wave length so that the effect of phase displace- 
ment is negligible. The distance d to the receiver point P, for simplicity, 
is unity and larger than X, but not so large that the curvature of the earth 
need be considered. We call hj the effective length of the vertical wire 
for a certi^.in direction of transmission. It is the length of the wire 

corresponding to a dipole which would 
set up in the given direction in its 
equatorial plane a radiation field of 
the same magnitude as is set up in that 
direction by the vertical wire. If we 
plot A' as vectors for the corresponding 
directions, we obtain the directional 
characteristic . At large distances these 
vectors are proportioiial either to the 
electric- or to the magnetic-field inten- 
sity and the radiation density in that di- 
rection IS proportional to {hjy. Hence 
the energy Wr which the vertical antenna 
sends through a unit area at d = 1 is 

Wr = mr (63) 

If the dipole is drawn in the actual vertical wire, its extremities can be 
regarded as the radiation poles of the wire. The electric field is therefore 
along great circles which are perpendicular to the XY plane (Fig. 266). 
The effective height of the dipole is, for an elevation 

% 

hfi = h, cos (64) 

if h, denotes the effective height in the equatorial plane, and the radiation 
density for elevation /3 is 

Wfi = W cos* (66) 

The radiation energy which passes through the spherical zone belonging 
to (Pig. 267) is 

Fs • 2ir cos /JdS = 2 tF cos* jSdlS 
Bence, for the total surface of the sphere, 

F« - COS* /SdP « ~F 



( 06 ) 



DIRECTIVE SYSTEMS 485 

Dividing this by the surface (== 47r), we obtain the average radiation 
density 

W^av = %W (67) 

where W denotes the radiation density at the equator. Correspondingly 
we obtain for the average effective height 

Aav = KV% (68) 

Hence the average effective height of a dipole in all directions is 83 per 
cent of the maximum possible value which exists in the equatorial plane. 

The result of (65) can also be derived 
as follows: Although the electric-field 
intensity directly above the dipole (Fig. 

266) is zero, this is not true for a general 
location in space such as at a point P. 

The r(ibultant fi(}ld intensity at P is 8 
and tangent to the meridian. Its value, 
according to Sec. 165, is proportional to 
the elevation for all planes perpendicular 
to the XY plane. Hence 

§ == cos 

if the constant of proportionality is, 

for simplicity, taken as unity. This 

field intensity is now decomposed in 267.— Radiation through spherical 
. - « , 1 1 ... zone nfi. 

the plane of the electric meridian 

passing through P and gives the components §i and 82 along the new 
coordinate axes Zi and — Fi. The vertical component 81 is given by 

81 == cos^ P (69) 

since for /? = 0° it is 8 and for P = 90^ it is zero. The other component 
becomes 

§2 ~ — sin jS cos P (70) 

since §2 = — 8 sin p. There is no component along Xi since the field 
lies in the ZiFi plane. 

The resultant field at P therefore is 

§ = ?i + §2 - cos p\/Bin^ p + cos® p « cos P (71) 

In Table XXVII are given the resultant^ and component-field intensi- 
ties of different antennas for a space point a distance d away which is 
large compared mth the wave length. 

i MtmPKT, W» H., J. FrmkUn Inst,, 80i| 420, 1026. 
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a horizontal departure in {XY plane); P vertical elevation of field point; B angle of antenna wire with horizon. 
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The application of Table XXVII is as follows; The intensity of the 
radiated field at a distance d due to a vertical loop antenna is 

g 

6d = ^-\/ cos* a + sin® a sin® 

Hence along the ground (0 = 0) 

g 

= -j COS a 

d 


which expresses the well-known cosine law giving the figure 8 in the hori- 
zontal (XY) plane, showing that the radiated field passes through zero 



v 

i t 

L.L, 



Fio. 268 — Radiated field of loop aerial 




when a = 90,270, etc., that is, whenever the plane of the loop transmitter 
is perpendicular to the direction of the receiver. But when there exists 
a certain elevation the radiated field at such points can never pass 
through zero. Even when a = 90°, that is, when the loop is again per- 
pendicular, we find that 

g 

Sd = -^ain 0 


The field of a loop antenna therefore increases from a zero value along 
the surface of the earth to a maximum value S/d directly above the loop. 
Although the waves radiated from a loop antenna are plane polarized, 
the plane of polarization varies according to the values of the horizontal 
departure « and the elevation 0, Along the groimd (0 = 0), the waves 
are verticaUy polarized since the electric intensity Sd is in the vertical 
plane of propagation. In the plane a = 90®, they are horizontally 
polarized so that the electric force 8d is horizontal for all values of 0. 
This is shown in Fig. 268. 

The case of a double dipole is indicated in Fig. 269. The dipoles are 
a distance a apart and carry currents of equal strength and opposite 
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phase. The effective height in any direction is equal to twice the 
effective height h/ of one dipole times the interference factor sin — 
where d denotes the projection of the distance a on a ray in the desired 



Fig. 269, — Radiation characteristics of double dipole. 


direction. For the distance a small compared with the wave length X, 
(a < X/6), the interference factor again reduces to wd/\ and the effective 

height in the X direction becomes 

hx == (72) 

A A C 

and in the XY plane in any direc- 
tion a 

ha == 2hx cos a (73) 

y 

In the XZ plane it becomes, in any 
direction 0 

Z. Ol. COS B 

hfi == 2h cos — r — - 

A 

= hx cos* 

According to Fig. 270, we find, for any direction a, /S in space, 

• d s a cos a cos 



(74) 


i^d 


, 2krd 2mh cos a cos* 0 

hihfi " cos 0 £- 

A. COS a * 008* 0 


(75) 
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The case of a double dipole leads to that of a rectangular loop as 
shown in Fig. 271 for which it is again assumed that a and h are smaller 
than X/6. The 'radiation conditions in any direction within the plane of 
the loop can again be found by finding the effective height in any direction 
j3. We have here two double dipoles, AAi, BBi and AB, AiBi, For the 
first set, we have the effective height in any direc- 2 

tion I 

K = [2h cos (76) A i B 

and for the other set ^ 

ha = [2a cos (90 — 0)] jj- (77) 


ha = [2a cos (90 — /?)]- 


These two effective heights act in the same sense and Fiq. 271.* 
have the same phase; hence the effective height of ^ 

the rectangular loop in any direction becomes 


“Loop of area 
« a • 


h=K + h = ;8 + cos* (78) 

A C 

and, for N turns, 

= 209 X (79) 

which is the same expression as found in (24a) . The radiation is therefore 
the same in any direction of the plane of the loop, and whatever its shape. 

In a direction perpendicular to the 

-2acos^^-* > loop, no radiation takes place and the 

/ radiation in the XY plane is pro- 
^ portional to cos a because in this plane 

\ 1 double dipole A A i 

j I \ ^ everywhere zero and that 

/ \ due to AB and AiBi decreases accord- 

.i V . » ing to the cosine of the departure [Eq. 

^ (73)]. In the YZ plane, the field also 

y j changes with the cosine law. 

\ S^TToi^ / That the radiation in any direction 

/ of the XZ plane is independent of the 
Nw shape of the loop can be proved as 

follows: Suppose the loop now forms 

Fig. 272 .— Proves that radiation is ^ circle of radius a as shown in Pig. 
independent of shape of loop aerial. . a / j/>\ r 

272. An element AB - a{dA) forms 
a dipole A'B *= AB • cos fi of effective length a{dp) cos /S in the X direction 
and, together with a S3rmmetrically situated dipole AiBi « AiJSx cos /?, 
forms a double dif)ole of ^ective length 


2acos/? 


S^TToi^ 


2a(dfi) * COB 0 sin 


2ira cos 0 
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in the X direction. The effective length of the entire loop in the X 
direction is therefore 

rW2r 

hx = 2a J l^cos |8 sm 

Developing the sine term up to and including the second term, we find 
that 


2to cos 0 
X 


, , 2jr*o*r T^a^~\ 

_ 2irS ^ o)S 
““ X X c 


(80) 


since, for symmetry, the effective height hx of the freely suspended loop 
must be the same in any direction ^ of the XZ plane. The result is again 
the same as found in Eq. (78) for the rectangular loop. 

168. Application to Airplane and Airship Guiding.^ — The orientation 
of airplanes and the like, for relatively small distances to the beacon 
stations compared with the height above ground, gives rise to bearing 
errors which are due to the directional effect of the airship antenna. 
If, for instance, the airship sends out a wave and the airship antenna is 
not perpendicular to the surface of the earth, the waves arrive at an angle 
to the antenna on the ground and become again reflected by the ground. 
The vertical component of the resulting magnetic-field intensity is then 
zero, for ground of relatively good conductivity, while the horizontal 
component of H is doubled. If a vertical loop antenna is used for the 
orientation of the sender, only the horizontal component of H is of 
importance. Hence, if as in Fig. 273 the quantity is the angle at which 
the airship flies above the horizontal plane, a the angle between the 
receiving loop antenna and the vertical plane through the airship and 
the receiver, and d the angle between the airship antenna and the hori- 
zontal plane, we have for the bearing error y 


, sin a 

^ ^ " cos a — (tan 5/tan P) ^ ^ 

The bearing error vanishes when the airship flies either toward (a = 0) 
the receiver or away (a « 180) from it. This can readily be understood 
from Fig. 273. It is assumed that the airplane wings are horizontal. 
The projection of its mid-point on the horizon is C and LC is the true 
direction of the loop toward the vertical plane through the center of the 
aeroplane. DE denotes the direction of the antenna of the plane. The 
l<!>op gives a minimum effect when the magnetic lines of force at L are 

1 See atao W, Bubsttn, few. oUr, R. Bawv^ end B. Bwbwalp, /ohtb, 16i 
214, im, 
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parallel to the area of the loop. But, since the airplane antenna is 
along DE, the magnetic lines of force must be perpendicular to the area 
DEL, that is, along W. The loop must be perpendicular to ground and 
along LG. The plane of the loop then cuts the ground along LH instead 
of along LK. Hence y is the bearing error. From this we note also 
that no bearing error occurs when the airplane antenna is along DC, 
that is, perpendicular to ground. 

A more detailed study is as follows; We again treat the antennas as 
dipoles or double dipoles where loop antennas are concerned. According 
to the radiation law, the received current I in the antenna on the ground 
is inversely proportional to the distance d between the sending and 
receiving dipoles, proportional to the sine of the angle v which the direc- 



tion of radiation makes with the axis of the transmitting dipole and pro- 
portional to the sine of the angle 4^ which the arriving electric intensity 
makes with the axis of the receiving dipole. Hence 

j. _ k sin y sin 


where it is understood that the electric lines of force are the meridians 
of a sphere (Fig. 266) with the dipole at the center and along the polar 
axis. Now, according to Fig. 273, 


hence 


d 

cos ^ 
sin 4> 


a 

coSjS 

sin d sin -H cos d cos j3 cos a 
sin g — COS y sin 
sin <p 


k cos* 0 


[sin a — cos g cos tan 


/5] 


I 


a 


(82) 
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for any position of the airplane. Thus when the airplane travels parallel 
with the surface of the earth, 

= -A- 

^ tan S 

and 

' / = ^ ^ ^ [sin S cos i8 — cos 6 sin S cos a] (83) 

and, when the plane passes directly over the receiving station, a = 0 and 

k 

I = ^ sin 2)5 sin (5 T /S) (83o) 

where the positive sign is for the arriving plane and the negative sign 
for the leaving plane. When the plane travels near the receiving station, 



the received current goes through zero (Fig. 274, dotted curve) twice at 
places 

0/7 

sin 2a = tan 5 (84) 

where do denotes the shortest horizontal distance between the grounded 
receiving anteima and the sender antenna of the plane. These two 
minima vanish and the small maximum between them becomes a mini- 
mum for h/do ^ 2 tan 5, that is, when S = 21® does not exceed the angle 
“ 37.6®. The largest maximum alwa 3 rB occurs when a plane starts. 
When traveling over a station and away, three or two maxima occur 
depending upon the position of the plane. In each case minima are 
distinct since 'the received current experiences a phase change and the 
shaded area should be drawn below the abscissa axis. 

169. The Ooni<Miieter (Inclined Double-loc^ Antenaa). — ^The Bellini 
and Tosi goniometer (Fig. 275) consists of two directive antennas in 
vddch there are currents h and Jj with planes perpendicular to eaeh other. 
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The coupling to a third coil Ls is by means of the split coils Li, Li and 
L 2 , L 2 which are stationary and perpendicular to each other, as is the 
antenna system, while Ls can be turned through 360 deg. ‘The split 
coils are used to obtain a uniform magnetic field in which the movable 
coil is located. The mutual inductances Mzi and Mu, between the coil 
La and coils Li, Li and L 2 , respectively, are such that 

Jlfai = L cos B 

Mz 2 = L sin B 
or 



Fig. 275. — Action in goniometer. 


where 6 denotes the angle which the ooil^ L* makes with the split coil 
Li, Li. In the modified Bellini and Tosi goniometer, two perpendicular 
loop antennas are used, which means that the points 1, 1 and the points 
2, 2, in Fig. 276 are connected together. Single-turn triangular loops 
are used* in order to simplify the construction. If an arriving electro- 
ma^etic wave makes in the XY plane an angle a with the X-axis, the 
induced voltages in the two loops 1 and 2 are, according to Eq. (44), 
respectively proportional to the cosine and the sine of this angle; that is, 

El “ k cos a 
E* - fc sin a 

^ Whoi the goniometer is used as a receiver, £>1 is known as the '‘search coil.” 

> For instance, the exp«im<mtal beacon statictn of the Bureau of Standards at 
OoUege Park, Md. 
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and the magnetic fields of thc'l 3 orresponding currents h and 1 2 also follow 
such laws ; that is, 

Hi ^ K cos a 
H 2 = K sin a 

Then tjie corresponding voltages induced in the search coil Lz are 

El = Ki cos a cos 6 
E 2 = Ki sin a sin 0 

The resultant voltage in the coil L 3 for the tuned aerial system becomes 

Es — El -f* E 2 ^ = ifi cos (a — 6) (85) 

Therefore the horizontal direction characteristic of the goniometer is 
the same as that of the double antenna or that of the loop antenna since 
for the latter 

D = Do cos ct 

and for the goniometer 

D = Do cos (a — 6) ( 86 ) 

Since the direction of the receiver to the sender station is displaced 
by the angle d, the directional characteristic of the goniometer can be 
turned into any position by turning the search coil L 3 . Where no e.m.f . 
is noted across La, we have a == ^, the true angle of the arriving wave 
with the 1-1 plane. The advantage of the goniometer over that of the 
ordinary loop antenna is that the antenna system is fixed and can be of 
any suitable size since only the small coil La is movable. The directional 
effect, however, is identical with that of the ordinary loop for normal 
polarized waves {H field parallel to the surface of the earth). The 
goniometer can give rise to undefined minimum settings when the loops 
have unequal high-frequency resistance. The effects of both loops 
are then somewhat out of phase and produce a revolving field which blurs 
the minima positions. Such phase displacement can be overcome by 
tuning both loops. When the amplitudes of both loop currents are 
unequal (may be due to unequal loops or unequal goniometer coils), a 
bearing error occurs because the minimum positions are shifted and are 
dependent on the angle a of the arriving wave. For unequal amplitudes, 
the error can be determined from 

Ez = Ki cos a cos ^ -b K 2 sin a sin B (87) 

Putting ^ « 90 -b 7 , since the direction of the incident wave is perpendic- 
ular to the minimum setting of the goniometer, we have, for the error 7 , 



sin (7 — a) 


( 88 ) 
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The goniometer today plays an important part in unidirectional 
radio-beacon work for aircraft.^ Figure 276 illustrates the principle. A 
master oscillator supplies power at a high frequency F to two power 
amplifier tubes which operate alternately with an audio-frequency plate 
supply of frequency /. The audio frequency serves at the same time as 
modulation. The stator coils are in the anode branches. The secondary 
coils are in series with the respective triangular loops which are at right 
angles and mounted together. ^ The 
resultant signal, according to the 
foregoing theory, can be shifted by 
rotating either pair of goniometer 
coils. With this arrangement there 
are four directions from the sender 
in which a signal modulated at fre- 
quency 2/ can be heard (Fig. 277). 

These are the directions in which the 
radiation from the two loops is 
received with equal intensity. Theo- 
rcjtically these directions are lines, 
but practically they have a small 
width. In all other directions, the 
modulation will be / cycles/sec only. 

By means of the goniometer these 
four directions which are 90 deg apart 
can be turned around in space together 
and used to indicate a desired direction 
to an airplane. High-frp^uency source of 

The space characteristic can be « « requency 

, 1 . 276. — Goniometer with modulation. 

explained by means of Fig. 277. 

Each of the two loops radiates according to a figure-8 pattern. Two 
loops sending alternately, therefore, radiate two '^figures of 8” inclined 
to one another by the angle between the loops. This angle can be 
adjusted by the goniometer coils. Since the modulating frequency / is 
sufficiently high (for instance, 500 cycles/sec), the detecting device cannot 
follow the alternations from one loop to another and the two fields overlap 
and give the horizontal space characteristics. A much sharper indication 
is obtained when vibrating reeds are used to indicate the positions of the 

course. One loop then radiates a high-frequency current of carrier 

♦ 

1 Kibbitz, F., New ExpetLmentB with Scheller's Directional Transmitter, Jahrh. 
drahtl^f 15| 299, 1920; F. W. DmmoRB and F, H. Ejntgbl, Bur. Standards^ Sci. Paper 
469, 1923; E. Z. Stowbll, Bur. Standards, Research Paper 36; J. H. Dbllingbr and 
H. Pratt, Proc. I.R.E., 16 , 890, 1928. 

* For the sake of symmetry, they are drawn separate in the figure. 
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frequency F and modulation frequency /i, and the other loop radiates a 
current of the same carrier frequency but modulation frequency /2 (for 
instance, /i = 65 volts/sec and fz = 85 volts/sec). When the plane 
travels along the course (equisignal zone §i == § 2 ), the two vibrating 


^ ResuHctni f/e/cf (6^ + £ 2 ) 



I, -It 




With goniometer stators With stators et QO® 

at 60 degrees 

Fio. 277. — Course pattern for airplane guiding. 


reeds give the same deflection; if it goes off the course, one reed shows less 
vibration amplitude. 

170. Theory of the Double-loop and the Adcock System. — In about 
1918, R. A. Weagant suggested the double-loop system indicated in 
Fig. 278. The two loops are in a vertical plane, one-half wave length 

Z 



0 

Fig. 278. — Double-loop system. 

« 

apart and each can be rotated about the Z-axis. The purpose of this 
scheme is to eliminate the night effects due to the rays which come down 
from the ionized layer. The induced currents of the horizontal portion 
are eliminated since the indirect waves of the layer will cause currents in 




DIRECTIVE SYSTEMS 


497 


the horizontal portions which will be balanced out because of the differ- 
ential connection. The induced currents in the vertical portions will 
be out of phase and will be received as with an ordinary loop. 

The double-loop system was also used by T. L. Eckersley in 1921 and 
by H. T. Friis^ in 1925 for a selective directive receiving system. With 
respect to the direction characteristic in the horizontal plane XT, 
reference is made to Fig. 279 where the two differential loops are spaced a 
distance 21 apart between centers. P again denotes any point in the 



Fia. 279. — Charactemtic for double loop. 


horizontal plane which is at a distance d large compared with the wave 
length. The electric-field intensity at P is therefore, for any angle a, 


8a = cos a 


sin {(at — \p) 
d — I cos <x 


sin {(at + 
d + I cos a 


(89) 


when the phase angle is 




2jrl cos a 
X 


. (90) 


since we can apply the loop law. For a place in the true radiation field 
(when the double loop acts as a sender), I is negligibly small compared 
with d and, for 2k/d = if, we have 

8a = if cos a cos o)t sin ^ (91) 

Hence as the double-loop system rotates about the Z-axis, the electric- 
field intensity becomes zero for values of a = 90® and a = 270®, which is 
the same as for the single loop. But it should be noted that, for other 
values of a, the double loop behaves differently from the single loop since 
it follows a cos* a-law as indicated in Fig. 279. This is, of course, a 
disadvantage when observing the orientation of another station by means 

1 Eckbbslbt, T. L., Radio Rev. 3, 61 and 231, 1921; H. T. Fans, Proc. I.R.E., 
18, 686, 1925; R. Smith Rosh, JJ.E.E., 66^ 270, 1928. 
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of the minimum settings (theoretical zero settings) since the rate of change 
for the single loop is d(cos a) /da which gives a sin a-f unction, that is, a 
maximum change at a = 90° and a = 270°. For the differential double 
loop, the rate of change is d(cos^ a) /da == 2 cos a sin a. When the point P 
is not in the horizontal plane but is somewhere in space, according to 
Table on page 486, for the space characteristic of a vertical loop 

at any elevation above the horizon for the field strength at a distance d, 
we have 

g 

fii = ^Vcos® a + sin* a sin* (92) 

and for the double-loop system 


^ K cos (jat sin ^\/ cos** a + sin^ a sin^ ^ (93) 

where K = 28/d. Hence in the direction a ~ 90°, we have = 0 and 
8d = 0 whatever the value of The double-loop system can therefore 

2 

i 


Wl(A 





rt 

It 


r . 



k -'2oi >1 ^ 

Fig. 280, — ^Adcock aerials. 


radiate nothing perpendicular to its plane. This is not true for the single- 
loop sender since in a plane perpendicular to the loop the field intensity 
disappears only for /5 = 0 (in the horizontal plane) but owing to (92) 
passes through only a minimum value (8 sin )3)/d in the plane « = 90“. 
For the receiving of indirect waves (from the ionized layer), a bearing 
error can, however, occur as for the single-loop system as is proved in 
the next paragraph. 

The Adcock system* consists of two vertical antennas as indicated 
in Fig. 280. The currents 7i and /« are in antiphase. According to Eq. 
(71), the space characteristic gives an electric-field intensity when the 
sjnstem is acting as a sender 


* Adoocx, F., British Patent No. 130490. 
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„ , afsjn (o>t — 1^') 

Sd = K COS 0\ ^ 

L a — J cos a 

= K COB cos ut sin ^ 


d + i cos a J 


for K = 2fc/d and Z <3C d. Hence, when a = 90° or a = 270°, the 
radiated field intensity fid = 0 for all elevations and no radiation exists 
for any elevation in the plane perpendicular to the plane of the two aerials. 

171. Direct and Indirect Waves, Bearing Error^ with Loops, and 
Goniometer Systems. — Bearing errors from airplane antennas and 
goniometers have been treated in Secs. 168 and 169. Equation (70) of 
page 401 and Fig. 230 indicate that the arriving electric field can be due 
to both the direct and the indirect rays and that the indirect wave is 
generally elliptically polarized. The coil receiver must therefore give 
rise to a bearing error since we no longer have the case of vertically 



Fig. 281. — Hertzian dipole for polarization measurements. 


polarized electromagnetic waves. The ratio of 8y/ 6* in Fig. 230 and in 
Eq. (70) of page 401 can be computed as well as measured with a Hertzian 
dipole,^ as indicated in Fig. 281. The dipole can be rotated in any 
position at 0 (Fig. 230). 

Case A , — When the receiver is far enough away so that the direct 
ray AB does not exist and we assume at first that the downcoming rays 
are circularly polarized, we have in Eq. (70) of page 401 


since, according to Fresnel, the component of the electric-field intensity 
which is perpendicular to the surface of reflection of perfect conductivity 
does not undergo a change in phase, while the component along the sur- 
face changes its phase by 180 deg. The effective value of the horizontal 
component becomes 



1 Smith Robb, R. L., 66, 270, 1928; R. L. Smith Robb and R. H. Babfield, 

Proc. Roy. Soc. (London) f IlOA, 580, 1926; R. L. Smith Robe, Proc. I.R.E.y 17, 425, 
1929; E. O. Hulbubt, /. Franklin Inst., 201, 597, 1926; E. V. Applbton and M. A. F. 
Babnbtt, Proc. Roy. Soc. (London), (A), 109, 621, 1925. 

* Such experiments were carried on by G. W. Pickard, Proc. I.R.E., 14, 4, 1926, 
for short waves and compared theoretically by E. O. Hulburt (loe. cU). 
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if tp denotes the phase difference at point 0, due to the different lengths 
of the ray path EDO and CO and if il = <aL The phase difference in 
radians can be calculated from 

Airh cos 6 

(p = (96) 

where is the angle of incidence of the downcoming rays and h the height 
of field point above the ground. Similarly, we find, for the vertical 
component in the case of perfect ground and circular polarization, 

8, = [8/ + 8."] sin 6 

= sin sin Q + 8 sin (0 + <p)]^dQ 

= 8\/l + cos <p sin 6 (97) 


which gives the ratio of the horizontal to the \ ertical component 


8* _ 1 /l — cos ip 
Sm sin 0 \ 1 + cos (p 


( 98 ) 


Case S. — When the ground is considered a perfectly transparent 
dielectric with the index of refraction n = and 0 and 6 the angle of 
incidence and refraction, respectively, we have 


and for 


n sin ^ = sin 5 


— si^ 

“ sin + 5) 


and 


tan (6 — 5) 
tan (0 + 8) 


the horizontal and vertical components become 


8 * 


8 « 


/ 1 /•air 


[sin Q — m sin (S2 + (p)]Hil 
£\/0.5[l + — 2m cos (p] 

S sin $\/ 0.6[1 4- p* — 2p cos (p] 


[sin Q — psin (12 + ^)]*dJ2V 


and the ratio of these components 


( 99 ) 


^ s ^ Il + — 2m cos » 
fi, ~ sin e \ 1 + p* — 2p cos ^ 


( 100 ) 


In the actual case, the downcoming ray is elliptically polarized and the 
and 6, components are different. Also, the ground is neither a perf^ 
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conductor nor a perfect dielectric but possesses conductivity a and a 
dielectric constant k so that the effective dielectric constant 

^ K - (2j<T/f) 

and the index of refraction n = V^* A.t the surface of the ground, we 
have to satisfy the boundary conditions, that is, that the tangential 
forces in the two media (air and ground, respectively) are equal and 
that the normal components are equal. 

Case C , — A vertically polarized wave of intensity 8 comes down from 
the ionized layer as in Fig. 282. The wave arnves in the ZX plane with 

z 

t 




Fig. 282 . — Vertically polarized electromagnetic wave. 

an angle of incidence 6, The angle of refraction is 6. Since vertical 
polarization exists in the X direction, 

8y ~ 0; Hx = Hn = 0 

and, because of the boundary conditions, 






Sg *— Kg&§ f Hy — Hy^ 




sin $ 
sin 5 


where 8*', 8,' and Hy are the components in ground at the boundary. 
Hence ^ 


8* 8a,' cotan 6 

ssx — - . SSS - 

S( Kf&t' Kt 


( 101 ) 


or 


h - VI - (sin" e/K,) _ 1 

S. sin e\/7, ~ sin ey/Z 


( 102 ) 


^ When the indirect wave is not taken into consideration, we obtain for the 
ground or direct wave 8»/8« ** cotan $ which gives the wave tilt relation (page 353). 
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According to Fig. 282, we have, for the components, 

Sx = 8 i cos S’- 62 cos ^ = 8 ij^l — 

8 , = [1 + pv] sin 6 
Hy^[\+ P.] 

where pv is the coefficient of reflection of the ground for vertically polarized 
waves. The ratio 

^ sin ^ (104) 

XI y 

can be measured with an alternate loop-aerial system. This gives a 
means for finding the angle of incidence. 

z 


I 



Sender Receiver 

Fig. 283. — Electric- and magnetic-field components before and after reflection. 

Example , — In Fig. 283 the direct wave So, Ho of the broadcast range travels 
through a distance d and the indirect wave S, H (assuming for simplicity equivalent 
reflection at the ionized layer) through the distance 2\/(dV4) + A*. The magnetic 
vectors are perpendicular to the paper and the electrical vectors as indicated in the 
case of vertically polarized waves. The sender is at first a loop transmitter. The 
direct wave has a field intensity 


cos B = 6 i[l — Pt;] cos B 


( 103 ) 


So = Ki cos wt cos a (106) 

since it always remains perpendicular to the XY (horizontal) plane. This is, how- 
ever, not the case for the indirect waves. For the arriving components 81 , Hi, we 
must utilize the space characteristics for the sender loop given in Table XXVII of 
page 486 and account for the difference in path of the direct and indirect waves. Hence 

Si “ K% cos {oit + ^) Voos* a 4- sin* a fito* /3 (106) 

The constants are 


Kx ** 


and Kt 

2V(tf*/4)+V 


ki 

1 
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where fci and ki account for the amplitude of the electric vector at the sender and the 
different kinds of attenuations. For the component reflected at the ground, we have 

^2 — P®6l 

where the vertical reflection coefficient is for waves within the broadcast range and 
is in the neighborhood of 0.9. The angle of incidence is now (90 — jS). A vertical 
receiving antenna will therefore indicate the vertical components of the resultant 
electric field £r; that is, according to (103), 

Sar ~ So •+* Si[l 4- Pr! cos 

= Ki COB oit cos a 4" ATafl 4" pj cos ^ cos (wf 4" fp) v^cos* a + sin * a sin* (107) 

During the day, waves in the broadcast range can hardly be transmitted through 
indirect waves, so the second term of (107) vanishes and S* « 8o. When the vertical 


6] s\n/3 





-►X 


Fig. 284. — Downcoming sky wave vertically polarized. 


plane of the loop sender is perpendicular to the direction betwo<m sender and receiver, 
no signal can be received since a = 90° and 8* = 0, and the bearing is correct. When 
the night effects prevail, for which the second part of (107) is also to be taken into 
account, the received signal is only a minimum since, for a = 90°, 

£* — 2iK%[X 4" pw] sin cos (co^ 4* *p) (108) 

There is, however, a condition for which this expression becomes zero. This happens 
when the phases due to the direct and indirect waves are exactly in opposition, that 
is, ^ = IT. Equation (107) leads to , 

Ki cos a = ^L 2 [l 4- P»1 cos i8\/ cos* a 4* sin* a sin* 
which gives the expression 

, 2'‘\/i jP* cos* m V, K.^X’y I 1 i^irkck\ 

*“““ P = (109) 


For a correct bearing, a should be 90 deg which is not the case according to the result 
of (108). Hence a must be some smaller angle and (90 — a) « y is the bearing error 
which can be calculated from 


tan 7 


P sin 2/g 

2\/l - P* cos*“/3 


( 110 ) 


The elevation 0 can be estimated from measurements, the reflection factor p» is 
about 0.9 for the broadcast range, and K%/Kt is the ratio of the mean field intensities 
of the indirect and direct waves. The last quantity can also be estimated from 
measurements. 
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The bearing error can be of considerable magnitude, and during sunset periods 
it becomes erratic and variable since the plane of polarization rotates. When a loop 
antenna is used for receiving, we have, for the indirect wave,* no bearing error in the 
case indicated in Fig. 284 since, for the vertical loop perpendicular to the direction of 
the sender station, the voltages induced in the vertical portions of the loop are equal 
and in opposite phase (same distance to sender) and no voltages are induced in the 
horizontal portions for this position of the loop (a =*= 90®), 

Example , — A Hertzian rod may be used to investigate the arriving electric field 
of Fig. 284. We then measure the resultant field 8r as indicated in Fig. 286, that is, 



Fig. 285. — Vector diagram of meas* 
ured resulting vector tr. 


the direction of the rod, as it is rotated about 
the origin and in the ZX plane for maximum 
response, gives the forward tilt t of the wave 
which can be expressed by the components 8, 
and 8y as 


Here (90 — ^) is the angle of incidence of the 
indirect ray, jS the angle which the indirect ray 
makes with the ground, and n » the 
index of refraction of the ground. Equation 
(111) holds for vertically polanzed waves coming 
from above. But the rod will also measure the 


effect of the direct wave 8o passing along the 


surface of the earth. During the day it measures the tilt to according to 


tan <0 = (112) 

6oe 

Therefore when, during the night hours, the indirect wave also acts upon the receiver 
and the vertical and horizontal components are measured with the Hertzian rod or a 
tilting loop, we have for the resultant effect 

8*r = 8* **“ Soxf Sxr __ 1 

8j — 8o* ) 8*r W COS 

and 

and hence a means for finding the direction of the indirect ray and the apparent height 
of the layer. 

Case D . — Direct and indirect waves arrive at a vertical aerial from a 
double-loop sender. According to (91) and (93) for the vertical com- 
ponent of the arriving electric intensity of both the direct and the indirect 
wave, we have 

S 008 a cos (>>t sin ^ -I- 

+ P»] cos fi cos (ut -1- <p) sin ^ Vcos* a sin* a sin* (114) 

Since, according to (90), the term lA is proportional to cos a, there can 
be no field e when a * 90®, 270®, etc., that is, when the plane of the 
•t Direct wave neglected. 
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double-loop transmitter is perpendicular to the direction toward the 
receiving antenna. Hence the beg-ring is correct despite the conditions 
of the night effect. 

But, as for the single-loop sender, we also obtain zero field intensity 
6 = 0 when the phases of the direct and indirect waves are exactly 
opposite = 180®) for which 

Ki cos a = + pv] cos cos^ a + sin^ a sin^ (115) 

gives exactly the same relation as for the single-loop transmitter and a 
bearing error 7 for the additional minimum position as given by Eq. 
( 110 ). 

Case E , — When an Adcock antenna is used as a sender and a vertical 
wire as receiver, according to p]q. (94), we have, for the vertical intensity 
at the receiving antenna due to the direct and the indirect wave, 

8 = Pli cos <at sin ^ + K 2 [l + pv] cos^ cos (cat + <p) sin ^ (116) 


where ^ is again proportional to cos a, that is, for a = 90®, 270°, etc., or 
when the plane of the two sending aerials is perpendicular to the direction 
of the receiving antenna, there can be no radiation and no bearing error. 
When with such a sender system the direct and the indirect waves are 
again in opposite phase (v? = 180°), we obtain the condition for zero field 
intensity (8 *= 0 ) 


Kill + Pv] 


cos^ p 


(117) 


that is, a condition which depends upon the elevation of the indirect ray 
only and not upon the sidewise departure since a is not contained in this 
expression. We have therefore only obtained an equation (117) which 
expresses fading. Hence the Adcock sending system has no bearing 
error even when night effects occur. The same is also true when the 
system is used as a receiver as is shown on page 498. 

Case F , — A horizontally polarized wave comes down from the ionized 
layer as is indicated in Fig. 286. In this case it is more convenient to 
draw the magnetic vectors. Hi then denotes the magnetic vector of the 
incident wave, Hz = phHi the vector of the reflected wave, and Hz the 
intensity of the refracted wave. The factor p* now denotes the reflection 
factor for horizontally polarized waves. In this case we have 


8 » •— 8# = 0 and iiTy = 0 

and the boundary conditions require that 

8 , = 8.'; H, = HJ and « H/ 

where 8«', and Hu again denote the field vectors in the ground at 
the boundary. Hence 



506 


PHENOMENA IN HIGH-FREQUENCY SYSTEMS 


tan 3 = (118) 

flf tl X 

where H» and Hx are the vertical and horizontal components at the 
boundary of the resultant vector ^Ti + ^2 when drawn in the proper 
direction. The angle 5 is therefore measured by a tilting loop which 
can be rotated about a horizontal axis with its direction perpendicular to 
the direction of the sender. We have therefore a method which measures 
the angle of refraction and a method for finding the index of refraction 
and the effective dielectric constant of the ground when the angle of 


Z 



Fig. 286. — Horiaontally polarized electromagnetic wave. 


incidence is known. The relation between the dielectric constant k^, the 
index of refraction n, and this angle of tilt < = 5 is 


tan 5 = 


sin 


sin 6 


(119) 


■\/k7— sin* d "v/n* — sin* 0 
But, for ground, n = )8> 1 and the foregoing relation reduces to 

tan 8 ^ (120) 


, sin 6 _ sin B 

' ^ 


The bearing error of horizontally polarized waves can be derived 
as in (110) and becomes 


K 

tan y = ^[1 + p»] cos $ 
— ^[1 + Pfc] sin 


(120o) 


where the elevation j9 of the outgoing sky wave ean again be estimated 
fsom the measurements, p» in the reflection coefficient at the sui^aoe (d ^ 
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earth for the horizontally polarized wave (about 0.9 for ordinary ground 
and unity for ocean), and Kt/Ki the ratio of the mean field intensities 
of indirect and direct waves. It should be noted that y denotes the 



Ploine of Loop Perpendicular Plane of Loop POinfing Towards 

to Direction Towards Sender Sender (A///? sianal) 

{Max signal^ BecJiring Error 9Cr Degrees 

Fio. 287. — Downcoming electromagne ic wave horizontally polarized. 


bearing error when the loop is used as a sender and a vertical antenna 
as a receiver. The error is generally only a few degrees (about 2 deg) for 
transmission over sea but may be considerable over land. 

For a receiving loop and horizontally polarized waves arriving from 
the sky, we have the case indicated in Fig. 287. For maximum signal 

Z 





Fiq. 288. — Direct vertically polarized electromagnetio wave (Go. J7o) and reflected hori<> 
zontally polarized wave (Gi, Ih and ph * Si. ph * Bi) affect loop. 

intensity, the vertical sides of the loop do not produce current but the 
horizontal branches cause the current fi.ow. For the loop in minimum 
portion, theoretically none of the sides can give rise to a current Sow. 
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When the receiving loop is close enough to the sender so that both the 
direct vertically polarized wave and an indirect horizontally polarized wave 
arrive, we obtain a bearing error y as indicated in Fig. 288 . The loop 
current vanishes when the induced voltages Ei ^ Flz Ea. The 

bearing error can be calculated from (120a) on account of the Sommerfeld- 
Pfrang^eeiprocity theorem. 

Case G. — A downcoming wave is generally not polarized in any 
particular plane since it does not travel over a conducting surface which 
would attenuate, by absorption, any components of the magnetic field 
which were not parallel to it. The descending wave (Fig. 289), which is 
generally elliptically^ polarized, is therefore decomposed into a normal 



component 8i and an abnormal (horizontal) component 82 (perpendicular 
to the paper). The first produces the usual directional effects, while the 
latter does not induce currents in a vertical antenna but does in a loop. 
However, according to the foregoing considerations, the bearing errors 
experienced with loop direction finders are due to the action of the 
horizontally polarized component of the descending indirect waves when 
it is assumed that the waves do not deviate laterally from the great circle 
between the sender and the receiver. This is a permissible assumption 
except for very short waves (below 80 m). The bearing error 7 can be 
understood from the representation of Fig. 290. Any receiving system 
such as the Adcock antenna and the like which is unaffected by a hori- 
zontal component of the electric intensity does away with the night 


1 The most general case is that in which the electric field is resolved into three 
components I one vertical and two horizontal components which are perpendicular to 
each other. In that case a position of zero current in a loop receiver is never possible. 
The relative values of these components depend upon the angle /S and the degree of 
twist of the plane of polarization. The plane of polarization can rotate erratically 
and produce fluctuations in the received current (fading) and may account for the 
swinging of the bearing of loop receivers. For more details, reference is made to 
G. W. Kekard, The Polarization of Radio Waves, Proc. LR.E.^ U, 206, 1026; J. 
HoUingworth, The Polarization of Radio Waves, Proc. Bi^y. Soe. (London), (A). U0i 
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errors even though the vertically polarized indirect wave still produces 
fading effects. 

When (90 — fi) denotes the angle of incidence of the indirect wave, 
8o*, Soy, 6o* the components of the direct wave, 6o and 8i*, &iy, the 
components of the resultant field Si produced by the descending wave 
together with the reflected wave, we have 

Soz 
Sox 
8u 
Hly 

2 


= n = V^e;— - ncos/3;-^ = 1;| 

C’lx tlOy 

-cose-, I 


S* = So* + Si* 
8* — So* + Si* 
= Hox + ffl* 

Hy Hoy + Hjy 



Fig. 290. — Bearing error y. 


and the angle P which the descending wave makes with the surface of the 
group can be found from 


cos iS = 


' ~ ^ ^ I (with Hertzian rod) 

WL6* — 6o»J 

~ i/ ~ 1 H 

■ n -fjr Ti^ I ~ ^TT (with tilting loop) 

ri * ““ /io*J xi* I 

‘ (with loop and vertical aerial) I 

tiy ^ tlQv / 


These relations hold, however, only when the descending waves have 
travelled through the upper region of the atmosphere wUhoui deviating 
laterally from the great circle plane through the transmitter and receiver. 
For the vertically polarized components, 
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and the ratio of the relative intensities of the indirect and direct waves 
becomes 


h = - 6o« 

8o So*[l + f>v] cos P 

For the horizontally polarized components, we have 


(123) 


Hi:, = + Ph] sin = 8i[l + ph] sin 

8o = 8o« ^ Hoy 


and the relative intensities of indirect and direct waves are given by 


8i ^ H lx 

8o 8o*[l + pa] sin (i 


(124) 


The reflection factors p, and pa for an angle ot inckk^iice B == (90 — 
and an angle of refraction 8 (Figs. 282 and 286) arc 


tan (6 — 8 )' 
tan (0 + 6) 
sin (0 — 6) 
sin (0 + 6) 


where 


n 


sin 0 
sill p 


(125) 


172* Day^ and Night Effects on Vertical Antennas and Loops When 
Used as a Receiver and Austin’s Barrage Circuit Method, a. The 

Vertical Antenna , — Since the downcoming wave is generally elliptically 
polarized, we can split it into two components, one of which, 8i, is 
normally polarized in the vertical plane through the direction of propaga- 
tion, and an abnormally polarized component the maximum value of 
which, 82, is perpendicular to the plane above (perpendicular to paper; 
hence horizontal). The ground acts as a perfect reflector (case A, page 
499, which is about the case for waves > 300 m) so that the reflection 
factor p = 1 and there is neither amplitude nor phase change. The 
electric vector 80 of the normally polarized ground wave which reaches 
the vertical antenna is in the direction of the -Z-axis, and the corre- 
sponding magnetic vector is perpendicular to the plane of the paper, that 
is, along the F-axis. If do denotes the path of the direct wave and di 
that of the indirect wave (assuming, for simplicity, equivalent reflection 
at the ionized layer which is especially justified for long waves), we have 
the two fields 


sin (a 



and 


28i sin o) 



» Applbtok, E. V., and M. A. F. Barottt, On Some Direct Evidence for Down- 
ward Atmospheric Reflection of Electric Rays, Proc, Roy, Soc, {London), 3.09, 621, 
1026; E. V. Appmjton and J. A. Ratclippb, On the Nature of Wireless Signal Vari- 
ations, Proc. Boy, Soc, {London), (A), 3.16, 291, 1927; L. W. AtrsTijr, Experiments in 
B^eording Radio ^nal Intensity, Proc, I,R,E,, 17, 1192, 1929. 
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at the receiving vertical antenna, which for 

(_,£,) - = ~[di — do] and t = to — — 

gives the two fields 

So sin (at and 2 Si sin [w/ + ¥>] 

Since, for the vertical antenna, only the electric component in its direction 
can induce an e.m.f., we have 

Sz = So sin (at + 2Si cos sin M + fp] 



Fig. 291. — ^Vertical aerial reception. 


and the resultant voltage induced in the antenna for an effective height 
he is 

E * heSt 

The current induced in the vertical antenna during the night is there- 
fore different from that induced during the day since, for most waves, the 
absorption in the upper atmosphere during the day is so pronounced 
that the indirect waves are not returned. Whether the nighttime value 
of S, is greater or smaller than the daytime value depends upon the 
phase of the direct and indirect waves. When the distance is not too 
great, marked differences can occur, while, for longer distances, the 
ground wave no longer contributes since it is too attenuated. 

b. The Single Loop . — If in place of the vertical antenna (Fig. 291) a 
loop receiver is employed, we have the case indicated in F^. 292. Both 
the horizontal and vertical components of 8i contribute to the induced 
current, while the abnormal component 6* (perpendicular to the paper) 
cannot induce currents when the loop points to the sender. The resultant 
induced voltage here is independent of the angle 0 at which the wave 
strikes the loop since the effective l»right of the loop, according to (78), is 
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^ [ 27 r times frequeiicy][effective area of loop] 
velocity of propagation 

that is, the same for all directions in the plane of the loop.^ The loop 
current may be considered as due to the difference in phase 2rs/\ of 
the wa\^ between the points where it enters and leaves the loop. The 
quantity s di'iiotes the distance from front to back of the loop in the 
direction of propagation. The phase of the horizontal component is 
shifted 180 deg by reflection and, as the reflected wave passes the loop 
from below, the resulting voltage induced in the loop by the reflected 
wave is in the same direction as when due to the descending wave, and 
the sum is 2he&i* 



Fia. 292. — ^Loop receiver. 


When the voltage across the terminals of the tuning condenser of the 
loop pointing toward the station (maximum effect) is linearly amplified 
and rectified by a detector following a square law, the direct current I 
measured by the indicator, according to the intensities 8o sin ut and 
28i sin M + v] of the direct and indirect wave, is 

1 = fe[8o‘* + 48o8i cos V + 48i*] (127) 

Assuming again that, for most wave lengths, the indirect ray does not 
exist during the day, that the effect of the ground wave at the receiver is 
the same during day and night, and that Id = A8o* is the current 
measured during the day and that In is the current noted during the 
night, we have 

^.l+4|icos. + 4[|l]’ (128) 

since, according to the preceding definition, (127) denotes the night value. 
When, therefore, the frequency of the sender is changed through a 
ftmount phase tp = 2^fdfc changes, since the difference in path 

between the indirect and the direct waves for such a «hangA is 

1 Meotihre am is the am of the loop times the number of tonui. 
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practically the same. When the direct and indirect intensities are in 
phase, we have a maximum and, when they are in antiphase, we note a 
minimum current indication. If p is the number of current maxima (or 
minima) while the frequency is changing from /i to /j for the correspond- 
ing phase angles vi and v’s. we have 

p = ^l}i (129) 

27r c c 

Hence a maximum value in the current produced in such a way shows 
that is 0; 29r; 47r, etc., and a minimum value in I indicates that (p = t; 
Sir] 5ir; etc. 

c. Loop and Vertical Antenna as Receiver , — ^Let Ed be the resonance 
voltage of the vertitjal antenna when measured with a tube voltmeter 
during daytime, and the voltage during nighttime, and Ed\ En* the 
corresponding voltages for the loop when pointing toward the sender, 
then 


Ed = Kfio 

En ^ KE>z ^ K\/ 8o^ + 48 o8i cos fi cos (p + 48i® cos^ 
Ed' = X'8o I 

Eff' ~ ~ jST ^\/" 8o^ 4“ 46o8i cos ^ -f* 48i^ i 


(130) 


Hence, for the vertical antenna, we have for 


the ratio 


28i 

6o 


En 

Ed 


Vl + 2P cos cos ^ cos^ fi 


(131) 

(132) 


and for the loop 

fC = Vl + 2P cos ^ -H P* 


(133) 


Thus we have three equations and can solve for the unknowns P, /3, and <p. 
When the ground and indirect waves are in phase, we have maximum 
values for the night indications and also for the ratio of night-to-day 
value. This inphase condition occurs when cos <9 = 1 and gives the 
ratios 


Me 

Ed 






1 -I- P cos jSj 
1 -l-p ' 


(134) 


From this, the relative intensity P •» 26i/8# of the indirect and direct 
waves as well as the angle /9 of the descending wave with the horison can 
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be calculated from the four measurements Euy and Ed • Since 

the distance do along the ground is known, we can find the apparent 
height of the ionized layer, according to Fig. 291, from 


h = 0.5do tan ^ 


(135) 


The ihphase condition is established by varying the frequency / 
of the sender current by a small amount A/ (Fig. 293) and, if the receiving 

antenna is, for each frequency, tuned 
for constant sender output, the in- 
duced voltages during the night will 
go through maxima M and minima m. 
The maxima correspond to inphase 
and the minima to antiphase 
adjustments. 

Equations (132) and (133) can 

also be simplified by measuring the 

Fig. 293.~Intensity variation if frequency intensities clObCr to the Sender; 

of sender current IS varied. 

for this condition the ratio 8 i/ 8 o is 
small compared with unity since the direct wave is most important. 
We then obtain 



Es 

Ed 

Es' 

Ed' 


1 + P cos cos tp 
1 + P cos <p 


(136) 


Hence the variations due to fading are larger in the loop than in the aerial. 
For the angle 0, we find 


cos = 


[Et! — Ed\Ed' 
[E^’ - Ed']Ed 


(137) 


Generally we have, for the vertical antenna, the field intensities Sb = 8 o 
and fijir “ So + 2iRLSi cos and for the loop as a receiver Sb' = 8 o 
and Sat' “ So + 2X6i. This gives the difference in night and day field 
intensities Sjr — 6b = 2K&i cos fi and Bn' — 6b' = 2 X 81 . Hence 


_ Sat — 

Sat' - 8b' 


where it should be remembered that £ is a factor depending upon the 
integral phase between 60 and 8 i which is brought out in Fig. 294. 

According to L, W, Austin, the measurement can be conveniently 
carried out by means of the barrage circuit for which a vertiod aerial 
With a coil L couples to a coil Li connected in a tuned loop. The loop 
le agaiA turned about its vertical axis so that its plane points toward the 
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sender but is so coupled to the antenna that the reception from the given 
direction on the loop opposes that on the antenna. The coupling between 
L and Li is adjusted so that in the middle of the day, when it is assumed 
that only the vertical ground wave 8o is present, the two receptions 
balance and no deflection on the indicator of the detector circuit is noted. 



69 in ph«se 

More increase in loop 
than in antenna 



Fig. 294. — Vertical antenna compared with loop aerial. 


But during the night descending waves appear, and deflections will be 
produced because their horizontal components destroy the balance. 
Since the effect of an antenna on the receiver is proportional to 

60 + cos 

for k ^2K and that of the loop is Co + for V »= 2K, and the loop 
produces equal and opposite effects on the antenna, for the lesultant 
^ect on the detector when downoomhig waves occur, we have 
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E = fci[£o + fc'Si — 8o — k&i cos jS] 

= ki&i[k' - k cos /3] (138) 

where fci is a constant and k' and k depend upon the effective height of 
the loop and antenna, respectively, and include the phase difference 
betweeifthe direct and indirect wave. 




f incr€C3<smg f increoising f mere casing 


Fig. 295. — Three-loop method. 


d. Three-loop System . — ^Three vertical loops I, II, III are used one at 
a time and in the orientation indicated in Fig. 295. The voltages induced 
in the three loops are 


El = A:[£o sin ut + 28i sin [<d + — 2£2 sin j3 sin [wt + ^ 2 ]]) 

Ell = fc\/2{ 80 sin ust 4- 2£i sin [to< + ^Ji]) /• (139) 

Eui = A:[£o sin ost + 2£i sin [«< + ^1] + 2£2 sin |8 sin [<o< + ^2]]; 

since the abnormal component £2 which is perpendicular to the paper 
plays a part when the loop is not pointing toward the sender. Putting 


P 

tan 'J'l 


2£i . 

80’ 


^ 2 £2 . n 

0 = — Sin 


Q sin y 
P — 0 cos ^ 
Q sin y 
P + 0 cos ^ 


tp mi iPi — 


( 140 ) 


tan 'i't 


/ 
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we find 

El == fcSolsin (at + y/P^ — 2PQ cos (p + sin {<at + + ^i)]l 

Ell = fc\/2So[sin (ct + P sin (cat + ^i)] ( (1^^) 

Em = fc8o[sin (at + \/P^ + 2PQ cos (p + Q^sin {(at + (pi + '^^ 2 )]/ 

The frequency f of the sender is again varied by a small amount Af in 
order to produce successive maxima and minima in the voltage of the 
tuned loop system in use at the time. The change is so small that ampli- 
tudes of 8 and the phase displacement <p ^ (P 2 — (p\ between the normal 
( 81 ) and the abnormal ( 82 ) polarized wave are practically independent of 
Af, The three readings Eu^ and Em are taken in rapid succession. 
The indicated currents pass again through successive maxima {M) and 
minima (m) and yield 


VP' - 2PQ cos(p + QH 

P I (142) 

VP' + 2 PQ cos <p+ 

The left side of these three expressions is known from measurements; 
and the unknowns P, Q, and <p can be calculated. When p is determined 
by one of the foregoing methods, we find the ratio of the abnormal indi- 
rect wave to the direct wave, according to (140), to be 

I? = 0.5Q sin p (143) 

00 

while that of the direct wave becomes 

I: - 

173. Directive Antenna Arrays.^ — The arrangements to be described 
are of use for comparatively short waves only; otherwise the antenna 
systems would have to be of very large physical dimensions. 

If we have n equal vertical antennas (strictly dipoles) the same dis- 
tance a apart along a straight line and connected through parallel-wire 
systems of equal electrical length to the detector (when acting as a 

1 Chjbbix, H., RddioSlectriciUf 6, 66, 1924; R. Mbsnt, Uonde Hec,, 6, 181, 1927; 
J, A. Flemino, ExptL WireleBs, 4, 387, 1927; E. Green, ExpU. Wireless, 4, 687, 1927; 
S. Ballantinb, Proc, I,R.E.^ 16, 1261, 1928; H. Yagi and S. Uda, Ptqc. I,R,E.y 16, 
716, 1928. For other details, see P. OnnENDORFF, **Die Grundlagen der Hochfre- 
queuftechnik,^’ Julius Springer, Berlin, 1926, p. 690. 


Mi — mi 
Ml + mi 
Mu — m il 
, Mu + mil 
Mm — mill 
Mm + mill 
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receiver system) or to the generator (when acting as a sender), then, 
according to Eqs. 69, 60, and 61 for the horizontal characteristic, we 
have D = Do; 7 = 0; 1 = constant and may be equated to zero. Equa- 
tion (61) yields the direction characteristic 

D, . (144) 

Sin t(7ra/X) cos a\ 

Hence, if we have two vertical antennas 
(n = 2) a distance a = X/2 apart, we have 

ry ^ T\ sin [tt cos a] 

®sin 1(t/2) cos a] 

which is the characteristic shown in Fig. 296. 
Figure 297 illustrates the case of three vertical 
antennas with the spacings as indicated. The 
quantity a, for example, denotes the angle 
which an incident wave makes with the 
-X’-axis. The theory of such an antenna array 
is, according to Fig. 298, as follows. 

P is again a point in the true radiation field and far enough away so 
that the width pX of the aerial system of the n vertical antennas is very 



Fig. 296. — Direction character- 
istic for a — 0.5X. 



Fig, 297. — Direction characteristics for two vertical wires spaced X/3, 2X/3 and X. 

sanall compared with the distance d of the right antenna to P. The 
distances of the other aerials are d -{- a cos a; d -I- 2a cos a; • ■ • 


d ■+• (n — l)o cos a <= d + pX cos a 


where p is simply the factor by which the operating wave length is 
ixiultiplied in order to give the entire width of the system. These dis* 
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tances affect only as the phase angle of the effect of each antenna at P; 
the distance d is so much greater than (n — l)a cos a that the intensities 
at P due to each sending antenna are all equal. Hence, instead of the 
expressions 


8 . r ^ 2x,l 8 • r ^ >.1 

sin o)t — :r-d ; j sin o)t — 7-(a — a cos a) ; 

d I XJ a-acosa [ X J 

j ^ sin (at — ^{d — 2a cos a) ; etc. 

d — 2a cos a [ X J 



we can write for the resultant field at P 

8r = ““ “■ — a cos a) j + 


sm 


(at — 


27r 


(d — 2a cos a) + 


«) 


+ sin 




2iri 


[d — pX cos 


.]} 


= fc|sm -y + sin [7 + 5] + sin [7 + 25] + • • • + sin |^7 + j 

-tsm[T + (»-l)|]^<^) . (145) 

since pX/o * (n — 1); 7 = «t — (2r/X)d and 5 * (2ir/X)o cos a. The 
directional characteristic is therefore as in (144) since 

Do “ * sin (7 + (» — 1)5/2] 

and 

6in (»5/2) ^ sin [(wro/X) cos a] 
i^in (5/2) “ sin {(iro/X) cos <»] 
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If we had had a great number of vertical antennas lined up and excited 
from the same source by means of parallel lines of the same electrical 
length) the antenna currents would have the same amplitude and phase. 
The field at a point P along the F-axis (a = 90°), according to Fig. 298, 
would be due to component fields which are also in phase and of the 
same strength. But, for any angle a smaller or larger than 90 and 
270 deg, the phase effect due to a cos a, 2a cos a, etc., must be taken into 
account and each consecutive vector due to a consecutive antenna of 
the array has the same phase displacement with respect to the preceding 

one. The vectors along the path OQP 
of Fig. 299 then give the resultant 
vector, forming the straight line OP. 
For a great number of vertical antennas 
along the distance pX (Fig. 298), the 
component vectors along the path OQP 
(Fig. 299) are practically part of a circle 
of radius p and the arc OPQ subtends 
an angle B which is a function of the 
direction toward P, that is, of the angle 
or. We have, therefore, another means 
for finding the magnitude of the result- 
ant vector at P for any angle a. From 
Fig. 298, we note that at P the vector 
of the antenna 0 and the vector of the 
antenna A have a phase difference pX 
cos a which, according to Fig. 299, 
corresponds to an angle B. But when 
the difference of path from 0 to P and A to P is exactly one wave length 
(X), the angle B is 360 deg, that is, corresponds to 2^ radians. Hence 



Fig. 299.’ 


-Vectorial addition for several 
vertical antennas. 


2irpX COS a 


27rp cos a 


(146) 


Now the resultant vector OP = 2p sin {0/2), is a measure of the field 
intensity at P for any angle a, while the arc OQP =» pO radians is a meas- 
ure of the field intensity in the direction OY, that is, for (a * 90®). 
The directional characteristic in the XF plane with these assumptions 
becomes 


OP ^ sin {0/2) ^ sin [irp cos «] 
OQP 0/2 vp cos a 


(147) 


Figure 300 gives the characteristics for p * 2 and p - 10, that is, a 
vertical antenna array which is 2X and lOX wide. The positions of the 
maxbaa, according to (146), are 



DIRECTIVE SYSTEMS 


521 


, sin 6/2 

912 _ cos 6/2 sin 6/2 _ ^ 

d[0/2] 6/2 [9/2Y 

or for 

tan I = I (148) 

which yields the angles 6/2 = 1.43ir; 2.457r; 3.47jr, etc. For p = 2, 
according to (146), the first side maximum occurs at a = 44° 40'. 



Fig. 300.T-Direction characteristics. 


Figure 301 illustrates the system used to excite an antenna array 
for which the antennas are spaced X/2 apart and are in phase. Figure 
302 shows the Mesny system for exciting an antenna array with the 
proper phase and amplitude. The dotted lines indicate the current 
distributions. The currents along thh vertical Z-axis are all in phase 
and produce a two-sided beam along the horizontal F-axis since the 
currents in the horizontal portions of the wire along the X-axis are in 
phase opposition and their effects cancel. The excitation of the wire 
can be applied either at the middle or at the ends by means of separate 
generators with synchronized currents. The Chireix system shown 
helpw is a half-wave-length zigzag arrangm^t. 
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Figure 303 shows the case for X/2 spacing and eight vertical dipoles 
but arranged so that in one case the currents are in phase while for the 
other case they are out of phase by the angle 180 deg. This angle corre- 



Fig. 301. — Excitation of half- wave-length aerials. 





Source 

Fig. 302. — Dotted curves are current distributions. 


♦ V 



dm 


Fio. 303. — ^Beam radiation for eight vertical dipoles. 

sponds to the constant angle of the separation a « X/2 and is ^ * 2ra/X. 
It will be noted that, for the inphase excitation, the radiation is essen- 
tialljr along the F-axis, that is, perpendicular to the alignment of the 
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vertical dipoles, while, for the consecutive antiphase conditions, the 
main radiation is along the X-axis, that is, in the direction of alignment, 
and the beam is not so sharp. When the distance l)etween the vertical 
antennas is chosen a = X/4, the current in the adjacent wires must be 
in quadrature = ^/2). The beam is then largely in the direction of 
the antenna alignment and a practically Y 

one-sided directive characteristic is 
obtained, as is shown in Fig. 304. For 
the inphase case of Fig. 303, we note 
that an advantage is the sharpness of 
the beam and a disadvantage is that 
the beam is propagated along both the 
positive and the negative direction of 
the F-axis. The advantage of the 
system indicated in Fig. 304 is that the 

beam is largely in one direction, although less concentration is obtained. 
Combining both cases leads to the C. S. Franklin system using 
wave reflectors at a distance X/4 behind the exciting antenna array 
as is shown in Fig. 305. The field of the reflector is equal to that 
of the corresponding exciter antenna but is 90 deg ahead in time 
phase. The magnitudes of the side maxima decrease as the number 
of vertical wires is increased for a given total length of the array. 


F I o . 3 04. — Quarter- wave-length 

spacing gives onesided beam trans- 




Fia. 305. — One-sided beam transmission by means of reflector arrays. 


The beam can be made narrower by choosing the length of the array as 
large as possible. The field at P due to all reflector wires (Fig. 306) can 
be found by realizing that the distance of the reflector wire A to P is 
d + (X/4) sin a, that of B is less distant by a cos of, that of C less distant 
by 2a cos a, etc. The field at P due to the reflector wire A is 

- f) - ?(“ + 1 * “ 

id ^ ^d ~ 
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The term T/4t enters because of the phase difference of the reflector 
current. The field at P due to the reflector B becomes 


6fl 


d + (X/4) sin a — o cos ( 


- sin “ i"} ~ + I sin a — o cos 


and the'Beld due to C and D, respectively, is displaced in phase by 2a cos a 
and 3o cos a. If we sum up these effects at the distant point P, assuming 


Y 


t 



all distances equal to d as far as the resultant amplitude is concerned, we 
find the resultant reflector field to be 


8 / 


_ ^ , 8in [(na-o/X) cos a] 
® sin [(iro/X) cos a] 


(149) 


for y' = (d — (2ir/X)d — (ir/2)[l + sin a], S = (2ir/X)a cos a, and n the 
number of reflectors. The total field at P due to the antennas and 
reflectors, according to (145) and (149), is 

■ ‘’5] -*>[’' + ("- ‘)|]} 

Another way of obtaining the directional characteristic of the antenna- 
reflector system is by multiplying the directional characteristic Dr of the 
antenna alignment only [Eq. (147)] by the elementary characteristic D, 
of a single antenna with a single reflector wire X/4 behind it, where it is 
assumed that the reflector current leads the antenna current by 90 deg. 
From Eq. (42), we find, for k = 2Do, 
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which, for ip = 90®, gives <p/2 = ir/i and, for a spacing o =» X/4, 

Dt — k cos j[cos a — 1] (151) 

Combining the characteristic of the alignment of the vertical antennas 
(147) with the elementary characteristic (151) by means of the relation 

D, = D, • Dr (162) 

we obtain the total directional characteristic in the horizontal {XY) plane 

sin [fl-p cos a] fx, -.I /ico\ 

xp cos a [4^ ' 


Y 



Fiq. 307. — Parabolic reflector antenna arrangement. 

where, for simplicity, k is taken equal to unity, and p = [(n — l)o]/X 
denotes the factor by means of which the operating wave length must be 
multiplied in order to give the length of the aerial alignment (Fig. 306). 

The theory of the parabolic reflector, according to Fig. 307, can be 
established by means of Huygens’ principle for which the radiation can 
be imagined as being due to fictitious radiators which lie in the front 
face of the reflector. It is assumed that, in the front face of width a and 
height z, a current of density i — sin «< flows in the Z direction. 
Everywhere in the face, the current has the same amplitude and phase. 
We have, for the surface element of width dp, a current 

d/ = idy 

and a total current, for the width 2a, 

/ +a 

^idy 2of 

The ratid of the average current I„ along the actual antenna to the fore- 
going value gives the mirror factor 
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The field intensity dZ bX P due to the current dl is 


k \ . d — 
dS — cos (t3\t 


y sin a 

? 

c 


zA If sin a . ww sin a 1 , 

== A cos cor cos — ~ — - sm co<' sm - — - hu^^xdy 

for K = — cofc/d and (at' = co(^ — (d/a)]. 

The resultant field strength at P becomes 


2 . coasinof 

J-a (cosma)/c c 

. 2vc f 2 . r2T . 1 

X sm a L ^ J 


for Ki = cA/co. The directional characteristic of a vertical antenna 

with a parabolic reflector is 


= ( 156 ) 


Y \ The acuity of the beam in the 

►X horizontal plane largely depends upon 

\ j the opening 2a of the mirror. Figure 

308 gives the directional characteris- 
-'^enmg2a-2X tics for the openings 2X and 6X. It 

Y is essential that the reflector wires be 

t of exactly the same size as the antenna 

\/)yy tuned to it. The equation for 

-►X directional characteristic can also 

— be obtained by means of Eqs. (60) 

Fio. 308. — Direction characteristics and (61). 

With rrfer»« t. the dlet^ice 
s between the reflector element and 
the antenna, it should be remembered that the phase displacement con- 
sists of two parts: one part, = %rs/\ due to the distance between the 
reflector and the sender antenna and part f * due to the reflection caused 
by coupling which is about 180 deg. It is strictly 180 deg only when 
8*0 and decreases with s and approaches asymptotically 4>t * 90°. 
Hence 

^ * function (e) -h 


function (e) -h 
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and \/4 is no longer the best focal distance. From experimental results, 
the value 0.27X seems better. 

174. Elementary and Group Characteristics. — From the representa- 
tions of Figs. 257 and 269, we note 
that the directional characteristics 
in any horizontal plane (parallel or 
in XY plane) can be obtained from 
the surface characteristic found 
by the rotation of the characteris- 
tic of the ZX plane about the 
Z-axis. 

The total characteristic expressed 
by Eq. (153) was obtained by 
multiplying the elementary charac- 
teristic D, by the group characteristic 
Dr of the antenna array without the reflector wires. 

Generally, when Fi(a) characterizes the rotation surface of the 
characteristic in the XY plane about the group axis X (Fig. 309) and 
FziS) characterizes the function of the rotation surface of the elementary 



Group 
Pig. 309, 


Elementary and group charac> 
tcristic. 



Fig. 310. — Space angle 29 deg. for 8 X 8 elements. 


characteristic in the ZX plane about the axis (Z) of the element, then 
for the total characteristic we have 


F(df, |8) - Fi(a) • 


(157) 
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In the example of this figure, F\(a) denotes the group characteristic 
of several dipoles perpendicular to the XY plane along the -Y-axis, such 
that the currents have different amplitude and phase. By suitable 
choice of the two characteristics F\{a) and FziS), the concentration of a 
beam can be adjusted in any direction. 

The^ system of grouping elementary antennas along a line has been 
described above. If they are grouped in a plane, we obtain the case 
indicated in P'ig. 310, where 8X8 dipoles are arranged to be perpendicu- 
lar to a certain plane and then produce beams of about 29 deg opening. 
If 16 X 16 elements are used, the acuteness of the beam can be brought 
to 14 deg. When enough antennas are used in the array, the values of 
the elementary characteristics in the space of the beam become practi- 
cally constant so that a single antenna has little effect on the shape of 
the beam. 

176. Space Radiation by Means of Higher Modes of Distributions 
along Aerials. — For studying the ionized layer and other problems, it 
is of interest to send off beams at a certain elevation with respect to the 
surface of the earth. This is made possible by the use of vertical anten- 
nas on which more than a quarter wave length is developed and for which 
the directional characteristic is given by Eq. (62). It leads to the 
function 



for the characteristic in any vertical plane through the antenna wire of 
height h. For the fundamental mode h = X/4, we find 


Dfi = ^ cos 

cos 0 



(159) 


The space characteristic (Fig. 311) is then the rotation surface of the 
upper characteristic in the ZX plane rotated about the vertical antenna 
(Z-axis). If the antenna were a dipole, the characteristic in the ZX plane 
would be two semicircles. We note that no radiation is possible along 
the antenna axis, and maximum radiation occurs along the equatorial 
plane (XY plane). When the antenna is excited in the third odd mode, 
that is, in the five-fourths-wave-length distribution, 


D0 - 



(160) 


for which relation (5ir/2) sin fi « ir/2; 3ir/2; &r/2; we find sin 0 « 0.2; 
0.6; and 1. Hence along elevations 0 « 11.6®, 37®, and 90® no radiation 
takes place. The rotational symmetry about the Z-aids does not hold 
when several X/4-wave-length antennas are combined and the directional 
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surface becomes more complicated. It can be calculated for any eleva- 
tion S and horizontal departure a, according to (60) and (62). The 
diagrams of Fig. 312 illustrate the case for a full-wave-length and a 
three-fourths-wave-length distribution. The case for the full-wave-length 


z 



z 



Fig. 311. — For odd X/4 distributions aions a vertical antenna. 

distribution A = X is of especial interest since the effects along the ground 
cancel each other because the elementary currents in the upper and lower 
half are symmetrically in phase opposition. The effects along the Z 


Z Z 



Fig. 312. — Beam projection toward the sky. 


direction must always be zero and the maximum radiation is along an 
elevation angle of about 35 deg. With such an arrangement we can 
therefore project any radio beam toward the ionized layer without 
horizontal radiation. 
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When we use vertical heights smaller than X/4, the space phase of the 
elementary currents in the real aerial and its image will not be sufficiently 
different to cause cancellation of radiation in non-horizontal directions. 
But, as h is increased to X/2, the maximum current in the vertical wire 
is at a distance X/2 (corresponding to 180-deg phase displacement) from 
the maximum image current, and there will be considerable cancellation 
of radiations at high angles of elevation. But the effect of still higher 



A/^o=0.39 


Fiq. 313. — Wave distributions for obtaining beam transmission essentially along the 

ground. 

aerials decreases beyond X/2 because the phase reverses in the upper 
part of the vertical wire. This can be corrected by adding X/2-wave- 
length aerials as in the Franklin system (Fig. 237), which uses phasing 
coils or other means for avoiding phase reversals. The cancellation of 
the radiation effect will be still more pronounced in all directions except 
the horizontal. Figure 313 shows how the beam is more and more con- 
centrated along the surface of the earth as the ratio of the operating wave 
length X to the natural wave length Xo of the vertical antenna is decreased. 

According to S. Ballantine,^ the case 0.39Xo corresponds to the 
optimum condition. 


1 See p. 356. 



CHAPTER XIII 


THEORY OF RECURRENT NETWORKS 

Combinations of resistance, capacitance, and inductance are employed 
in order to have compact equivalent circuits for laboratory and other 
work instead of actual lines of considerable length. Arrangements of 
this kind can also be used to determine the amplification of receiving and 
sending apparatus, to produce artificial attenuation, to determine very 
small currents, and to suppress currents of a certain frequency band^ 
with a fairly good over-all efficiency. 


Z Z Z 



176. Artificial Lines. — Figure 314 represents an artificial line made 
up of TT sections, and Fig. 315 an artificial line consisting of T sections. 
Sections of this type are usually employed although in some cases L 
sections and H sections are preferred. The quantity Z stands for any 
impedance along the line, and Y for any admittance across it. The 
characteristic term indicated below makes up the recurrent network 
shown above it. There are as many sections as there are admittances 

^ Campbell, G. A., Trans. A.I.E.E.y 80, Part II, 886,' 1911; Bell System Tech. 
November, 1922; K. W. Wagner, Arch. Elektrotek., 8, 315, 1915; 8, 61, 1919; O. J. 
ZoBEL, Bdl System Tech. January, 1923; October, 1924; J. R. Carson and O. J. 

ZoBEL, Bell System Tech. July, 1923; L. Cohen, J. Franklin Insty 5, 641, 1923; 

L. J. Peters, J. A.I.E.E., 42, 446, 1923; K. Kuppmtjbllbr, E.N.T.y 141, 1924; K. S. 
Johnson, and T. E. Shea, Bell System Tech. January, 1925; K. P, Turner, Exp. 
Wireless^ August, 1926, 673, 821, October, 1926; Ph. Lb Cobbeillbr, and Charles 
Lange, Uonde ilec., 660, 1923; P. David, Uonde ilec.^ January, February, 1926; **Les 
filtres 41eotriques,’’ Gauthier-ViUars et Cie., Paris, 1926. For a general theory on 
wave filters see W. Caubr, Physics, 8 , 242, 1932. On magnetoHstriction filter, H. H. 
Hall, Proe. 81, 1328, 1933. 
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(7). The terminals A- A signify the beginning and E-B' the end of the 
artificial line. If these networks are to be Equivalent to an actual line, 
Z and Y must have definite values. 

The arrangement of Fig. 316 is often used for filters. For simplicity, 
the admittance Y is expressed by the reciprocal of the corresponding 
impedance Zi, the quantity Z 2 denotes the series impedance along the 



Ip-I -l- 

-f- Ip 

p q 

1 ' 

Vp., 

p 

Chwrcic+enstic 

Section 



1 . 


w — -a# V/ 

Fig. 315. — Filter with T sections. 


line, and Ze the impedance of the load. According to the theory of the 
parallel-wire system (pages 444-445), the effective currents at the end 
and beginning of the line must satisfy the relation 


Ie 

Ia 


The quantity B corresponds to the generalized electrical length nZ. 
Moreover, the equivalent impedance Zs at the generator end must be 


Zz^Zo tanhf Zotanhf 


Zr-siif7='4 




Fig. 316. — Equivalent T line (useful for the design of attenuation box). 


equal to the surge impedance Zo of the line (Z* * Zo) since for this 
condition no reflections take place. Hence 


Zb 


Zo 


Zj + 


Zi[Zt Zq] 
Zi + Zt + Zb 


Ihe current delivered to the load becomes 


Ib 


IaZi 

Zi + Zt + z^ 


( 1 ) 
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and the current ratio 


Ib 

Ia 


Z, 


Zi Z2 Zo 

From (1) and (2) we find, for K = e* — 1, the quadratic equation 
[2 + K]Zi^ + 2ZoZi - KZ<? = 0 


( 2 ) 


giving 


and 




Z% — Zo tanh ^ 


Z, = 


Zo 


sinh 0 

The surge impedance, according to (1), is 

Zo — -|- 2Z\Zo 

For the t circuit of Fig. 317, we find 

Ib _ Zi* 

I A Zi^ + 2ZoZ 

and 


Zi* + 2 ZoZi + Z0Z2 + Z1Z2 






Z* 


Z* + 2Zi 


(3) 

(4) 

(5) 

( 6 ) 

(7) 


When an attenuation network is needed for merely matching an 
internal generator impedance Z, with a load impedance Zj, an L pad is the 
simplest coupling device. Hence if Zi denotes the shunt and Z* the 
series impedance of it we have for P = \/2b(Z, — Zi) the design 
formulas 

I Z2=ZoSinh6 


i 

r — 1 

Z| =ZoCofoinh f 

— 


J 

L 

\ 

j 


-0>» 


for the generator impedance larger 
than that of the load* 

177. Application of Artificial Lines 

for the Detennination of Amnlification 

and title Measurement of SmaU Cur- siJ.-Equiv^ent line (useful for 
cux«* V* wuMua design of attenuation box). 

rents (Theory of the Attenuation 

Box) . — ^The amplification of an amplifier can be compensated by 
a device of known variable damping. An artificial line can be used for 
this purpose if sections of the same surge impedance are connected in 
series with a load It ^ Zo< The small current at the end of the artificial 
line is 


U - Ur*. 
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The quantity 6 can be computed from (2) and (6), according to whether 
T or TT sections are used. Such networks are used often in communica- 
tion as well as high-frequency measurements. When a small receiving 
current in a frame antenna is to be determined by means of an auxiliary 
generator, the process is as follows: 

A current taken from a local generator is made to produce, by means 
of a 1-ohm resistance inserted at the middle of a receiving loop, the same 
effect as the signal current. This current is usually much too small to 
be read off directly. By using the artificial line indicated in Fig. 318 
with pure resistance along and across the line, a variable attenuation is 
obtained which is independent of the frequency. This is practically 



Ro=(R+i)A 



Fig. 318. — Network with variable attenuation (I a measurable current, In very small high- 

frequency current) 

true up to frequencies of about 500 kc/sec. The recurrent network 
consists of q sections which are so arranged that any number of sections 
can be switched in series in any order. In order to avoid reflections at 
the end of the attenuation box, a resistance R — {Ro — 1) ohms must be 
inserted at this end to satisfy the value of the wave resistance i?o of any 
section for which the box is designed. 

Since 



and T sections are used, according to (2), we have 


Ri _ Ri' _ Ri" 

Ri + R, + Ro Ri + Ro’ + Ro Ri” + Rt" + Ro’ 


and, according to (5) for the wave resistance, the formula 

Ro “ Vfi** + 2BiRo (10) 

Choosing Bo = 600Q, then 22 = 599C. For Bi » 2730C, ac<;oixling to 
(iO), we have Ra = 65.158 and, according to (8) and (9), 
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_ Ri + Rt + Ro 

h R\ 


1.244 


For Ri = 1802Q, we have R^' = 97.25Q and 


A _ 1?,' + iZ/ + Ro 
h Hi' 


1.387 


Connecting both sections 1 and 2 m senes gives 

T r = r 1 244 X 1.387 = 1.725 

-t 1 i 2 i 2 


The current /2 at the end of the second section is therefore only 0.58/^. 
In order to obtain laiger attenuation, we need either many sections of 



Fiq 319. — Hyperbolic functions 

this type or a section with a relatively small resistance Ri and a corre- 
spondingly large series resistance JBj. For instance, for Ri * 16.320 
and Rt — 684.90, the current at the end of the section is only l/78.33th 
of the value at the b^inning of it. Therefore, using two sections in 
series makes the entering current about 6140 times greater than the 
current leaving the second section. When two such sections are con- 
nected is series with the two sections mentioned above, the input current 
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Ia is 10,600 times larger than the output current. Such a series com- 
bination facilitates the adjustment of the desired attenuation. 

The computation of the attenuation box for T sections is based upon 
the formulas 

( 11 ) 

since, in place of the impedances, pure resistances are used. It can be 
seen that the resistance is proportional to the reciprocal value of the 
hyperbolic sine function of the attenuation constant and the series 
resistance 2?2 is never larger than the wave (or load) resistance fio since 
the hyperbolic tangent function approaches unity (Fig. 319). Table 
XXVIII gives the computations for an attenuation box up to give a 
maximum attenuation constant of 10. 


Table XXVIII. — Calculation of an Attenuation Box ior a Terminating Load 
Resistance op /?o - 600 Ohms 


Numerical 

t:--* 

Radians 

[damping) 

B 

Ohms 

p 

* binh 0 

Ohms 

Ri == /^o tanh ^ 

1 

0 

00 

0 

0 905 

0 1 

6000 

30 

0 819 

0 2 

2990 

59 5 

0 741 

0 3 

1995 

90 5 

0 670 

0 4 

1462 

118 

0 606 

0 5 

1150 

147 

0 549 

0 6 

942 

174 

0.497 

0 7 

795 

202 

0 449 

0 8 

674 

228 

0 407 

0 9 

585 

254 

0 368 

1 0 

513 

267 

0 223 

1 6 

281 

380 

0 135 

2 0 

166 

457 

0 082 

2 5 

100 

508 

0 050 

3 

60 

542 

0 0183 

4 

22 

678 

0 0067 

5 

8 1 

594 

0.00248 

6 

2 98 

598 

0 000912 

7 

1 105 

600 

0.000336 

8 

0 403 

600 

0.000123 

9 

0 148 

600 

0 0000464 

10 

0 0545 

600 


It will be evident that the series resistance remains almost con* 
staot for > 6 (practicaUy - fi,). Formulas (11) could also be obtained 
from filtor formula (66) on page 648. The damping can also be exprossod 
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by the transmission unit (TU) which corresponds to 1 mile (Af) of stand- 
ard cable. ‘ The number of miles is given by 

M = 21.12 login ^ (12) 

1e 

where Ia/Ie = e®. The decimal logarithmic unit is the decibel. We 
then have 

1 db = 1 TU = 0.115 neper; 1 neper = 8.686 TU = 8.686 db. 

With respect to the decibel (db) unit* it must be borne in mind that it is a relative 
unit since the number of decibels 

db = 10 logic 

Jri 

is a logarithm of a ratio between tym powers i \ and P 2 . Hence when two voltages Ei 
and Ei or two currents h and h act in the same or equal impedances Z 

db = 20 login 

JU2 

db = 20 login -{-i 
i 2 

For unequal impedances Zi and Zi with the respective power factors p\ and pi we 
have for the number of decibels 

db = 20 logic -1- 10 logic I? -I- 10 logic 

lJ\ Pi 

db = 20 logic r + 10 l«Kio + 10 logic ^ 

I2 ^2 P2 

From this it can be seen that a power ratio P1/P2 = 10 corresponds to 10 db, and 
P1/P2 = 100, 1000, 10,000, etc., to 20, 30, 40, etc., db. In a similar way the negative 
values —10, —20, —30, and —40 db correspond to the power ratios P1/P2 =0.1, 
0.01, 0.001, and 0.0001 which are less than unity. 

Inasmuch as a change of 3 db for composite sinusoids is about just noticeable, it is 
evident that not much would be gained if, for instance, the power of a modulated 
high-frequency source was doubled since this would be just noticeable. It is therefore 
customary to increase the power for a gain of 10 db, that is, choose a tenfold power. 
Hence, if the power of a 10-watt transmitter is not sufficient, the transmitter is 
designed for 100 watts. 

For sound work as used in broadcasting jp 2 = 12.6 and for recording, P 2 = 6 milli- 
watts is used as the rcfirencc level. Hence 0 db stands then for Pi = 6 milliwatts 
since P 1 /P 2 must be unity in this case. An indication of — 6 db would then correspond 
to a power ratio P 1 /P 2 of 0.3162 with a value Pi of 0.0018975 watt. For (—10 db) 
indication we have P 1 /P 2 * 0.1 and Pi = 0.0006 w^t, while for (+10 db) indicates 
on account of Pi IP 2 = 10 the available power Pi = 0.06 watt. 

1 Uses No. 19 A.W.G. and refers to 796 cycles /sec, for which (a = 2ir/ « 6000. A 
current with an amplification of 26 miles would therefore require 26 miles of standard 
cable to reduce the amplified current to the original value. 

•For other details High-Frequency Measurements,” pp. 90^91, 300, 444-448. 
MoOraw Hill Book Companyi Ipc., New York, 1938. 
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For noise measurements, it seems more practical to calibrate a meter above zero 
level, that is, only in positive values of decibels. It is then customary to use as refer- 
ence level P 2 = watt of sound energy per square centimeter. In air for stand- 
ard conditions of pressure and temperature this corresponds to 0.207 millibar of sound 
pressure. 

For^ractical work, decibel tables do not have to be carried on very far, for instance, 
only up to 10 db. A 48-db reading is then brought within the reach of the table by 
subtracting 20 db successively which gives 48 db - 20 db - 20 dh = 8 db, which is 
within the reach of a lO-db table. Since the table gives for 8 db a power ratio of ().31 
and a gaiu of 20 db corresponds to a hundred-fold power and 20 db had to be tmee 
subtracted to get it within the table, we find that 48 db corresponds to a power 
ratio P1/P2 = 100 X 100 X 6.31 == 631 X 10^. For the ease ol the voltage ratio 
Ei/Ez and the corresponding current ratio hjljy a gain of 20 db corresponds onlv I0 
tenfold voltage and 8 db corresponds only to 2.512 fold voltage. Hence, 48 db cor- 
responds to a voltage or a current ratio of only 10 X 10 X 2 512 = 261.2. 

When an L pad with a shunt resistance R] ohms and series resistance 
R 2 ohms is used for matching a source of internal resistan(*e R,, with a 
load resistance Ri^ formulas (7a) apply when the impedances arc sub- 
stituted by these resistances. The loss in decibels due to the matching 
device then is 


db = 20 login [v^ + Vp - 1] 

if P = {Rg/Ri) > 1. 

178. Theoxy of Filters with T and ir Sections. — According to page 532, 
the equivalent recurrent T section is made up of a series impedance 
Z 2 = tanh 6/2, and a shunt impedance Zi = Zo/sinh 6 (Fig. 316). 
When these results are compared with the generalized circuit (Fig. 315), 
we note that the admittance 



y 1 sinh 6 

Zi~ Zo 

(13) 

and that the half-series 

impedance of the equivalent T section 



^ = Zi = Zo tanh | 

(14) 

The surge impedance of the artificial line is 


where 6 is given by 

V _ Z 

° 2 tanh (6/2) 

(15) 


sinh| = ±VYZ 

(16) 

since 

sinh S « 2 sinh | cosh | 
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For the homogeneous line (page 408), the propagation constant is 

n = ±VYZ (17) 

where Y and Z denoted the admittance across the line and Z the impede 
ance along it per unit length. This also holds for recurrent networks, 
that is, for solution (16), since for p sections we obtain the attenuation 
constant 

B n • p 

This corresponds, for a homogeneous line of length to the quantity 
B = nL The homogeneous line would be identical with a recurrent net- 
work of an infinite number of sections, since then 

Slim 2 = taiih 2 ~ 2 

Hence, lor a recurrent network for each section (p == 1), we have the 
surge impedance 

- 2iJw2, 

and, for the propagation constant n, the expression 


±VYZ = 2 sinh 


(19) 


For the JT section, the same expression for s/YZ is obtained as in 
(16) and (19) since, according to Figs. 314 and 317, 


Z 

Y 


Zt = Zo sinh 6 ) 

Zi Zo coth (B/2)j 


( 20 ) 


that is, the surge impedance of a r section is 


Zo - 


2 tanh (n/2) 

F 


( 21 ) 


The same results can also be found by means of difference equations. 
For the recurrent network (Fig. 314) for the pth section, 

F,-. - F, - Z[7,_, - f F,-. 

Ip., - Ip = jlVp + F,-,] 

where the voltages V and current I are vectors. By means of 
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Eq. (22) gives 


IZ 


= f[i -«» 


YZl 


m - €"] = ^vn + €~] 


( 24 ) 


By divi(!Gng these equations into (3ach other, V and I are eliminated and give 


or 


or 


[1 - c]2 = KZc« 
n 

1 - « = te^VYZ 

__n , n 

€ 2 ^^-^2 = ( 25 ) 


which gives the same result as (19). In order to Snd the expression for the surge 
impedance Zoy in the last equation we solve for the rntio V /I and obtain 


7 ^ Z - -.2 


2 

Y 


tailll ; 


which confirms the result of (21). In the same way the expression (18) for the surge 
impedance of a T section can be confirmed. 

It can, therefore, be seen that the surge impedance of a T section 
differs from that of a tt section, but the propagation constant (19) is the 
same for both sections. Equation (19) is basic for filter calculations since 
the propagation constant n includes the series and shunt impedances of 
the recurrent network. 

179. Recurrent Network in a Circuit. — Figure 320 illustrates the 
case in which q sections of a recurrent network are energized by a source 
with an internal impedance Za and a terminal voltage Va» The end 
of the network is connected to a load impedance Ze- Since, according 
to (19), we have to deal with two values ±n, Eqs. (23) yield 

Vp = Vie^^ + y2€“”^ I 

Ip = (26) 


The expressions^ resemble those for the homogeneous line and the con- 
stants Vi and Fs are determined in a similar way by means of the bound- 
ary conditions. 

At the beginning of the recurrent network, p = 0, and the voltage 
and current equal F« and h, respectively. Hence 

F. = Fi -t- F* ) 
laZ, = -F, 4- F.; 

‘The complete solution is Fp » (— ll’lFi.*' -(- Fje“*»J, since a phase change 
at 180 takes place for each filter section. 
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where Zt, is the surge impedance of the filter section (T or » section). 
The constants are 


Vi 


Va - loZo 

2 i 

Va + IM 
2 


For the pth section 


V, 

h 


= la cosh np — — 


(27) 


(28) 



Fiq. 320. — Recurrent network in a circuit. 


The preceding solutions have the form 


Fp = A^Va - 
Ip = Apia — DpVaf 

Ap = cosh np 

Bp == Zo sinh np 

_ sinh np 

Up y 

Zo 


(29) 


(30) 


Since for a recurrent network the end section (p = g) is of importance, we 
find, adopting the abbreviations 



A as cosh ng* 

1 



B ^ Zo sinh ng 
sinh nq 

Zo 

1 

► 

1 

(31) 

that 

V, = AVa - Bl 

•1 

(32) 


I, = AI, - DV, 


and 





Va = AV, + BI.\ 

(33) 


la - AI, + DV, 
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since cosh* x - sinh* z = 1 and, according to (31), 

A^-BD = 1 

180. Equations for Any Alternating-current Network. — Expressions 
as obtained in (33) also hold for the parallel-wire system and generally 
for any alternating-current nedwork when the complex constant A in 
the Va equation has a different value from the constant A in the /« 
equation. We have, for any network which has an e.m.f. Va impressed 
at a place a and sends a current I„ into the network, the voltage and 
current, at a place e, V, and 


where 


Va = AlF, -[- bl\ 

la = AJ, -k DV4 

AiAi - BD = \ 


(34) 


When the input and output places are interchanged, the currents 
flow in the opposite direction; that is, /« gives —la, and gives —I,. 
Hence 


F, = AiVa + BIa\ 
h = A Ja + DVj 


(35) 


The constants A 1, At, B, and D, can b(' determined from the voltage and 
current readings taken at the input end for open and short-circuited out- 
put terminals. When this is done for the condition corresponding to 
(34), we have 



(36) 


and similarly for (35) 


Z' 


OC — 


Z'.. = 


If _ fi* 
h D 

If = A 

le Ai 


(37) 


By means of these results certain networks (for example, transformers) 
can be matched to a line or to a filter impedance. 

181« Filter Impedance and Effective Voltages at the End of a Recur- 
rent Network. — The load impedance is of great importance for the 
calculation of filters. It is 
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If, as in Fig. 320, Fa is the voltage impressed on a recurrent network 
and le the current flowing to the load, Eqs. (32), (33), and (38) give, for 
the filter impedance, 

V AV 4- HI 

Zp — -y — ^ = AZe + B = Ze cosh nq + Zo sinh nq (39) 

■* « -le 


The filter impedance can also he expressed by means of the admittance 
instead of the surge impedance Zq of the recurrent network* We then 
have 


Zp 


Zc cosh nq + 


sinh n sinh nq 

Y 



(40) 


t. L L 
Q6 

04 

02 


0 02 04 06 Q8 10 

Ro=3V^ 

Fig. 321.- Effective damping (filter “under” matched), 
for G = sinh n sinh nq, since, for a t section. 



Zq 


and therefore 
Zo 


— Z __ —cosh (n /2)y 
2 tanh {n/2) 2 sinh (n/2) 

sinh n = 2 sinh ^ cosh ~ 

— sinhn „ — Z . , sinh n 

4 sinh2 (n/2)^ FZ ^ Y 


The portion of the voltage impressed on the filter which reaches the load 
is given by 




Zp 

z. 


= cosh nq 


smh 


A - 


G 

YZ. 


(41) 


This result gives a means for computing the attenuation of currents of any 
frequency passing through a recurrent network of q sections for any 
loading Z,. It can be seen that the voltf^ Q delivered at the load oscil- 
lates between Zo/Z, and unity, and that the number of oscillations 
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depends upon the number of recurrent sections. If the load Z, is chosen 
equal to the characteristic impedance Zo, we have 

' y 

Q' = ^ =r cosh nq — sinh nq = €“”« == (42) 

lie 

where tfie real part a of the propagation constant n is a measure of the 
attenuation, and the imaginary part i^q determines the phase. 

Figure 321 illustrates the case of a recurrent network of three sections 
connected between two ohmic resistances Ro equal to Zy/LjC. The 
effective attenuation is calculated by means of Eq. (55) of' page 548. 

182. Propagation Constant and Characteristic (Surge) Impedance 
of a Recurrent Network. — The propagation constant n, according to 
considerations in a previous section, is given by the same expression 
whether T or tt sections are used, namely, by 


But 


sinh I = ±^VTZ 
sinh “ = -^^[cosh n — 1] 


and we have the ha%ic filter expression 


cosh n = 1 + 


YZ 


(43) 


The characteristic impedance, according to (15) and (21), differs for T 
and IT sections. If we make the following substitutions in these equations, 


^ _ sinh (n/2) 

2 ~ cosh (n/2) 



n+ 1] 


we find, for the characteristic impedance of the T section 


and for the t section 


z - VWJT) 

' Vi + (rz/4) 


(44) 

(46) 


where y/Z]Y indicates the surge impedance of a homogeneous line. 
Since the product YZ ia & negative quantity for filter sections, the 
characteristic impedance increases with the frequency in one case and 
decreases with it in the other case. 
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If the damping factor a and the phase factor are introduced in (43), 
we find that 

cosh n = cosh (a + j0) ^ a + jb (46) 

and since 

cosh n = cosh a cos + j sinh a sin /J 
a b 

we find for the damping factor a 

sinh2 a =» -F + H (47) 

or 

cosh a = 0.5{ Vi + - 2a -f + Vl + + 2a‘+ P} (48) 

and for the phase factor p 

sin^ ^ F + H 

where 

H = VW~+ ) 

By means of (47) it is, for instance, possible to calculate filter losses over 
the entire frequency band. For q equal sections in series, the total 
attenuation^ of a properly terminated filter is qa and the number of 
decibels of attenuation can be computed from the voltage ratio 

(voltage applied to the filter)/(voltage given off by the filter). 


(49) 

(50) 


It is 

db = 20 logio « 201og,o€«" =* 2 ^^“ 

For a = 0.2303, this would give 2 db per filter section. 

Theoretically, a recurrent network has two regions (Fig. 322). For 
one, currents of a definite frequency band are transmitted unhindered 
along the network, and for the other frequency band the currents experi- 
ence considerable attenuation and are practically reduced to zero. 

a. For the pass region, the attenuation must vanish; that is, a = 0, 
and (43) and (46) reduce to 

Y7 

cosh j/3 = cos /3 = 1 + (51) 

Since all values of the cosine are between ±1, the currents of that 
frequency band must pass without oMenuation which satisfies 


‘ This holds when input and output impedances are the same. 
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( 62 ) 


That is, for the pass region, the impedance 1/Y must have the opposite 
sign to that of the series impedance Z, and the effective impedance can 



Fig. 322. — Phase (fi) and attenuation (a) constants of a low-pass filter. 


never exceed the value 4/F. It is therefore possible to read off the pass 
region on curves which give Z and 4/F as functions of the frequency. 
This can also be done by means of curves FZ as functions of ///o, if / 



0 to /o; for high pass from /o to <». 

denotes twy frequency and/o the cutoff frequency beyond which attenua- 
tion takes place. Figure 323 gives an example of the graphical solution, 
and Fig. 324 an illustration of the low- and high-pass filters. Assuming 
pure reactances Z and l/Y, we note from (18) and (21) that, for the pam 
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region, the characteristic impedance Zo is real; hence for each frequency 
there is a certain load resistance Zq = Ro which is real. Figure 325 
shows how the critical frequencies can be found from the FZ/4 curves. 
The proof is given on pages 557 and 558. 

When the pure load resistance R is chosen very different from Zo, the 
filter can actually attenuate in the pass region. We therefore have to 

YZ 



deal with an ('ffective attenuation oif. If jX^c is the short-circuit and 
jXoe the open-circuit reactance of the recurrent network, we have 

= VjX.,-jXoc (53) 


Since Zo is real in the pass region, X,c and Xoe must be of opposite sign. 
The apparent resistance of the recurrent network is 


Ra 


jX.c + R 
^ "‘jXoc + R 


jXg c • jX,c ^ Zq^ 
R — R 


(54) 


since R is negligible compared with jX„ which becomes infinitely great, 
and jXog vanishes in comparison with R. The current h which flows 
toward filter resistance Ro and load resistance /£ is for an impressed 
voltage Vg given by 

r - « Fg 

Rg + R (ZoVi?) + R 
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From the Joulean heat losses without and within the recurrent network, 

TFi = — • Ws = r IV 

AR’ * [(ZoyR)+R}^ 

we find the effective attenuation 

fe. In the attenuation region^ the recurrent network produces only 
attenuation a but no phase displacement. The quantity ^ in (43) and 
(46) must therefore vanish and we find 

cosh a = 1 + ^ (56) 

This formula can also be used for designing the attenuation box. If we 
take, for instance, the value ^ = a == 2 from Table XXVIII on page 536, 
the corresponding scries resistance per section is = Z = 2 X 457 
and the admittance per section Y = 1/Ri =* (1/166) mhos. Hence 
1 + YZ/2 = 3.762 = cosh a = cosh 6 = cosh 2. Moreover, in this 
region the characteristic impedance Zo is purely imaginary. For the 
cutoff frequency /o, the characteristic impedance is either zero or infinite. 

183 . Action of Parallel and Series Impedances in Networks. — An 
inductance represents a small impedance for low frequencies and a high 
impedance for high frequencies. The opposite is true of capacitance. 
When inductances and condensers are connected up as in Fig. 326 and 
their magnitudes chosen properly, the current le leaving the section is 
about as indicated in the figure. Therefore, when inductances are 
connected along, and capacities across, the network as in Fig. 326a, 
direct currents can flow freely along the network, and alternating cur- 
rents of very low frequency experience very small impedance. But as the 
frequency becomes higher, the network impedes more and more until, 
for frequencies above a critical frequency fo (limiting frequency), pro- 
nounced attenuation of the current takes place. The lower diagram of 
Fig. 326a indicates that the characteristic section of the filter indicated 
above it is of T form. 

When condensers are used along the network and the inductances 
across the network (case 6 in the figure), we have to deal with a high- 
pass filter which can never pass a direct current but only alternating 
currents above a certain critical frequency /o. 

The diagrams under c and d show the case of a band-pass and 
band-suppression filter. The former passes only currents of a certain 
frequency bahd, while the latter passes currents of lower apd higher fre- 
quencies but suppresses currents of medium frequencies. Such actions 
pouW be produced by a low- and a high-pass filter m series or in 
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parallel. The series case corresponds to the band-pass filter. Experi- 
ence shows, however, that sharper cutoffs are obtained for band-pass 
and band-suppression filters with networks as indicated in diagrams 
c and d of Fig. 326 and with coupled-circuit filters as in Fig. 327 than 
with a low- and high-pass filter in cascade. 


i >- i 



Fig. 326. — The four kinds of filters. 


184. Theory of the Low-pass Filter with Inductance along and 
Capacitance across the Section. — The simplest low-pass filter consists 
of inductances along the recurrent network and capacities across the 
same. We find for the arrangement shown in Fig. 326a, for the series 
impedance Z per section, 

Z = r -t- ju)L 

and the admittance across a section 

Y ^ 'jwC 

Introducing these values into Eq. (43) gives 

cosh n « 1 + a + jb 

. ^ 

2 “^^2 


( 57 ) 
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where w/2t = / denotes the frequency of a voltage applied to the filter. 
We then have 



where fo is the critical frequency at which attenuation just begins. The 
natural or critical frequency fo can also be obtained from Eq. (44), the 
expression for the characteristic impedance of the network, since for 
negligible resistance the value of Z must vanish ; that is, 

Zt = -x/l + -1- i«L| - 0 

or 

1 - WCL + ljo>Cr - 0 


or 


giving the critical frequency 




fo = 


wVCL 


(59) 

(60) 


or a value which is only one-half as large as in the case of an ordinary 
resonant circuit. If the resistance is neglected as compared with the 
reactance, Z — juL and Y = jaiC. Equation (44) then yields 


Zt 




(61) 


For the ir section, we find 

Zr 


Zq 

Vi- [f/foY 


(62) 


Zt therefore begins with a value Zo = y/hfC and decreases as ///o 
becomes larger until, at the critical frequency / = /o, the characteristic 
impedance Zt becomes zero, while Z^, starts with a value Zo and increases 
with increasing ratio ///o until, at / = /o, it becomes infinite. This 
variation of the characteristic impedance with the frequency is a draw- 
back in filter design but can roughly be overcome by proper terminating 
devices. 

It can be seen that, for pure reactances along and across the filter 
section^ the ratio 

y s 88 as 
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is a constant and 

^0 = = Vr 

t 

which resembles the surge impedance of a parallel-wire system and is a 
pure resistance. The equality Rq ^ Zt = occurs for the T section 
when at its maximum value, and for the tt section when at its minimum 
value. This is true with all inverse network filter sections and the 



Fig. 327. — Band-pass filters. 


value Ro can be used in the design of the network. Writing (44) and 
(45) in terms of Ro, we find that 



which shows that Ro occurs for a frequency/ which makes the impedance 
Z along the section equal to 0. This happens for the low-pass filter of 
Fig. 326a at zero frequency since Z == wL. 

Figure 322 gives the attenuation a and phase measure of each T 
section of a low-pass filter as a function of the ratio f/fo- If the ohmic 
resistance of the coil were taken into account, it would have but little 
influence on many filter coils. Only the corner of the p curve, where 
jS *» 180®andthecomerof the a curve, where a becomes zero for ///o = 1, 
would be more rounded. These curves were computed by means of 
Eqs. (47) and (49). It can be seen that, for smaller frequencies (/ < /o), 
the phase at first increases almost proportionally with/. Then a more 
rapid increase takes place until a phase displacement of 180 deg is 
reached. During the entire process no damping a exists. Any section 
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of a recurrent network then acts as a phase changer and theoretically 
passes currents of frequencies / < /o without any attenuation. But, as 
the frequency / is only slightly increased above /o, attenuation a takes 
place which increases at fiitet very rapidly with/ while the phase under- 
goes qp change. These are the characteristic properties of low-pass 
filters. Moreover, since in Eq. (46) 


a = cosh a cos 
h = sinh a sin jS j 


and 


cosh n = a + jb 


that is, for a section of negligible coil resistance. 


we have 


cosh n = 1 + irZ = 1 - - 1 



1 - 2 


/ 

u 


0 ’= 


cosh a cos 


sinh a sin jS = 0 


( 


For values of / < /o, we have (as shown in Fig. 322) a = 0 and 
cosh a = 1 or 




(65) 

or 

® 2 ~fo 

(66) 

For/ >/o, /3 = 

180®, that is, cos jS = — 1 or 



cosh a == = 7 — 1 

L.J V J 

(67) 

and 

cosh 5 = / 

■6 /O 

(68) 


By means of (66) and (68), the curves of Fig. 322 can be checked. 
The inversion of the sign of a and that of indicate that currents are 
reflected toward the source for frequencies f above the critical frequency 
fa, and that the fiMer action of mch a recurrent network can take place with 
mutU losses. The portion of the unpressed filter voltage whiejj^ is obtained 
at the output end does not undergo any changes (reflections) if, as in 
Eq. (42), the load impedance Z, is made equal to the characteristic 
impedance of the network. The term in Eq. (42) giyes a measure 
for the filter actiem. Figure 328 Uustrates cases of 1, 2, 3, iuid 10 recuiv 
filter sections. It is noted that damping be|S^ rif^t after the 
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critical frequency /o = 1 / (t-s/^) is exceeded. Even for small excesses 
of / over /o, the damping is very pronounced when 10 recurrent sections are 
used. Such a large number of sections would, however, lead to expen- 
sive filters. Figure 329 gives the damping effect of three sections over 
a larger frequency band. It is noted that, for such a uniform filter, 
three sections give good action. It is well to assume the critical fre- 
quency /o somewhat lower. When doing this we note that, for three 
sections, the amplitude of currents of frequencies 50 per cent more than 
the critical frequency is practically zero. If, therefore, a low-pass filter 



I 101 1.02 103 1.04 106 1.06 1.07 1.08 109 U 


Vfo 

Fig. 328. — Damping curves (indicate effect of number of filter sections). 

is to be designed for a B eliminator to cut off alternating-current hum 
of 60 cycles/sec, it is well to assume the critical frequency fo somewhat 
lower, say about 40 cycles/sec. 

When V sections are used, the critical frequency fo is obtained for 
^ oo which yields the same expression as for the T section. 

The calculation of the simple low-pass filter is, therefore, based upon 
a choice of C and L according to Eqs. (60) and (61) or (62). If Ze is 
the load for a T-settion fiUer without reflections, we find that 
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and 




11 

(70) 

For the ir-aection filter 

Ze = Zir 

II 


(71) 

and/o is as before; hence 




C'(m') = 

j^fhonry) 

II 

(72) 


where the critical (cutoff) frequency is in cycles per second, and the 
characteristic impedances Zt and are in ohms. These apparently 



Fia. 329. — Damping curves for one, two, and three sections. 


simple expressions have the disadvantage of having the term P appear 
in the formulas for C and L. We have, therefore, a factor involved which 
depends upon the frequency. This factor actually belongs to the 
characteristic impedance of the filter and shows that the load should 
change with the frequency. Figure 321 shows the case in which P => }i 
is assumed. We have then to deal with a recurrent network which is 
“underfiltered.” The effective damping a, varies for any characteristic 
impedance Zo of a recurrent network, as in Fig. 330, where B denotes the 
terminating resistance load. In many cases it is sufficient to choose 
P » 1; that is, the resistance load Po * = 2, * Zo » VXTC as 

would the case for a homogeneous line. The formulas in Fig. 331 
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make such assumptions. In some cases P = 0.6 gives better results. 
When composite filters are used with terminating half sections and a 
resistance load, a much better regularity in the pass region can be obtained 
as is shown in Sec. 197. 



0.1 0.2 0.4 0.6 1.0 2.0 4.0 6.0 10.0 

Loaoi Resis'l'anoe R 
Surge Impeolcince Zq 

Fig. 330. — Effect of matching load resistance with characteristic impedance. 

186. Design of a Low-pass Filter. — Suppose a filter is to be designed 
to pass currents equally well below 2000 cycles/sec, but to act as a pro- 
nounced impedance to currents above this frequency. The filter is to 
work into a load of 50 ohms. A low-pass filter as shown in Fig. 331 can 
be used for this purpose. The recurrent network is to be made up of 



H-Type 


L 

4 


4 


^JW 


U-Type 

L 






•-“'^Henries 
Frecjuenoy in Cyctes/Sec. 


Pio. 331. — Low-pui fflter. 


T sections. We find by means of the formulas given in Fig. 331 or more 
quickly by means of the curves in Mg. 332 that, for £o — 50 ohms and 
/o =* 2000 cycles/sec, C S.lS5fd and L « 7.96 mh. The capacitance 
on each side of the section would then be 1.5925/(f. Such a capaci- 
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Q 


Zf 

z. 


= (-l){4+l] 

= ( — 1)^1^ cosh ng + ^®sinhn9j 


- - A} 


These formulas show that the quotient Q for one section {q — 1) 


YZ, 


For two and three sections = 2, g == 3), it is 


where 


— A2 


Qa 


Gz 

YZc 


G^ 

“ yZe\ 
-Az 


A = ( — 1)^ cosh nq 

= ( — l)<r eos mq I 

G == (~1)« sinh n sinh nq 
= —( — 1)9 sin m sin mq 
n jm 


(74) 


(75) 


(76) 


The relation n = jm can be used to advantage for the pass region 
(///o < 1). 


Table XXIX. — Compittation of the Filter Effect [Eq. (73)1 
For any other filter (band pass), band suppression, etc., use column YZ instead of 
///o, since ///o refers to low-pass filters only 


///. 


n 

4, 


Qi 

G2 

Gz 

0.2 

-0.16 

-0.92 

+ 0.695 

— 

on 


0.152 

+ 0.282 


0.366 

0.4 

-0.64 

-0 68 

- 0.076 

+ 


— 

0.536 


— 

0.456 

0.6 

-1.44 

-0.28 

- 0,842 

+ 


— 

0.918 

+ 0.518 

+ 

0.63 

0 7 

-1.96 

-0.02 

- 0.999 

+ 


— 

0.995 


+ 

0.996 

0.8 

-2.66 

+0.28 

- 0.845 

— 


— 

0.92 

- 0.614 

+ 

0.637 

0.9 

-3.24 

+0.62 

- a.231 

— 


— 

0.615 

- 0.763 

— 

0.331 

1.0 

-4.00 

+1.0 

+ 1.0 

+ 

1.0 


0 

0 


0 

1.1 

-4.84 

+1.42 

+ 3.032 

+ 

7.19 

+ 


+ 2.88 

+ 

7.17 

1.2 

-5.76 

+1.88 

+ 6.072 


+ 

2.53 

+ 9.64 

+ 33.16 

1.3 

-6.76 

+2.38 

+10.37 

+ 46.86 

+ 

4.66 

+22.3 

+101.2 

1.4 

-7.84 

+2.92 

+16.08 


+ 

7.6 

+44.1 

+248.5 

1.5 

-9.0 

+3.6 

+23.61 

+160.27 

+11.24 

+78.8 

+638.0 


For a low-pass filter as in this example, it is of advantage to also add 
the column ///o in order to know A and 0 as functions of the deviation 
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from the cutoff frequency. Since any other filter (high pass, band pass, 
band suppression) has different values for the first column, it is best to 
work out the computation by means of column YZ. With this in mind. 
Table XXIX can be used for computing the action of any filter. For 
coupled-circuit filters, a similar table can be employed as is suggested on 
page 576. Table XXX is used to find the final values. The term 
1/{YZ,) may be simplified since in the calculation of C and L it is assumed 
that Ro = Ze — Zay/LIC ; that is, 

1 _ 1 _ 3 — jwo _ ./o 

YZ, ~ jo>CRo ~ <^VCL “ 2« “ hf 

Moreover, 

YZ = ju>C-jwL -y^CL = -(^y 

It can be seen that, for the attenuation region f/fo > 1, the damping is 
not very great when only one section is used. For two sections, the 
quotient Qa gives a much better voltage ratio between the input and 
output ends, and for three sections the values for Qs show that the filter 
acts quite well. For instance, for f/fo = 1.1, that is, at 2200 cycles/sec 
instead of 2000 cycles/sec, the voltage at the load is l/Qs = l/7.9th of 
the voltage impressed to the filter. For 2400 cycles/sec {f/fo = 1.2), 
only one-twenty-fifth of the impressed voltage acts across the load. 
Therefore, the attenuation increases rapidly with / as soon as / > /o- 
By plotting Qi, Q 2 , Qs, as functions of f/fo, and generally as functions of 
YZ, the action of the number of sections can be studied. In the pass 
region {f/fo < 1 for low-pass filters, YZ == 0 to YZ = —4 for any filter), 
we note that the filter impedance varies from positive to negative values, 
the number of cycles depending upon the number of sections. The 
impedances experienced in this region are relatively small and show a 
fairly good pass region (for the filters examined). 

We note from this table and Eq. (73) that, for a pure inductive and 
a pure capacitive load, respectively, 

Z, * juL, and Z, = -r-L- 

juC, 

we have 

1 _ 1 
YZ, “ 

and 

JL 

YZ, U 

B^ce the effect of the frequency f is diminated for a capacity load. 
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186. Desiga of a Low-pass Filter Which Also Completely Suppresses 
Currents of a Definite Frequency. — low-pass filter as just described 
produces attenuation as soon as — FZ > 4. The attenuation increases 
rapidly but in practical cases never reaches an infinite value. However, 
for certain types of work it may be necessary, in addition to a pro- 
nounced pass and attenuation region, t^ have the filter completely sup- 
press currents of a particular frequency. ^ For instance, this is the case in 
the design of battery eliminators. The desired operation could be 
approximated if many sections of the low-pass filter shown in Fig. 326a 
were used. This is, however, an expensive method. The same charac- 




Fig. 333. — ^Low-pass filter with selective absorption. 

teristics could be attained more economically by the use of a comptosite 
filter, as shown in Fig. 333, with only two sections, since a frequency trap 
Ct<Li is used for eliminating the undesired frequency /*. The first section 
represents an ordinary r section of the simple low-pass type. The formulas 
given in Fig. 333 are based on /o = [t\/CL]~* and /» - 
since, above the frequency /o, attenuation must exist for either section, 
and currents of frequency /t must meet a reactance of infinite value along 
the line. 

For the first section, we have 

Fi = jwC and Zi — jwL 
aiid, iat the second section. 

Ft -i«Ci 


1 - «*CgL, 
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For the natural frequency of the first section (reactance along the closed 
loop must vanish for this frequency), 


ju)oL + 


4 

joioC 


0 


or 



« 2nfo 


and in a similar way, for the second section, 

jcaLi I 4 _ _ 2 

Inserting the values for Ci, C 2 , and L 2 leads to 

C 1 L 2 + 4 C 2 L 2 = CL[A^ + AA.B] = CL 

that is. 


since 


w = coo or / == fo 


AAB = 



and 



2vf 


The correctness of the formulas given in Fig. 333 can also be seen from 
the expression for the propagation constant 

cosh n =* 1 + ^YZ 


which shows that, for a symmetrical network, this constant depends on 
the product YZ, If this is done for both sections, we find, when 7 iZi = 0, 
that Y 2 Z 2 = 0, and, when YiZi = —4, that Y 2 Z 2 = —4. The section 
with the trap impedance has therefore the same cutoff as has the simple 
section ahead of it. 

Currents of frequency /2 can also be suppressed by means of voltage 
resonance (condenser and coil in series, and across sections). However, 
this has the disadvantage that, for a constant voltage impressed on the 
filter, considerable resonance currents of frequency f 2 pass across the 
filter and back to the source. A derived low-pass filter of this tjrpe is 
described on page 583. 

Example. — low-pass filter is to be designed to suppress the superimposed alter- 
nating currents flowing in a full-wave rectifier. The power is to be supplied from an 
alternating-current network of / *» 60 cycles/sec. The rectified current is to feed 
through the filter into two transmitter tubes of 1000 volts rated anode voltage, and 
100 ma anode current. The load resistance is 

■“ 2 X 100 X »-• “ 

Since, for full-wave rectification, 2 X 60 120 cycles/sec gives the fundamental 

frequency of the variable components in the rectified branch, it is particularly essential 
to suppress currents of this frequency. Choosing the cutoff frequency as 

/o ■“ 40 volts/see, 
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according to Fig. 333, 


10* 


IT X 40 X 5000 


l.SOMf; 




6000 
40t 

.ilKioI* 


30.8 hennec; 
0.0205 


4 X 0.04 
C, = 0 04 X 1 50 = 1 406Mf 
C, = 0 0206 X 160 = 0 047^1 
Lj = 0 04 X 30 8 = 37 4 hennes 

187. Theory of the High-pass Filter with Capacitance along and 
Inductance across the Section. — Case b, in Fig. 326, and Fig. 334 show 
recurrent networks for which neither direct currents nor currents of the 






2L 


2L 




Si 


-^Henries ^ 






fo in Cyc(es/Sec 
Fio. 334. — High-pasfl filter of the T, H, and tt tsrpe. 

lower frequency range (zero frequency up to cutoff frequency /o) can flow 
We have 

Z = and ^ 

JtaC 


Y = 


r + juL 

If these values are introduced into the expression for the propagation 
constant n and r is neglected, we find that 

FZ_ 1 _ 1 1 

2 


cosh TO = 1 + 


2u^CL 

The critical cutoff frequency fo = wo/2», below which appreciable 
attenuation exists, is found by putting cosh to = ± 1. For cosh to « — 1, 

1 

2VcL 

^ (77) 


Wo = 


/« 


4jr-\/CL 

For the characteristic impedance, according to (44) and (45), we have 

!z 


Zr 


1+lYZ 



I - 


W* - [^] 


4«»CL 

? 


(78) 
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and, for a r section, 


Zr 


Zo 

Vi - [/«//]* 


(78o) 


When comparing this with expressions (61) and (62) for the low-pass 
filter, we note that, in place of (///o)^ we have here the reciprocal value. 
By means of these results, we can derive the design formulas given in 
Fig. 334. The load Ro must be equal either to Zt or to Z^, depending 
on the section used, and we have 



or 

) 

P (for T section) (79) 

r ciMiry) _ 

WoPl) 

and 

— ) 

irifoRoPil ^ section) (80) 

4ii7o } 

Again in these formulas a factor Pi appears which depends upon the 
frequency /, which means that, for an ideal filter action, the load Bo must 
change correspondingly with fo/f. However, for some filters, it is pos- 
sible to assume Pi = 1 and arrive at the formulas given in Fig. 334. For 
other cases, different values are assumed and the filter action examined 
by means of Tables XXIX and XXX of pages 657 and 558. It is then 
only necessary to find a good value for 1/(FZ,) where Z, can be an ohmic 
resistance for coils of negligible resistance. The formulas given in Fig. 
334 can be plotted similarly to the case shown in Fig. 332, which holds 
for the simple type of low-pass filter. To obtain a better match with the 
load, half sections can also be used at the terminations as described in 
Sec. 196. 

188. Notes on Symmetrical Recurrent Networks Which Use Capaci- 
tance and Inductance Combinations along and across a Section (Band- 
pass and Band-suppression Filters). — When dealing with filter sections 
as in Fig. 335, it is convenient to distinguish between cutoff frequencies 
(fi and ft) and natural frequencies (fo, and /o,) of certain branches. The 
resonance frequencies of the series impedance Z and crosswise admittance 
Y axe 
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( 81 ) 

“ 2irVC^i 

and are generally not identical with the cutoff frequencies fi and /2 which 
can be found from 

cosh n = -1 = 1 + 2(1 - «*C*Lj][co*CiLi - 1] 

The attenuation region is between /i and / 2 . From the curves for cosh n 
and for the attenuation a, we note that a minimum attenuation exists 



Fio. 336. — Propagation constant and attenuation constant of a section with capacitance 
and inductance along and across the section. 


for /min in the attenuation region. This is a disadvantage since currents 
within the band fi — /i are supposed to experience pronounced attenu- 
ation everywhere. Therefore, it is of interest to know /min and a for the 
suppression band. We find /«,» from 

d[cosh rt] ^ 

df 

as 

fmn — y/foi * fot ( 82 ) 

Inserting this value in the expression for cosh n yields 


cosh n « [cosh njmin * 1 + 
« 1 + 




2(1 - (/oi//o.)][(/(h//o4 - 1] 
Li 

2L,[1 - (JMl* 


( 88 ) 
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which expresses that the smallest attenuation a in the suppression region 
depends upon the ratio L 2 /L 1 and / 01 // 0 ,. When foi/fot deviates from 
unity, the minimum attenuation is smaller. Therefore, a good filter 
action depends upon the proper choice of the cutoff frequencies. The 
more the natural frequencies /oi and /o, approach each other, the more 
effective is the attenuation (the larger the minimum damping in the 
suppression region), but the cutoff frequencies fi and f 2 are different 
from the corresponding natural frequencies. The attenuation a^in can 
also be increased by choosing a larger ratio of L 2 IL 1 . In many cases 
it is customary to let the natural and the corresponding cutoff frequencies 
be almost the same, which is permissible for a small ratio of L 2 /L 1 (about 







Y'jTaiir. 


Fia. 336. — Basic formulas for band-pass and band-stop filter. 

0.1). The minimum attenuation amin is then increased by the use of 
several filter sections. 

Table XXIX on page 557 can be used to examine the filter effect. 
The pass region is for values YZ = 0 to YZ == —4. For values from 
FZ « — 4 to values which are still more negative, pronounced filter 
impedances exist, since we are in the attenuation region. The column 
f/fo of Table XXIX refers to low-pass filters of the simple type only. 

For the arrangements shown in Fig. 336, the constants can be found 
by the following method: In the upper arrangement, which represents a 
bandrpass section, we find, for the characteristic product. 


[w^CiLi 


— l][w®CsZ/2 


If Cl C 2 C and Li == L* =» L, then 




[«*CL - 1]» 
cu^CL 
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for the natural frequency /o = l/(2ir\/CL) of the Z and the Y branches. 
This frequency is not to be confused with the cutoff frequency of low- 
and high-pass filters. 

These simplifications give a means for computing the cutoff fre- 
quencies of the band-pass filter more quickly. In order to do this, (84) 
is used as a starting formula, and in the course of the calculation Ci, 
C 2 , Lit and L 2 are assumed such that 

0\Li ~ CiL^ ~ CL 

Hence we assume that both natural frequencies are equal By a proper 
choice of L 1 /L 2 , the width w ^ — fi of the pass band can be changed. 

By doing this we arrive at the formulas 


Li = mL2^ 



Hence, for values of m > 1, the width of the pass band becomes smaller. 
Equation (84) then leads to 



When YZ of (84) gives the same value as in (85), the two cutoff fre- 
quencies /i and /a can be found. This common value must be — YZ > 4, 
and the choice of m is also given. For instance, for f/fo = 2.1415, we 
have fo/f = 0.415, and 



Putting this in (84) gives YZ ^ —4. Assuming f = 0.415 /o again gives 
YZ ^ —4, and therefore the filter passes currents of all frequencies 
between 0.416/o and 2.415/o. 

Example, — Suppose a filter is to be designed to pass currents between 400 and 
600 kc/sec. The impedances at 400 kc/sec are to give a value — YZ which is some- 
what larger than 4 

Solutum.--For / « 400 X 10», we obtain ///o « 0.8 since « 500 X 10* We 
have/o// « 1.26, and (84) gives YZ * -0 202 Assuming m (86) the value 

YZ « -42 

gives m « 21; that is, Ci • C 2/21 and Li = 2 IL 2 . 

In the same way for the band-suppression filter shown in the lower 
diagram of Fig. 336, we find 
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where Ci = C* = C, and Li = L* = L, and 


rz = - 


TO 

[(///o) - (/«//)]* 


(87) 


for CiZ .1 - = CL. 

189. Theory and Design Formulas of Uniform Band-pass Filters. — 

All electrical constants are expressed in practical units, that is, in cycles 
per second, farads, henries, and ohms from now on. With reference to 
the cutoff frequencies /i and /s, it is immaterial whether we deal with 


r L C,i 


«) 


! ly 




L. c 

t - 




O'* 


5i 


2nVirc7 


1 


f,= 




f,= 


2AViU,+4L2)C’ 

2nvn7 


znVcTT 


Vl,+4L2^ 


2 7tVLC2‘ 

Fia. 337. — Band-pass filters (/i lower and /j upper cutoff frequency). 


f.= 


2n'Vu2(4C,*Cj)‘ 


a T, IT, H, or any other section, since only the product YZ will enter our 
calculations. The possible networks of simple types of band-pass filters 
are therefore drawn in Fig. 337 in the form of an inverted L section with 
Z and Y along and across the section as for the foregoing symmetrical 
networks. According to Eq. (52), currents will pass for frequencies which 
satisfy (— 1) g FZ/4 g 0, which means that the culoff frequencies /i 
and ft are given by the cmiditions, 


rz « 0 \ 
rz - -4/ 


(87o) 


These expressions lead to the frequenoies given in Fig. 337, 
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Referring to the T section shown in Fig. 338, according to Eq. {87o), 
we find the cutoff frequencies fi and /j and the width 

w = ft -fi 

for the* pass band. For the impedance along and the admittance across 
the section, we have 

^ j_ 

^ ~ wCi 

M*CtL — 1 

^ ^ 

and for 


V'7 — — 1 



2TtVL2(4C,+Cj) > 

Fio. 338. — ^Loaded band-pass filter. 


which for the value (—4) corresponding to the lower cutoff frequency /i 
gives 


4ir/, *C,L - 1 
Airfi^CiL 


( 88 ) 


and, for the zero value corresponding to the upper cutoff frequency ft, 
gives 

w^CtL = 4ir*/2*C*L - 0 (89) 

Putting the characteristic impedance of the T section 

Z, “ Zr “ -^1 + “ Zt 


for the mean frequency/, 
Zt 


Vfi 'ft, we find 




4n^tfim 43r^tfiPi* 


(90) 
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r - * 

c, = /i 

»[/*•- 


r _ Ut* -/i*]feo 

Wl/* 


(91) 


Using IT sections, which are more expensive to build than T sections, we 
have the surge impedance 


Z. = Zr 


VZJY 
Vi + yz/a 


(92) 


Employing again the value Z, = Zo = Rd which holds for /» = V7i7*i 
we have 


Cl = 

C* = 
L = 


i^fifaRe 

h I 

*/l[/2 ~ /l]-Ro| 
[f2-fl]Ro ' 


(93) 


a. The t section shown in Fig. 339 leads to the formulas 


r _ /i^« 

r 

4 t/,/,*Eo 


(94) 


and the it section shown in Fig. 340 with a condenser across the section 
gives 


~ 4x/i*/,E« 


L 


ftRo 

*•[/»* - /i*] 


(96) 


The T section shown in Fig. 341 gives similar attenuation characteristics 
and leads to 


* */» ' C tm /« 


(96) 
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b. Figure 342 shows a band-pass filter for T and t sections. Both 
are of the inverse network type for which Z/F is equal to a constant. 
From the relations 


“xiii “ — 2Zo 

wiCi 

we obtain for the T as well as for the w section, for Zo = Rt, 


(97) 


Lr = 


Rd 


.. lh-fi]Ro 


C, 

C2 


A-/x 

4jr/i/sBo 

I 

Ah — /i]^o 


The derivation of these formulas is based on the relations 


(98) 


Y — constant 

ZtZ. = I 


= /?o* 


(99) 



The latter relation is the outcome of 
the general equations of (44) and (45). 

Although it is not possible to make a 
fixed load Zq = Ro equal to either Zt ^ 

or Z^ for the entire range of frequencies * t‘nr,*VfV?i 

in the pa^s band, this condition can be 
ap proxi mated since the mean value 

y/ZjY is approximately preserved for a good portion of the band 
[/2 /i] (Fig- 343). This mean value corresponds to a frequency 

/m = "s/fifl- Owing to the first relation of (99) expressing the inverse 
character of the filter section shown in Fig. 342, the derivation of formulas 
(98) is simplified. Combining relations 


YZ = -4 and Zo 




which, according to Fig. 343, hold for both T and *• sections, leads to 
Eq. (97) when Y is elinunated. It is also possible to eliminate Z instead 
of F in order to find (98) from the expressions of the admittance branch 
F. 

An application of formula (98) is as follows: The band-pass filter is terminated 
at e ach side by a resistance - 600 ohms. The lower cutoff frequency is 120, and 
the n ppf * 123 kc/sec. The width of the band is 8000 eyclee/sec, and 
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L, 


600 

SOOOt 


6.37 X 10-* henries; 


C sx s» 2 7 X 

4t X 120 X 123 X 600 X 10* 

10”*“ farads 


It 


3000 X 600 
X 120 X 123 X 10« 


* 9.7 X 10"® henries; 


3000ir X 600 

1.77 X 10"^ farads 


190. The Coupled-circuit Filter. — ^The coupled-circuit filter shown 
in Fig. 327 has a pass range which is dependent upon the coupling between 
successive resonance circuits and a main frequency equal to the resonance 
frequency of each circuit. It is a most suitable band-pass filter for high- 
frequency work. If Zi, in Fig. 344, is the impedance of each coupled 



sectipn <1 secf ion 


Fig. 344. — Coupled-circuit filter. 

circuit when acting independently, and Zz the mutual or transfer 
impedance along the system of coupled circuits, we have, for the pth 
circuit, 

Zil p^i + Zilp + ZJp+i = 0 ( 100 ) 

All other circuits except the two terminating circuits are satisfied by 
the solution 

Ip = 7'€»*p + 7"6-’»p (101) 

which, when substituted in (100), 3delds 

Zi[rt^^ + + 7V(*»+« + 7"€“«(*^+^>] « 0 


or 


7'€**>[Zi + Z2(€- + €--)] + I\--P[Zx + Z2(c’‘ + €-«)] = 0 

and the equations for all coupled circuits are satisfied if the propagation 
constant n has a value which makes 

Zl + Z2(€- + €-«) = 0 

Therefore, we find the fundamental equation for the coupled-circuit filter 


cosh n 


Z\ _ a + 

2z, “ '~r~ 


( 102 ) 
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where Zi denotes any circuit impedance, and Zt any transfer impedance. 
For the simple case, shown in Fig. 344, all circuits are alike and the 
terminating branches may be considered as half circuits working into 
either the generator or load, respectively, of the same iterative impedance 
Zo. Assuming the resistance negligible, we have 

Z,=3^o>L-± 

Zt — jwM 

M 

V(L/2)(L/2) 

and 

cosh n = cosh {a + jS) = — ■ = “2 

where k denotes the coefficient of coupling between consecutive circuits. 
Equations (.102) and (103) show that Z\/Zi is a function of the frequency 

/. 

a. For the pass region, the attenuation a must vanish, and we obtain 

cos p (104) 

and, since all cosine values are between the limits ±1, corresponding to 
a phase shift of jS = 180°, currents of all frequencies must be passed on 
unattenuated which satisfy the condition 

-2 < < 2 (105) 

At 

or Zi/Zt must have values between —2 and +2. Thus the values 

Zi 
Zt 

Zt 

determine the lower (/i) and upper (/*) cvtoff frequencies. We find for 
the arrangement in Fig. 344 

r _ 1 

Zi _ ^ ^ 2WL - (1/coC)] 

Zt uM ukL 

where the coupling coefficient is always smaller than unity and is usually 
between 20 to 70 per cent for filters. We find the cutoff frequencies of 
this band-pass filter to be 


= 2 


= -2 


(106) 
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( 107 ) 


if /o = 1/ (2Jv^5I/) denotes the natural frequency of each coupled circuit 
when acting independently. These formulas are the same as for the 



fo= 77= Cut off frequenciesf, =-^— and f>:^S= 

2«V^ YUJe * VTk 

Fiq. 345. — Attenuation and phase shift characteristics of coupled-circuit filter. 


coupling frequencies of two coupled circuits of the foregoing kind. It 
may be of interest to note that, for an ideal coupling #c = 1, /g *= we 
arrive at the characteristics of a high-pass filter. 

6. For the attenuation region^ the coupled-circuit filter produces 
attenuation but no phase shift, since 

ry 

cosh n = cosh « = (108) 

and the attenuation a outside^ the pass band can be computed from 
the formula 

^ For negligible coil and oondenaer losses and properly terminated filter, o 0 
within the pass band. 
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cosh a = IZ2ZQL — I , (109) 

since 

Zi _ (a^CL — 1 __ [co/coo]^ — . 1 ^ ^2 _ ^^2 
2Z2 KCO^CL [ co / wo ]^^ 


Figure 345 gives the attenuation and phase-shift characteristics of the 
coupled-circuit filter. It can bo seen that, for / == 0, a = 00 and, for 
/ == 00 , a = cosh""^ [l//c]. 

191. Characteristic Impedance of Coupled-circuit Fdter. — Inserting 
the solutions for Ip and Ip^i in the expression 

Fp+ + |!/, = 0 


for the pth coupled circuit shown in Fig. 344 yields 
Fp = -Zs sinh «[/'«"” - 


According to (102), 


and 

where 


sinh n — 



Fp = Zo[ + r'e-”^] 


Zo 



( 110 ) 


( 111 ) 

( 112 ) 


denotes the characteristic or surge impedance of the filter. Terminating 
the filter into a load Z, = Zo, we have again the conditions indicated in 
Fig. 320 and, according to Eqs. (101) and (111), the relations 


Fp = Zo[-/'«»'’ + 
Ip = J'«"p + 


(113) 


At the generator end p = 0, and the voltage and current Fp = Fa and 
Ip = /a, respectively, and 


that is, 


) 

r, _ - (Va/Z,)] 

2 

_ iVa/Zo) + la 

I _ 


( 114 ) 
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Putting these values into (113) giv«s 


Vp — Va cosh np — Zola sinh np) 

r T u • V. { 

Ip = la cosh np — sinh np i 

which is exactly the same solution as found for ordinary filters in Eq. (28). 
The solutions of Eqs. (32) and (33), therefore, also hold for the coupled- 
circuit filter. 

For an open-ended, coupled-circuit chain, since /« = 0 according to 
(33), we find the input impedance 

7 . - If! 

la' “ DV, 

and, for the chain short-circuited at the end, Fe = 0 and 

7 n 

~ la' ~ Ale 

The characteristic impedance Zo of the chain can therefore be computed 
from the measured input values Va', V a", la, la" since 

Zo = VZa' • Za" (116) 

because, according to Eq. (31), for g-coupled sections 

7 f . 7 n ^ ^0 sinh (ng) _ ^ 

“ D “ [sinh {nq)]/Zo “* ° 

192. Filter Impedance and Effective Voltages at the End of a Coupled- 
circuit Filter. — It is evident from the preceding results that the general 
solutions given on page 557 also hold for the coupled-circuit chain. It 

is only necessary to insert the value -J-j Z^^ for Zo* By doing this, 

we find for the filter impedance of g circuits 

« voltage impressed on filter „ , , 

cumnt faying Alter - Z- + Z. anh 

== Z, cosh ng + - Z»* sinh nq 

(117) 

and, for the portion of the impressed filter voltage which reaches the load 
impedance Z„ 


T. - <-»{ 


cosh nq + 


'Zi* - 4Z,* . 


sinh nq 
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This equation is a criterion for the filter action for the entire range (pass 
and attenuated range) and plotting Q for g — 1, g = 2, g = 3, etc., gives 
a means* of estimating the number of sections which are needed and 
the best load. We find for one section g = 1 

^ r V. . VZi^ - 4Z2* . . 1 

Qi = — I cosh n + — — 2 ^ smh n I 

where cosh n — —Zif2Zt. 

For two (g = 2) and three (g = 3) sections, 

Qt = cosh 2n -| gi^h 2n 

Qz = — j^cosh 3n + — sinh 3nj 

In this case it is well to tabulate the various factors of (118), (119), and 
(120) with respect iof/fo, where / denotes any frequency either within or 


(119) 


( 120 ) 


♦I 




2M . /}. 


“Vf.* 


C 


K . 

47rfoRo’ 


L 


7f?^ . -■ p+r 


Fio. 346. — Design formulas for ooupled-oircuit band pass. 


without the pass band, and/o = l/(2ir\/CL). The pass band is between 
the values off/fo which are l/-s/l + k and l/\/ 1 — k, since k determines 
the width of the band. The process of examining the coupled-circuit 
filters is then as for ordinary filters and shown in Tables XXIX and XXX 
on pages 557 and 558. These tables can be used directly when, for the 
coupled-circuit filter, the constants of the equivalent network are used. 

193. Design of a Band-pass Filter Consisting of Coupled Circuits. — 
The surge impedance Zo is a function of the frequency as in the case of 
ordinary filters; and if the load is to be a fixed resistance, certain assump- 
tions must be made. They are as follows: 

1 . The value Zo of the surge impedance for the frequency /o » 1 / {2v\/cL) is chosen 
as the reference value since the pass band [{fo/y/l — k) - ijo/y/l -f* k)] =* /2 ~ /i 
is determined by the resonance frequency/© * l/(27r\/CL) of each coupled circuit 
when acting independently. 

^ Two coupled circuits correspond to one section (g ^ 1), three coupled circuits 
to two sections (g *>« 2), For one circuit, only the frequency /• would exist. 
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2. A resistance Ro = then denotes the load. 

3. The degree of coupling determines the width of the pass band. 


According to Fig. 346 and Eq. (112) for negligible coil and condenser 

losses ^sijjice Zi = ^ j and Z 2 — juM — we find the value 

of the square of the surge impedance for any frequency to be 

^ , _ [Zi+2Z*][Zi-2Z*] _ [«L(l+«) - (l/a.C)][a,L(l-K) - (1/toC)] 

“ 4 4 

[w^CLCl + ic) - l][co=CL(l - k) - 1] 

4a)2C® 


f ,( l +*) - ] 1 L -,(1 - 0-1 

L/o 2 Ji/» J 

4£o*C* 


( 121 ) 


Therefore, the surge impedance Z, at the resonance frequency fo has 
the value 


_ _ p 

* ~ 2ccoC ~ 2\'C “ 


( 122 ) 


since, for / == /o, 


= Zo^ = 




and (121) reads in terms of Zo 


Z. 



WU-U/fY 

*r2 


(123) 


For the frequency / = /o, the impedance Zo acts as a resistance J2o which 
is used for terminating the network on each side, and for finding the 
design values for C and L. 

From (122), we find the value of the capacity C in farads 


C = 


K 

^foRo 


(124) 


where the resonance frequency is expressed in cycles per second and the 
load resistance Ro in ohms. For the inductance L in henries, we find 
from/o « and (124) 


L 



(125) 


The frequency fo and the coupling coefficient is determined from the 
width of the hand (/* — /i) and is given by the two relations 
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for 5 = ft/fi as 


/i = 
/* = 


/. \ 

Vi + « 

/o 


8 * - 1 
«* + 1 


fo = /iV^l + 


(126) 


The process of designing such a filter is to find, for the given cutoff 
frequencies /i and fi, the ratio S = to calculate k and fo by means 
of (126), and C and L from (124) and (125). After this is done, it is 
well to check the performance of the filter by means of Eq. (118) and, 
if the performance curve for the number of sections chosen is not satis- 
factory, to assume another load and try by means of curves to obtain 
the best filter action. 

194. Notes on a Coupled-circuit Filter with Coil Losses. — When 
filters are to be designed for frequency ranges which require larger induc- 
tances, the resistances of the coils used must be taken into account. 
When R denotes the total effective coil resistance of each coupled circuit 
(Fig. 346), and r = L/R the time constant, we find, from Eq. (102), that 


cosh n = cosh (a + jfi) 


R + jWL - (l/u>C)] 
jcoicL 



(127) 


We now have a complex value (a -1- jb) for cosh n where 



wKr 


(128) 


The attenuation a and the phase factor fi can be computed by means of 
Eqs. (48), (49), and (50), and the filter loss in decibels for q sections 
becomes 


db =“ 8.68a9 


(129) 


since db » 20 logw (h/h) *■ 20 logic iVi/Vt) = 20 logic 

195. Filters with Unequal Sections (Composite Networks). — The 
filters described so far are made up of equal sections.' The total attenu- 

> Nxcept the case shown in 1^. SS8. 
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ation and total phase shift are equal to the number of sections times the 
attenuation or the phase shift per section, respectively. For no reflec- 
tions at the junction points of sections, and at the load, the filter must 
be terminated into a proper load which is equal to the surge impedance 
Zo for each section. The surge impedance Zo, however, is a function of 
the frequency, and a value Zo = Ro must be assumed which gives, as 
nearly as possible, the desired operation in the pass band. As far as 
the attenuation region is concerned, Ro need not have values equal to 
Zo since currents of this band are much attenuated and any reflections 
at the load Ro due to an irregularity between Zo and Ro are desirable 
because they tend to keep currents of the undesired frequencies out of 
the load branch. 

Now, when inverse network sections (Z/Y = constant) are connected 
in series with sections whose surge impedances are equal to that of the 
inverse network, no reflections take place at the junction points, and 
the cutoff frequencies will be the same for all sections used. Neverthe- 
less, it is possible to choose different attenuations ai, a 2 , «8 etc., as well 

as phase shifts /9i, ^ 2 , fiz, etc., for the 
different sections so that the total filter 
attenuation and phase shift become 

Of = ai + as + as + • • * \ 

P ^ + 02 + Pz + - ^ j 

These statements show that all sec- 
tions behave in the same way for the 
conditions 



FZ = 0 
FZ 




(131) 


Fio. 347.— Superposition of attenua- but, within the pass band, the effective 

attenuation and phase shift may be 
different. This property can be used to advantage since more uniform 
transmission and attenuation characteristics can be obtained by properly 
cascading unequal sections of the foregoing type. For a filter of similar 
sections, any undesirable irregularities of the characteristics are empha- 
sized with the number of sections, while, for instance, for a low-pass 
filter with three unequal sections of attenuations ai, ajj, and as (Fig. 347), 
the residtant characteristic can be made desirable. We note that the 
resultant attenuation a is such that attenuation sets in rapidly after the 
cutoff frequency fo is reached and soon becomes almost constant over 
the remainder of the frequency range. 

The composite filter is due to 0. J. Zobel^ and can also be used with 
sections connected to the input and load^ respectively, in order to 
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obtain a more regular match with the terminal impedances within the 
pass band. 

196. Theory of Zobel’s Composite Filters. — ^The single or elementary 
type of low-pass filter (Fig. 326a) has a half T section as indicated in Fig. 
348. For coils and condensers with no appreciable losses, we have prac- 
tically the case of an inverse network since 


Z _L 
Y~ C 


= Zo® = i?o* = constant 


The surge impedance Zo, according to (44), is 


(132) 


If ZliB the impedance along, and Yi the admittance across, one section 
for the derived-type filter, we obtain for the same surge impedance 



(133) 

or 


2 1 4 4 

(134) 

a condition which must be satisfied by derived sections if they are to 
be connected in series with elementary sections to a load resistance fio. 

A more convenient form of (134) is 



y — -^1 

‘ fio* + H[Z^ - Zi*] 

Since the surge impedance is also expressed by 

Zo = \/ Zoe ’ Zn 

where denotes the open-circuit impedance at the input end of the 
filter for the load disconnected, and Z« the input impedance for the 
output of the filter short-circuitei The identity of Eqs. (132) and (133) 
require that for mZ„ we must assume where m denotes any factor 
by which the entrance impedance of the elementary-type filter section 
(for load terminals connected together) must be multiplied in order to 
give the same value as that of the derived-type filter of the same charac- 
teristic impedance Zo. For m « 1, the elementary section is obtained. 
Writing down the impedance values for the elementary- and derived-type 
half sections (indicate in ftdl Imes in Fig. 348), we obtain 


(136) 

(136) 
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Z., 

Zo. 


z 

2 

2 ^ F, 


(elementary tjrpe) 




mZse = 


mZ 


Z'oc - 


m 


1. + J. 

2m ^ mY] 


(derived type) 


( 137 ) 


(138) 


u • Derived „ .^fr^^rived 
Half! Half Section Half Section 

^Settion ^ ^ t<Scctiorw ^ 

’ "i: i GLijr-fi 




^lEletnentoryTvpe 
t y-r i h Low Fhss fllt^ 


ViMt'H!-'' 




!4 


Filter 


Fio. 348. — Elementary and derived half-filter sections. 

Hence, for the elementary-type filter, 

Fjr y ^ 

£Joo "»c — “y 

and for the derived type 

, 7, _ 1 2 fl -m*lZ 

^“-mF + L~^j2 


(139) 


(139o) 


2C 

Hh 


2C 


In 



T 


=pi2mC 

I 

1 Half elViv'eel 1 




*^J7lC MM it, m V . 

I ±ini_r±ni!_^ 


f«"FullT section -H |* T oeetlon H K' Full deriveel IT section 

Pio. 349. — Composite high-pass filter. 

The first expression of (137) and (138), respectively, shows that the 
half-section impedance Zi along a section of derived-type filter is 

Zi mZ 

2 ° ~2 


(140) 


and the comparison of (139) with (139a) shows that the i)|df-eection 
admittance across a section of a derived-type filter in terms of an ele- 
mmtaty type of filter is 
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Fi mY'^l m ]2 


(140a) 


That is, a derived-type filter can be computed from formulas (140) and 
(140a) and treated as indicated in Fig. 348. 

Figure 349 illustrates the case in which a high-pass elementary T 
section is combined with a derived ir section through a half section. 
This is done in order to match the respective image impedances. The 
formulas given in Fig. 349 are based on the expressions given in Fig. 348 
which lead to 


mZ m 2C 

-77- = ?ryy corresponding to — 

2 2wC m 

2 

mY 

1 — Z 1 — 1 2mC 

coC 1 — 


2(jdlj 2 Lj 

corresponding to — 

m 


mZ = 


m 

m 


2m 


(for half section) 


corresponding to — 
(t)L m 


mY 


as per half section 


2L 


1 - 

2m 


1 


m 


m 

2 1 


2m 


2m^ 


(for de- 
rived V 
section) 


^ corresponding to y— ' g (as for half section) | 


197, Design Fonnulas for Derived-type Filter Sections. — The general 
formulas are given in Fig. 348, and the process of application to a com- 
posite high-pass filter has just been illustrated. But, for practical work, 
it seems better to give expressions in terms of the load resistance Ro 
for which the filter is to be designed. 

a. The Low-pass Filter . — We found in Eqs. (61) and (62) the expres- 
sions for the characteristic impedances of the T and ir sections. For 
the cutoff frequency /o, we have the condition 


YZ « -4 


Applying this to the derived T section of Fig. 360, we find 


Z « 


The last expression gives 


1 
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and must be the same as /o = l/ijty/CL) which holds for the elementary 
low-pass filter (Fig. 326a). For the elementary low-pass filter whose 
load Eo = -y/L/U, we find that L = 22o/(5r/o) when all quantities were 
expressed in practical units (henries, ohms, cycles per second, and 
farads). * Hence the impedance Z of the elementary low-pass filter along 
the section is 


Z 


= juL == 


zi/Bo 

/o 



Fig. 360. — Elementary and derived T and tt sections. 


and for the derived section, according to Eq. (140), it is m times greater; 
that is, 

' Zi = 2jmR£ (141) 

Jo 

and from Eq. (135), for the admittance Vi across the section, we find 


Vi = 


Zt 


‘ Eo* + HU - mW 

^ 2jwflo(///o) 

+ [m* - 1] Eo^r/fo^ 

= W/o n42^ 

Eol/o^ + (m» - l)f] 

Hence, for resonance in the admittance branch, Yi must become <« ; that 
is, 

and 


/o* + (m* - 1)/* = 0 


m 




• ( 143 ) 



fSBORY OP RBOURkRNT NEfWORKR 
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By applying the formulas in Fig. 348 for the half sections, we obtain 
the expressions for the circuit constants as given in Fig. 350. From 
Eq. (143), it can be seen that the attenuation of the derived section can 
be readily changed by choosing another value for f^. The value of /c 
cannot generally be altered since it is the desired cutoff frequency which 
is given by the constants of the elementary section. The attenuation a 
of the derived T network depends, therefore, upon the location of 
/« = l/{2ir'\/CJLi2) with respect to the cutoff frequency /o. It is desirable 
to choose a different value of for each section in order to make the 
resultant attenuation more nearly uniform. From Fig. 351, it can be 

P i 

^“4?rfo So ^ L-4-irfQ 



Fio. 363. — Dedgn formulae for derived high-paee filter. 


seen that, for the elementary section (rn — 1), the surge impedance is 
not at all constant since the factor Zo =• y/ZlY — y/LjC >= Bo when 
divided by Zt or the value Zr/^o varies greatly with YZj^. However, 
it becomes fairly uniform over quite a range if m ■=» 0.6. For this reason, 
it is sometimes customary to use half sections at each end of the filter 
and terminate the entire combination at each end into a resistance load 
Bo ” Zti, as shown in Fig. 3S2, where about two full sections should be 
used between the half, sections. In a similar way, the formula for the 
derived-type high-pass filter given in Fig. 353 are obtained. 

198. Notes on Coils and Condensers Used in Filter Circuits. — Good 
air ocmdensers should always be used. In the lower frequency range 
where laiger capacities are needed, high-grade mica condensers are 
suitable. Low-loss coils should be used for larger-wound air inductances. 
licmQrcomb, universal-woimd coils with lita are recommended. When 
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the inductances must be so large that iron cores are needed, an air gap 
should be provided in the iron path. The inductance can be adjusted 
to the exact value by means of this air gap whose length should be within 
certain limits. For a large gap, too many turns are required to obtain 
the desired inductance and, for too small an air gap, distortion may take 
place and the filter action be thereby impaired. The flux density 
should not exceed about 30,000 lines per square inch, and the iron core 
should be magnetized by about 10 
per cent of the ampere-turns. Gen- 
erally for frequencies up to 1 kc/sec, 
and currents up to 1 ma, an air gap 
from 0.6 to 1 mm seems to be desir- 
able. For still higher frequencies and 
current values, a larger air gap is 
needed. 

199. Transformer as a Matching Device in Filter Circuits. — Suppose 
the filter is to be put in the output branch of a tube whose effective plate 
resistance is fp. It is not always convenient to match a certain filter 
directly into the tube branch. However, the impedances may be 
matched by means of a transformer as shown in Fig. 354. If N is the 
ratio of transformation (secondary /primary), the characteristic filter 






Fia. 354. — Transformer matching between 
tube and filter circuits. 


Z|-Ri+Ja/L| Z2^ L 2 , 


Fiq. 355.- 


-Effective impedances Za and Zb when looking into input and output, respectively. 


impedance Zo = Ro, which is also effective across the secondary of the 
transformer, acts across the primary of the transformer as an apparent 
resistance of value Ro/N^, and the ratio of transformation can be com- 
puted from the relation 

jr - (m 


from which the transformer can be designed since rp and Bo are known. 

If the case of an air-core transformer (Fig. 365), as much used in 
high-frequency work, is considered, we can prove that it behaves like a 
changer of surge impedance Zo since the impedance looking into the 
primary side is Z«, fmd looking into the secondary side is Zo. The proof 
is as follows: 

- Zilt ~ZpJ, ) . 

Ztit + V» — Zmll *■ Oj 



m 

or 
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Vi = 


h = 


I “ ^m*r \ 

■^Vt i s Jil 

Am Am I 

+ ph 


( 146 ) 


This result is of the form as given in Eq. (34) for any alternating-current 
network and reads 


Vi = AiV2 + Bh\ 
h = DV2 + A2J2) 


Since the determinant of (146) gives 


A 1 A 2 — BD = 1 or 


Z 1 Z 2 Z 1 Z 2 Zm^ 

Z'J Zn. 


(146) 


(147) 


the tiansformer may be considered as an unsymmetrical network with a 
propagation constant n given by 

cosh n = (148) 


For an open secondary, the input impedance is 



and, for a short-circuited secondary, it becomes 


<7 — Zn? 

A '2 Z 2 

that is, the characteristic impedance of the transformer, looking into the 
primary, becomes 

Za = VZoc • Z,c = - Zm^] (149) 

By writing down the expression for the output impedance for open and 
short-circuited primary, in the same way we find the characteristic 
impedance of the transformer looking into the secondary to be 

If tile capacity effect of the coils is ne^ected, and ti^t coupling 
(« * 1 or M - yXSi) 


( 160 ) 
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is assumed, we find that, for the time constants ri = Li/R = t 
and Tj = Li/Rt = t (which is approximately the case in practice). 


cosh n = cosh (a + j/S) = 1 — — = a — jb 

COT 

Using the approximation 
we find the attenuation 



and the phase shift 



(150a) 


(161) 

(162) 


For a small attenuation, the time constant r = L/R must be made large. 
In a similar way, for the characteristic impedances, we find 


Za = wLja 2^ = U)LiP 

\ wr 

Zb = (joL^P 

For the ratio of the two characteristic impedances, we find 

Zt u 


(153) 


(154) 


where N denotes the ratio of the transformer since, for unity coupling, 
Li = NMy and Li = M/N, This relation shows that, for filters of 
characteristic impedance Za and Zb connected to the respective sides of 
the transformer, the square of the transformer ratio must be satisfied. 
This result is employed in the formula given by Eq. (144). 

For the product of Za and Z^, we find the approximation 


that is, for Jkf, 


T 




M 



(155) 


and because of (164) and Li = NM, L* =* M/N, Ri = Li/r, Rt =■ L*/r 


Li =« 



Lt~Zi 


2w’ 


Ri 

Bt 


Z^ 

\^2(trr 

Zt 


(156) 
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We note that these constants hold strictly only for one frequency 
a>/2ir. The mean frequency of the frequency band can be used as an 
approximation. 

200. The Three-element Electron Tube as an Unsymmetrical Net- 
work. — The intermediate circuit of Fig. 356 containing the electron 
tube acts as an ordinary circuit with an impressed voltage fiVij which 
acts through the internal-anode resistance Vp into the external-anode 
branch La. The term n represents the amplification factor of the tube. 



Z,= Ri+jciyL|; Z3 

Fio. 366. — Electron tube as unsymmetrical network. 

All currents given in the figure represent the steady-state alternating- 
current values and lead to the relations 


F, = Z^I^\ 
Vt + ZJi = 0 f 


(157) 


since the grid current is negligible, and, for the anode branch and output 
circuit, we find that 


fxVt = [rp -|- Zs]I» -b Z^IA 

0 = V, + ZJ, + Z,h ] 


(158) 


Equations (157) and (158) give 


Fi 

h 


[rp-\-Z^Ziy I {{vp Zi]Zi — Zi‘\Zi^ 

Fi Tp -|- Z»„ , [fp -b Zt]Zx — Zi^p 


= A1F4 -b B/4| 

DF« -bA^4 ' 


(159) 


We have therefore an unsymmetrical network where AiA* — BD « 1 
and the characteristic impedances Za looking into the amplifier, and Z» 
looking into the output of it, are found, according to Eqs. (36) and (37), as 

The propagation constant n is obtained by the method shown in the last 

«eeUoh. 
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201, Notes on Coupling Devices Emplo 3 ring Recurrent Networks,— 

We may distinguish between recurrent networks with lumped circuit 
constants (artificial lines) and single and double lines for which more or 
less uniform distribution of circuit elements exists. The latter type is 
especially useful for supplying power to Hertzian^ aerials, etc., in the 
ultra-high frequency band (20 to 300 megacycles/sec.). There will 
always be a certain loss in a coupling device used for transferring power 
from the impedance of the source to the impedance of the load. If the 
coupling device is used for matching certain terminating impedances, the 
loss can be made fixed or variable.^ When stationary waves prevail 
along a parallel-wire coupling device, increased losses exist. This is, of 
course, also true for single-wire feeds. In many cases the double line as 
well as a single feedr^r is made aperiodic that it behaves as a pure ohmic 
resistance^ over a wide frequency band. The transmission loss may be 
computed from the ratio of the power dissipated in the load to th(' power 
delivered by the generator. The coupling device may be called ideal if 
it transfers power in only one din^ction without reflections at the respec- 
tive ends (generator end, load end). The transfer then occurs at a 
uniform voltage level and no standing waves can be developed along the 
coupling system. It happens when the load is a pure resistance and 
equal to the characteristic impedance of the coupling device. Hence it 
does not matter whether the coupling system is an actual line or an 
equivalent network with lumped constants. 

For aerial feeds a single line in addition to a double line as a coupling 
device is preferable to an artificial network since it is an easy matter to 
match resistances from about 10 ohms up to several thousands of ohms. 
The lower resistance range from about 10 to 150 ohms can be readily 
obtained with a concentric^ parallel-wire feed and the range from 400 to 
800 ohms with a Lecher wire and single-wire feeder system. All other 
useful ranges can be obtained with Impedance transforming lines or with 
matching transformers. A line that develops a quarter-wave-length 
distribution along it can be used as a step-up as well as a step-down 
transformer, because the generator-end impedance Zg and the load end 
impedance Zi are connected with the characteristic impedance Za of the 

line by 

Zo y/ZgZi 

1 “High-frequency Measurements," McGraw-Hill Book Company, Inc., New York, 
1033, pp. 392-393; Stbjrba, E. J., and C. B. Feldman, Proc. LR.E.y 20, 1163, 1932; 
Habdin, Jr., L. L., QSTj February, 1936, p. 23; Reinabtz, J. L., Q8T, February, 
1936, pp. 10-12; Potteb, W. S., and H. C. Goodman, QSTf April, 1935, pp. 21-26: 
Jones, F. C., “5-Meter Radiotelephony," 2d ed», Pacific Radio Publishing Co., 
San Francisco, Calif., 1934, pp. 6-10; TiNt7S, W. C., Electronics^ 3, 239, 1936. 

* See pp. 409 and 638. ’ “High-frequency Measurements," p. 386. ^ See p. 

448. ... 
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Hence if a line used as a coupling device is designed for a suitable value 
of Zo, any two real impedances Zg and Zi may be matched as long as the 
ratio Zg/Zi has no unreasonable value. This is brought out in Fig. 357 
for the case of the quarter-wave-length distribution. The impedance Zi 
looking in|o the open-ended double line will give a value Zi = Zo^lZg, 
For a half-wave-length distribution the impedance Zi looking in the open- 
ended double line would measure the value Zg. Hence half-wave-length 
lines behave like a one-to-one’’ matching device, while quarter-wave- 


Zg 



Fiq. 357.— Impedances Zi and Zi' looking into the open end of a quarter- and half- wave- 
length parallel-wire system. 

ength distribution gives any desired ratio of impedance transformation. 
As far as the practical end is concerned, it is evident that for high-fre- 
quency work a line matching device is simpler than a transformer. 

Now Hertzian radiators (half-wave-length aerials) have a radiation 
resistance of about 74 ohms. Hence if such an aerial is cut at the middle, 
the impedance measured across the cut would be also 74 ohms, if the half- 
wave-length aerial is freely suspended and well above ground. If the 
Hertzian aerial is not cut but the shunt impedance measured between 
any two points equally distant from the middle, a larger value than 
74 ohms will be found. The closer the measuring points toward the open 
ends, the larger the value. A measurement across the end points gives a 
value of about 12,000 ohms. A matching device as indicated in Fig. 333 
of “Hii^-frequency Measurements ”» can then be used in order to obtain 
a good power match. If a Hertzian half-wave aerial is 100 imite long, 
points which are 34 units apart, that is, each'point 12 unitsfrdm the middle, 
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will give a 500-ohra resistance across these points. A parallel-wire line 
of 500 ohms will produce uniform current distribution along the parallel 
wires, that is, act aperiodi rally for a wide frequency range. A 500-ohm 
impedance exists according to Fig. 243 on page 442 for a ratio (a/d) = 32.5, 


T‘ 


V2 


V4 


due fo 
unshaded 
disfnbuhon 
radiai'es power 

Transposed 


paraJIe/ w/re 
“k J'feed 


Shorhng wire 


A/2 

1 




Radtaf/on 
fteid due 
to shaded 
distributions 
negligible 


I. 


Fig. 358.- 


U — Concentric 
parallel wire feed 
Impedance matching by means of quarter-wave-length section. 


where a denotes the spacing betwet^n the centers of the two parallel wires 
and d the diameter of each wire. 

From the above it is obvious that the impedance of a quarter-wave- 
length line closed at one end will increase from about 37 ohms to several 
thousand ohms (theoretically infinity) at the open end. Utilizing this 
we have the case to the left in Fig. 358. AB denotes a Hertzian aerial. 



Fig. 359 — Shunt feed for a X/4 and series feed for a X/2 wave aerial. 


The short-circuiting wire is used for adjusting to the quarter-wave-length 
distribution. The circuit with the grounded concentric-wire feed is used 
in combination with a quarter-wave-length section for matching an 
aerial resistance of several thousand ohms with about 75 ohms in order to 
terminate it into a concentric line feed that cannot radiate. Figure 359 
shows how a concentric line feeds power into a vertical quarter-wave- 
length aerial and into a horizontal half-wave-length aerial. For the 
quarter-wave-length aerial the case of an adjustable shunt feed is indi- 
cated, The outside conductor of the coneentrie double line is grounded 
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and the tap T is moved along the vertical aerial until the resistance experi- 
enced across B and T is equal to the surge impedance of the concentric 
feeder. Inasmuch as the concentric line can be designed for very low 
values of resistance, there is no difficulty in using a series feed. For it 
the outsijje conductor of the concentric feeder is grounded and the 
inside wire of it connected directly to the foot of the vertical quarter- 
wave-length aerial. The concentric line must then have a characteristic 
impedance of Zo = 37 ohms, since it is about 74 ohms for the floating 
half-wave-length aerial in case of a central series feed. 
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202. Electrostatic, Electromagnetic, Gaussian, Heaviside, and Practical Systems 
and Their Units. — The first two systems are based on the attraction and repulsion of 
electric and magnetic matters, respectively, and expressed in c.g.s. units. For the 
practical system such units as the ampere, volt, ohm, henry, and the farad are 
employed. In tlie electrostatic system the dielectric constant k is numerical, that is, 
without dimension, and in the electromagnetic system the permeability m has no 
dimension. For the Gaussian system the electrical quantities have the same dimen- 
sions as in the electrostatic systeip, and the magnetic quantities the same dimensions 
as in the electromagnetic system. Hence both /a and k are numerical. The unit 
of the capa(utancc and inductance is then the centimeter. Table XXXI gives the 
units for the electrostatic and electromagnetic systems in terms of the practical 
units. 

From the ohm (resistance of a mercury column 106.3 cm long and 1 mm* cross 
section at 0® C) and the ampere (this unit deposits 1.118 mg silver in a silver voltameter 
per second) the other international practical units become 

1 coulomb == ampere X second 
1 volt = ampere X ohm 

1 watt = ampere X volt 

1 joule = watt X second 
1 farad = coulomb X volt"'^ 

1 henry =* volt X second X ampere”^ 

The most important relations are brought out in the columns for the practical units. 
From it we can see that for the inductance 1 cm =* lO*"® henry if the change is made 
from the e.m. c.g.s. system, and 1 /if * 9 X 10* cm if the change is made from the 
practical system (1 /xf « 10~* farad) to e.s. c.g.s. units. The column with the ratio 
e.m. c.g.s. /e.s. c.g.s. is useful in writing down the electromagnetic-field equations. 
If this is done, for instance, with all the quantities expressed in the e.m. c.g.s. system, 
we arrive at Eq. (7) on page 329 whereas 

curlff - 4iRrc -8 + 5# 

C dt 

is the expression when 8 and k are in e.s. unitstfi.nd H in e.m. units. 

A clearer and more condensed form of units due to Heaviside is used by Hertz 
and is also found in the publications of H. A. Lorentz. By means of them most of 
such factors as 4ir and y/4^ can be avoided. The unit of electricity is then \/45r 
times smaller than the usual electrostatic unit. With this in mind we have at the 
same time fixed for every case the niunber by which the electric force is to be repre- 
sented. As to the magnetic force, we assume by it a force acting on a pole of unit 
strength; the latter is likewise VS times smaller than the unit commonly used. 
The symbol used for the electric force can also be employed for the electric displace- 
ment because in the foregoing choice of units it has the same numerical magnitude as 
the electric force. Equation (6) on page 329 for the total current then simplifies to 


Ot 

SM 



Table XXXI 

(L = length, cm; M = mass, g; T = time 
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appendix 


WI 


and the curl equation (7) becomes 


c • curl H - r 

When the conditions of an electromagnetic field are expressed in Gaussian units 
and as formulated by H. A. Lorentz, we have for n = 


c • curl 8 == —nil 
c • curl = wS -h M 
div 8 = 4irp 
div i/ = 0 

F ^ qS, 


force acting in 
direction of 
electric field 



force acting perpendicular to 
both direction of electron 
motion and magnetic field 
(exists only when electrons 
are in motion) 


if p stands for the volume density of charge, / for the current density, v for the velocity 
of the electron, and F for the driving force acting on the electron of charge q. 


USEFUL SOLUTIONS, FORMULAS, AND TABLES 


203. Notes on Series. — If we have N terms in a series for which a constant 
difference d between adjacent terms exists, then we have an algebraic series whose 
sum is 


= a + [a + d] + [a -h 2d] -f . . . + [a + (W - l)d] 

= ^I2a + (AT - l)d] (I) 


hence the sum of all numbers from 1, 2, 3, up to 600 is S = 250(2 + 499) = 125,250. 

If we have N terms and each one equal to the preceding one multiplied by a 
constant factor k, we have a geometric series whose sum is 


2 


= o + A;a -h •+• • • * -h 



or 


1 - 


(U) 


For A; < 1 it gives for an infinite number N 


X-iU 

«e 

since fc* « 0. Hence ^ *= 1 + M H H” 3^7 gives j 


The Binomial Thbobem 


{a -f 5F 


(W - A;)!ifc! 


(Ill) 


for 21 « 1 X 2 and 31 » 1 X 2 X 3, etc., giv:e8 very useful expansions. This series 
is convergent for 6* < o*. Thus we have, for instance. 
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*= [a 4- ““ 




If 6 /o is a small fraction, then all terms after the second may be neglected and 


V o + 6 = Va H ^ 

2 Vo 


(III 6 ; 


Hence 


We have 


•v/IiO = •^wTTI = 12 + 


l/s 

2 X 12 


12.0083 


Vl + a * 1 4- 1 


for a small compared with unity. 
Other series of this nature are 


[a-^hx] ^ + • • 

which is convergent for 6 *a;* < a* 

[1 ± x]'' = 1 ± JV* + ± ~ ^ 3 /^ ~ — * + 


] 


(IIlc) 


(IIW) 


11 ±* 1 - » IT + + 


4 . (Hie) 


2 ! 


3! 


(±l)*(Ar 4 -A; ~ l)b» 


{N - 1)IA;I 

Both series as well as the following applications are convergent for a;’ < 1. 
/ 7 -~ 7 — t.l . 1 <1 1*3 . l'3-5.. 


6 ' 

1 -S-S 


2 • 4 . 6 • 8 


^ 2 • 4 • 6 • 8^ ^ 


»/r-7— * . . 1_ l-2_, . 1.2-6_, 1.2-6-8^ , 

VHTx -1±|® g g* ±g g ga: 12*^ * 

^ 3 ^ 3-6 ^ 3 - 6 - 9 * ^ 8 - 6-8 - 12 ^ ^ 


-C'TTx 

1 

1 ± » 


(1 ± *) 


H 


lTir+®*Ta» + z‘T*‘ + . . . 

1 + 8.r I 311 -. . 3 • 1 • 1 • 3 _. - 

^*2®'^2-4® ^2-4-6* ‘^2-4'6*8®^^ 


(III/) 

(IIIj) 

(im) 

. (IIK) 

■ (nik) 
(nil) 

(Him) 


The binomiAl theorem (III) can also be used to make aeries. We obtain, for instance, 


e- - 1 +«* +|f* +|J»* +15®* 


(IV) 


ior 
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For a a* 1 we obtain a * 2.71828 « c, the base of the natural logarithms. Hence 






(V) 


which converges for as* < «. This series gives, for a? « 1, «» « 2.71828. Derived 
series of this type are 


» 1 + 7a; - ?! - -2^ 4- 4.^ 

21 3! ^4! ^5! 




sin X 


cos X 


" “S+ii" ■ ■ ■] ] ’•« 08 »+jaina:| 

■ ^ 2! 4! 6! ■*■ ■ ■ ■ 

,x+-+^ +^4. . . . 

^3! ^5! ^7!^ 

a;« \ 

’* 3! 6! 7! ■•■ ■ ■ 'I 

2! + 4! 6! + ' 


sinhx = x+fj+|:+fj + 

/y4 /gP 

cosh X = 1 + ^ + |j + gj + 


(Va) 


(VI) 


(VII) 


tanh 0 ; * a!(l — yix* + Hs®* + • • •) 

cotanhx = |(l + |x» - 1** + A*. - . . .) 

Figure 319 on page 535 and Table XXXII give the curves for the hyperbolic functions 
together with the € functions. Equations (VI) and (VII) are convergent for »* < « . 
According to Maclaurin we have for any fimction y - f(x) the series 


V = m + f(fl)x + f^x* + + . • • (VIII) 

where /'(O), /"(O), /"'(O), etc., stand for consecutive differential quotients dyfdXf 
d*y/dx*, d*y/dx*j etc., for x * 0. With this progression we can find the series expan- 
sion of functions. For instance, if ^ « sin x, we have 

/(x) * sin x; f(x) « cos x; /"(a?) « —sin x; /'"(*) “ —cos x 

which for X « 0 gives the values 0, 1, 0, —1, etc., and 


sin X X 


x» x» 

8l+S! 


According to Taylor we have the series 

/(*o + A) - /(».) + f (x.)fc + + • • • (IX) 

which plays a very important part in high-frequency problems. For instance, let the 
voltage applied between the grid and the filament of an amplifying tube be 

00 "■ Sc H* Si sin 4* St ^ <tti 
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Table XXXII. — e and Hyperbolic Functions 


X 

«* 


ninb x 

cosh X 

0.00 * 

1.0000 

l-.OOOO 

0.0000 

1.0000 

0.01 

1.0100 

0.9900 

0.0100 

1.0000 

0.02 

1.0202 

0.9802 

0.0200 

1.0002 

0.03 

1.0306 

0.9704 

0.0300 

1.0004 

0.04 

1.0408 

0.9608 

0.0400 

1.0008 

0.06 

1.0613 

0.9612 

0.0500 

1.0013 

0.06 

1.0618 

0.9418 

0.0600 

1.0018 

0.07 

1.0725 

0.9324 

0.0701 

1.0026 

0.08 

1.0833 

0.9231 

0.0801 

1.0032 

0.09 

1.0942 

0.9139 

0.0901 

1.0041 

0.10 

1 . 1062 

0.9048 

0.1002 

1.0050 

0.11 

1.1163 

0.8968 

0.1102 

1.0061 

0.12 

1.1276 

0.8869 

0. 1203 

1.0072 

0.13 

1 . 1388 

0.8781 

0. 1304 

1.0085 

0,14 

1.1603 

0 8694 

0.1406 

1 . 0098 

0.16 

1.1618 

0.8607 

0.1606 

1.0113 

0.16 

1.1735 

0.8521 

0 . J607 

1.0128 

0.17 

1 . 1853 

0.8437 

0 1708 

1.0145 

0.18 

1 . 1973 

0.8363 

0.1810 

1.0162 

0.19 

1.2092 

0.8270 

0.1911 

1.0181 

0.20 

1.2214 

0.8187 

0.2013 

1.0201 

0.21 

1.2337 

0.8106 

0.2116 

1.0221 

0.22 

1.2461 

0,8025 

0,2218 

1.0243 

0.23 

1.2586 

0.7946 

0.2320 

1.0266 

0.24 

1.2712 

0.7866 

0.2423 

1.0289 

0.26 

1.2840 

0.7788 

0.2626 

1.0314 

0.26 

1.2969 

0,7711 

0.2629 

1.0340 

0.27 

1.3100 

0.7634 

0.2733 

1.0367 

0.28 

1.3231 

0 . 76.58 

0,2837 

1.0395 

0.29 

1.3364 

0.7483 

0.2941 

1.0423 

0.30 

1.3499 

0.7408 

0.3046 

1.0463 

0.31 

1.3634 

0.7334 

0.3160 

1.0484 

0.32 

1.3771 

0.7261 

0.3256 

1.0516 

0.33 

1.3910 

0.7189 

0.3360 

1.0549 

0.34 

1.4049 

0.7118 

0.3466 

1.0684 

0.36 

1.4191 

0.7047 

0.3672 

1.0619 

0.36 

1.4333 

0.6977 

0.3678 

1.0655 

0.37 

1.4477 

0.6907 

0.3786 

1.0692 

0.38 

1.4623 

0.6839 

0.3892 

1.0731 

0.39 

1.4770 

0.6771 

0.4000 

1.0770 

0.40 

1.4918 

0,6703 

0.4108 

1.0811 

0.41 

1.6068 

0.6636 

0.4216 

1.0852 

0.42 

1.6220 

0.6670 

0.4325 

1.0895 

0.43 

1.6873 

0.6606 

0.4434 

1.0939 

0.44 

1.6627 

0.6440 

0.4543 

1.0084 

0.46 

1.6683 ' 

0.6376 

0.4663 

1.1030 

0.46 

1.6841 

0.6313 

0.4764 

1 . 1077 

0.47 

• 1.6000 

0.6260 

0.4876 

1.1125 

0.48 

1.6161 

0.6188 

0.4986 

1.1174 

0.49 

1.6323 

0.6126 

0.5098 

1.1225 

0.60 

1.6487 

0.6066 

0.5211 

1.1276 
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Table XXXII.— t and Hyperbolic Ftinctions.— (C ontinued) 


z 1 


1 

Blllll X 

cosh X 

0.60 1 

1.6487 

0.6065 1 

0.6211 

1.1276 

0 61 

1,6663 

0.6006 

0.6324 

1.1329 

0.62 

1 6820 

0.5945 

0.5438 

1.1383 

0.53 

1.6989 

0.5886 

0.5652 

1.1438 

0 54 

1.7160 

0 6827 

0.6666 

1.1494 

0.55 

1.7333 

0.6770 

0.5782 

1.1551 

0.50 

1.7607 

0.5712 

0.6897 

1.1609 

0.57 

1.7083 

0.6665 

0.6014 

1 . 1669 

0.58 

1.7860 

0.6599 

0.6131 

1.1730 

0.59 

1.8040 

0.5543 

0.6248 

1.1792 

0.60 

1 . 8221 

0.6488 

0.6367 

1.1866 

0 . 6J 

1.8404 

0.6433 

0.6485 

1.1919 

0 02 

1 . 8589 

0.6379 

0.6605 

1 . 1984 

0 63 

1.8776 

0.5326 

0.6725 

1.2061 

0.04 

1.8905 

0.6273 

0.6846 

1.2119 

0 05 

1.9166 

0 5220 

0.6967 

1.2188 

0 66 

1.9348 

0 5169 

0.7090 

1.2268 

0.67 

1 . 9642 

0 5117 

0.7213 

1.2330 

0 68 

1.9739 

0 6006 

0.7336 

1.2402 

0.09 i 

1.9937 

0.5016 

0.7461 

1.2476 

0.70 

2.0138 

0 4966 

0.7586 

1.2562 

0,71 

2.0340 

0.4916 

0.7712 

1.2628 

0.72 

2.0644 

0.4867 

0.7838 

1.2706 

0.73 

2.0751 

0.4819 

0.7966 

1.2786 

0.74 

2.0969 

0.4771 

0.8094 ' 

1.2865 

0.76 

2.1170 

0.4724 

0.8223 

1.2947 

0 76 

2.1883 

0.4677 

0.8353 

1.3030 

0.77 

2.1698 

0.4630 

0.8484 

1.3114 

0.78 

2.1815 

0.4584 

0.8615 

1.3199 

0.79 

2.2034 

0.4538 

0.8748 

1.3286 

0.80 

2.2265 

0.4493 

0.8881 

1.3374 

0.81 

2.2479 

0.4449 

0.9015 

1.3464 

0.82 

2.2706 

0.4404 

0.9150 

1.3555 

0.83 

2.2933 

0.4360 

0.9286 

1.3647 

0.84 

2.3164 

0.4317 

0.9423 

1.3740 

0.85 

2.3396 

0.4274 

0.9561 

1.3836 

0.86 

2.3032 

0.4232 

0.9700 

1.3932 

0.87 

2.3869 

0.4190 

0.9840 

1.4029 

0.88 

2.4109 

0.4148 

0.9981 

1.4128 

0.89 

2.4351 

0.4107 

1.0122 

1.4229 

0.90 

2,4696 

0.4006 

1.0266 

1.4331 

0.91 

2.4843 

0.4025 

1.0409 

1.4434 

0.92 

2.5093 

0.3985 

1.0654 

1.4539 

0.03 

2.5345 

0.3946 

1.0700 

1.4645 

0.94 

2.6600 

0.3906 

1.0847 

1.4763 

0,96 

2.6867 

0.8867 

1.0995 

1.4862 

0.96 

2.6117 

0.3829 

1.1144 

1.4973 

0.97 

2.6379 

0.3791 

1.1294 

1.5085 

0.98 

2.6646 

0.3763 

1.1446 

1.5199 

0.99 

2.6912 

o.me % 

1.1598 

1.5314 

1.00 

2.7183 

0.8679 

1.1752 

1.5431 
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For short-circuited anode circuit we have the anode current 


~ /(^e “i" "aO 


According to (IX) 

^ . r_ \ I [eisincuif -hc2sinM*/"(cc) . 

tp * f(ee) ih [ei sin cjit + am o>2<J/ (ec) H . . . 


/p “/(ec) •fr(ec)K[ei* + e2*] 

H“/'(ec)[«i sin <oi< + ^2 sin <a^\ 

— /"(«c)M[ei* cos 2(a\t + 62* cos 2 w 2<] 
4" /" (€0)6162 sin sin <02^ 


hence superimposed on the direct-current component 


/(6c) +/"(6 c)K[61* + 62*] 


are two currents which have the same frequencies ci>i/2ir and m/2ir as applied to the 
grid as well as currents of twice these frequencies. For series of the Bessel functions 
reference is made to pages 337, 420 and to formula (XXo)of the appendix. 

204. Trigonometric and Hyperbolic Functions. — The trigonometric functions 
expressed in terms of exponentials are 


sin X 
cos X 
tan X 


I 

+ r** I 

2 I 

sin X €>* — _ 1 

cos X jW* -f €“»*] ” cotan x 


(X) 


and the corresponding hyperbolic functions are 


sinh X 


tanh X 


2 

2 

^ 1 

e* 4- e”* cotanh x^ 


(XI) 


The circular functions are therefore based on and terms while the hyperbolic 
functions are based on e* and «“• terms. We have therefore 


c^» = cos a; 4- j sin x > 
s= cos » — j sin X I 
€* = cosh X -f- sinh a?j 
€*** = cosh X — sinh af> 


Moreover, 


sin / gjnh X 

cos jx cosh X 

tan jx j tanh x 

QOimjx » — / cotanh x 


sinh jx jam X 
cosh jx eoa X 
tanh jx ^j tan x 
cotanh jx m —y cotan x 


(XII) 


(Xlll) 
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We have the corresponding operations 

sin* X -f cos* X « 1 

1 -f tan* X « — 

cos* X 

1 + cotan* X — 

ftin* r. 


cosh* X — sinh* x ~ 1 

1 4* cotanh* x = - v 

sinh* X 


sin (x ± y) =* sin x cos y ± cos x sin y sinh (x ± y) « sinh x cosh y 

± cosh X sinh y 

cos (x ± I/) ** cos X cos y 4 sin X sin y cosh (x ± y) =» cosh x cosh y 

± sinh X sinh y 

tan (x ± y) *»= [tan x ± tan y] : tanh (x ± y) ** [tanh x ± 

[1 4 tan X tan y] tanh y]:[l + tanh x tanh y] 

sin I - — cos x] sinh | = '^/^(cosh x — 1) 


tan (x ± y) *»= [tan x ± tan y] : 

[1 4 tan X tan y] 

sin I - Vi [I — cos x] 
d sin X 

— - — = cos X 
dx 

d cos X 

— 3 — = —sin X 
dx 

d tan X _ _1 

dx ” cos* X 
d cot an X _ 1 

dx ~ sin* X 

/sin xdx == —cos x + C 
/cos xdx « sin X + C 
/tan xdx = —log* cos x -|- C 
/cotan xdx — log* sin x C 
d*!/ 

^ 4 a*y — 6 - 0 is satisfied 
by y - sin ox 4 -j = cos ox 4 “i 


d h X 


* cosh X 


dx ^ 

d cosh X . , 

d tanh x _ 1 

dx cosh* X 
d cotanh x 1 

dx sinh* x 

/sinh xdx *= cosh x 4 C 
/cosh xdx = sinh x 4 C 
/tanh xdx =» log* cosh x 4 C 
/cotanh xdx = log« sinh x 4 O' 
d*y 

_ — a*y — 6 - 0 is satisfied 
by y « sinh ax — ^ = 


cosh ax — 


n * cosh [log* (n 4 \/n* — 1)] « cosh’ 




(XlVa) 


206. Approximations in Formulas with Small Quantities . — a and denote small 
quantities in comparison with unity and a, respectively, a and /8 are expressed in 
radians. If the exponent n is real in [1 ± a]*, then 

[1 ± a]- « 1 ± no (XV) 

from which we obtain 


« 1 ± ai 4 a, and [1 ± a,l[l ± o,] « 1 ± oi ± o, (XVa) 

VAIA + ol - 0.6{A + [A + 0)1 (XV6) 

For the angle functions we have the approximations 


sin^ » /» - 
cos /3 » 1 — ^ 

taa/J - ^ 

1 B 
ootan ^ * X — i 


sin (ot ± j9) a sin a ± cos a 
Cos(a±/S) »cosa4 /Jsina 
tan (a ± j9) a tan « ± g ™- I 

ootan (« ± I?) “ ootan a 4 /?[cotan*a 41]/ 
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and for the logarithmB 

A* - 1 + o log. A ' 

a* 

log, [1 ± a] «= ±o - I (XVII) 

* l08.[r^] =2a[l +1] 

log* (1 + a) *0 and logio (1 + a) = 0.4343a (XVIIa) 

206. Solutions of Differential Equations Common for Electrical Networks. 

Differential eqva/tions which occur often are of the form 


dx 


Equation 


+ ny = 0 






Solution 


. At-“ 


y = or 

y = Ai.-« + 

y = Aie">* + A.«“»' + 

A,e*»* + 

= ZAt” 


(XVIII) 


Hence an equation with a time function of the form 


(XVIIIo) 


has a solution 

hence 

and 

or 

with the roots 


y - 2^*”' 


at 


^ = n'Ac- 
at* 


+ nBiAe^ + B^Ae*** * 0 
n* + Bin + Be = 0 


n 


-Bi ± 'v/ Bi* — 4Bt 
2 


Oscillations will occur when ABe > Bi*; that is, 

Bi . .V4B, - B?) 

ni - a + 7/3 « -y +7^^ 2 [ (XVIII6) 

m ^ a J 

where a is the damping factor and the angular velocity. The solution is 

y « (XVIIIc) 

For a third-order equation we find 




(rvnu) 



appendix 

with the equation for the roots 

4* Bin* 4" Bjn 4- 3 % =* 0 

When the system executes oscillations, we have the roots 

ni - ai 

= a 4“J^ (XVIIIe) 

ns = a — 

Here ai is the reciprocal of the time constant, a the damping factor, and /3 the angular 
velocity where ns and ns may be regarded as generalized angular velocities of which a 
corresponds to a hyperbolic angular velocity. If a is zero, then we have sustained 
oscillations for which 

B, = I? (XVIIl/) 

since 

Bi — — (ni 4" + fii) 

■Bs =* nins 4" Wjns 4" (XVIII^) 

Ba == — ninana 

For the fourth-order equation, we have 

with the equation for the roots 

n* 4" Bin* 4“ Ban* 4* Bsn 4“ Bs =* 0 


Normally the application of this expression is used for double periodic terms for 
which 


ni = oti 4*/j3i na = aa + j^2 

na = ai — j^i n4 = aa “ jP2 

(XVIIIt) 

For the single periodic case we have 


ni = «! n$ “ <X 2 

na = oti — jfii ni =® oj 

(XVIIlj) 

Sustained oscillations exist when 


Bi _ 2 

B, ± VB,* - 4B4 

since 

Bi “ — 2[ai 4“ aa) 'I 

Bi « oti* 4- /3i* 4- 4«ia8 4“ aa* *+■ /Ja* v 

Ba =« ~2[ai(a2* 4“ ^a*) 4“ «a(ai* 4" 

Ba » [ai* 4“ 3i*l[«a* 4* /Ja*] ' 

(XVIIIik) 

(XVIIIZ) 

A differential equation of the form 


^ *. L?!i 

da;* *" V* d<* 

has the solution 

y ^ fix ^ 4- /(a; 4* 

(XIX) 

(XIXo) 


where fix ± vt) stands for some curve moving with the velocity ±p^ 
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Another type of differential equation which occurs frequently is the Bessel equation 

+ (XX, 


with the solution 

y * Jii{ax) 


(ax)* . {axY {axY , 
22 + 2* • 4* 2* . 4* • 6* 


(XXa) 


If the Bessel differential equation is written in the form 


d^y dy ,r . w*! ^ 

(XXI) 

we have the general integral 


Z,„(X) « CiJm(x) -f CzNmix) 

(XXII) 


where Jm{x) is the Bessel function of the first kind of the order rn and Nm(x) is the 
Bessel function of the second kind of the order m. Wo have 




(a:/2)* 


Ji{x) = 


1!> 

dJojx) 

dx 


2!* 3!* 

(x/2)* (x/2y (x/2Y 

l!2! 2!3! 3!4! 


[■- 


] 


N,(x) = ?[/o(*) log* f + (I)’ - (l + -^-2? + 

/'l + l+ni£Z2I'_ . 

^ 2 ^ s) 3!* 


where a - 1.7811 and 

Ar«_, (*)/„(*) - Ar„(*)/„_.(*) = 

irx 


Zm-lix) -f Zm-lix) 




dZ„(.x) 

dx 


- 


,i(x) - jZ^ 




(XXIII) 


(XXIV) 


207. Vector Analysis. — The vectors of size A and B are expressed by 4 and B, 
respectively. Generally they form an angle a with one another. The inner product 
or scalar product of the vector is 

4B - 4 . B - AB cos a (XXV) 

while the exterior or vector product is 

4 X B - 4B sin a (XXVI) 

that is, equal to the area of the parallelogram formed by the two vectors. The inner 
product is numerical (scalar) and the exterior product is a vector of length 4B sin a 
perpendicular to the plane of 4 and B and in such a direction that a twist necessary 
to turn 4 iiito the position B is that of a corkscrew. For the scalar it is immaterial 
whether the first vector is multiplied by the second or the second by the first but for 
vector products a reversal of the order of the products reverses the sign of the product 
according to the corkscrew rule. Hence 


If 4 ia a vector of magnitude 4 and f , j, If unit vecton along the time coordinatee 
g, y, tlod a, then 



APPENDIX 


607 


4- “ + 4v + 4^* iAx jAy 4* fc-4, 

A * VX* + Ay^ -f A.* 


(XXVllI) 


if A,, Ay, and A, are the magnitudes of the component vectors 4»> A»» and A- Since, 
according to the foregoing definitions (XXV) and (XXVI), 


i-i I 

iXi=jXj=kXk=^0S 


we have for two vectors 4 and B 


(XXIX) 


A ' B — AxBx 4 “ AyBy 4 " AgBu 
A XB ^ i[AyBx - AxBy] 4-;[A.B, - A*BJ + k[A.zBy 

i j ^ 

~ Ax Ay Az 
Bx By Bg 

since all other terms either simplify or vanish. 

For differentials we have the rules 


AyBx] 


(XXX) 


hence 


dA 'B = 4 • dB 4- B • d4 

d4XB=-4XdB+d4XB*4XdB-5Xd4 

dAXB dB d4« 

~di~ '^~dt‘ 


(XXXI) 


If { = ix 4- jy -f kzy then dl{i + j k) « dx 4- dy 4* dZy and 


V 

grad V 


.d , .d , , d 

^Tx+^Yy+hi 


’dx 

.dV 

^dx 


,dV 




(XXXII) 


These expressions are applied throughout the text of electromagnetic theory (page 324). 
If Ji, is the unit vector of Ij then 

dV * hdl grad V (XXXIII) 

and if coincides with the direction of dZ, we obtain 

^ - grad V and grad VdJ = K, - F, = ^Ydl (XXXIV) 

Hence if dl denotes a very short straight path in an electric field connecting a point 
of potential V with a point of potential V 4- dF, then the work done in moving a unit 
charge along this path is 8 • ^ if ^ denotes the vector of the electric force 8. But 
5 as — grad F; hence 

8 . dZ « - grad F • dZ - dF (XXXV) 

For a closed path 

/F-««=o div 4 =^ + ^+^* (XXXVI) 

If F is again as above a function of the coordinates, then 

(IV = —dx + + —dz 

ax ^ ay ^ ^ at 

“ (C + (XXXVII) 



608 PHENOMENA IN HIGH-FREQUENCY SYSTEMS 


Combining (XXXV) and (XXXVII) we have 

grad F = vF (XXXVIII) 


The operator d/dx + 0/dy + d/dz in (XXXVI) or (XXXVII) is called the divergence 
(div) of 4 and F, respectively. It is the amount of 4 or F, respectively, which 
diverges or ^riginat<‘s from each unit volume of space (for proof and applications, 
page 324). 

The scalar product of 


and 

becomes 


.d , .d , , d 

4 = iAx +^*4y H- kAn 

V • 4 =" div 4 


(XXXIX) 


and the vector product according to fXXIX) is 



= +kC, = curl 4 

t j k 

dx d^ dz 
A r Ay A t 


(XL) 


Hence the curF of a vector is again a vector and we find for the curl of a curl of a 
vector 



i j k 

± ± ± 
\dx dy dz 

iCx Cy Cz 


(XLI) 


which for the values of the components Cx, and (7, gives 
curF 4 = grad (div 4) — V*4 


for 


VV = V® 


(XLII) 


If T is a portion of the space, S its surface, dS a surface element, n a unit vector 
(equal to 1 which goes outward perpendicularly from dS)^ and dS » ndS the vector 
of the surface element, then 


grad p 
div 4 ’ 


= limr-o 

hniT-o - r 4 ’ ^ 
rjs 


curl 4 = limr-o- X 4 
tJs , 


(XLIII) 


Here grad p denotes a vector, whose component along any direction I represents the 
space derivative dp/dl of the scalar quantity p along I The quantity div 4 is the 

> writow ''rot'' instead of *‘eurl,'» 
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flux of vector 4 which emanates from the infinitely small volume unity and therefore 
a measure for the 4 lines of force which originate in each unit of volume. If 4 
denotes a force, then the component of curl along any direction expresses the mechan- 
ical work which is produced by 4 when going once around an infinitely small unit of 
area perpendicular to the foregoing direction. 

Other rules are 


curl grad p = 0 
div curl 4=9 

grad 4 • B = (4 grad)-B + (B grad)4 + 4 
div A X B — B • curl 4 “ 4 * curl B 
curl 4 X = (4 grad)B — {B grad)4 + ? 
div 4 • P = 4 grad p + p • div 4 
curl 4 • P = — 4 X grad p + p • curl 4 


X curl B + B K curl 4 ( 
div 4 — 4 • div B) 


Moreover, we have the theorems 

ffAdS = ///div Adt (Gauss) > 
//(curl A)dS ~ /4 • d? (Stokes) J 


(XLIV) 

(XLV) 


(XLVI) 
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A battery, 2, 66 
A-class amplifier, 194 
Abnormal ray, 400 
Abraham, M., on dipole, 473 
on directive systems, 464 
Absolute temperature ('Kelvin degrees), 
3, 6~10, 48, 206-206, 279-281, 386 
Absorption, in atmosphere, 360, 362, 363 
critical, 386, 394, 396, 660 
in filter, 660 

in ground, 333-336, 340, 352, 364-366 
in ionized layer, 380, 386 
in recurrent network, 660 
selective, 386, 394, 396, 660 
in tubes, 8-9 

Absorption factor of space waves, 360, 
469 

Accelerated electron, 12, 18, 22, 23, 26, 
33, 37, 38, 41, 272 
Accelerated ion, 271 

Accuracy, of frequency, 96-116, 118-125 
of resonance curve, 104, 105, 108 
Acoustic currents, 66, 112-114, 124-125, 
177-180, 183, 204, 220, 229-231 
Acoustic feedback, 122, 266 
Adcock aerial, 496, 498, 606, 608 
Adjustment effect on frequency, 96-116, 
11&-126 

Admittance, 407, 631 
Aerial, 418, 433, 464, 411 
Adcock, 498 
aperiodic, 469 
artificial, 437 
attenuation, 446 
Beverage, 454 
box, 482 
capacitance, 437 
constants, ^7 
coupling, 437, 691-694 
current distribution, 414, 427, 437 
directional properties, 454-630 
directive, 464 


Aerial, distinction between actual and 
effective height, 360 
distinction between static and effective 
constants, 427, 437 
distributions, 434 
effective height, 360, 468 
electric image, 360, 361, 367 
energy relation, 432 
fc<>der, 406, 409, 422, 442, 691-694 
field close to it, 346, 368 
field far from it, 346, 347, 368, 466 
formulas, 437, 468jf. 
frame (loop), 466 
FrankUn, 418, 623, 630 
frequency (wave length), 422, 424 
half wave length, 443 
Hertz, 443, 691-694 
horizontal, 416 
inductance, 437 
L type, 354, 356, 476 
loading, 422, 443, 587-694 
loop (frame), 466 

compared with open aerial, 470, 477 
matching, 409 

open, effective height of, 360 
operation on harmonics, 436 
quarter wave length, 436 
radiated power, 348, 349, 366, 367 
radiation resistance, 364-367 
reactance, 422 
received current, 359 
received field intensity, 359, 360 
resistance, 437 
space resonance curve, 450 
surge impedance, 442 
T type, 366 

velocity of propagation, 449 
vertical, 418 

compared with loop aerial, 470, 477, 
616 

voltage distribution, 414, 427, 437 
Affinity of electron, 4, 6, 10-11 
Air pressure, iu ionised regions of upper 
atmosphere, 383 
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Airship guiding, 466-630 
Albersheim, W., on abrupt frequency 
changes in oscillators, 103 
Alberti, E., and Leithauser, G., on trigger 
oscillator, 278 

Alexanderson, f]. F. W., on high-voltage 
transformer, 141 
on magnetic amplifier, 186 
Alexanderson, E. F. W., and Fessenden 
R. A., alternator, 68, 69 
a quartz, 303 
a rays, 406 

Alternating current, 66, 68-60, 169 
Alternating-current constants 66-66, 
187-189 

Alternating-current network, 66, 73, 76, 
84, 89, 90, 92, 119, 121, 122, 126, 
207, 216, 222, 223, 226, 231, 233, 234, 
236, 248, 262, 279 
Alternator, 68-60 
inductor type, 68, 69 
reactor type, 69 

Ammeter, for average value, 169- 163, 
167-168 

for direct current reading as a measure 
of effective current value, 166 
dynamometric, 169-163, 167-168 
Amp6re turns, 227 
Amp^re^s law, 324, 328, 331 
Amplification, action in telephone re- 
ceiver, 282 

audio-frequency, 204, 206-232, 278-283 
class A, 194 
class B, 196 
class 0, 196 
class D, 196 
definition, 186 
direct current, 206-207, 214 
without and with distortion, 192 
factor, 13-15, 187-202 
inverse, 94 

gain, 188, 190-191, 196, 198, 207, 210, 
212, 216-218, 221, 224, 232-235, 
239, 241-243, 246, 260, 263-264, 
271-277 

in gaseous tubes, 271-277 
high frequency, 186-277 
mi^etio, 185 « 

by negative resistance, 262-264 
power, 185, 191 
pusi^puU, 256 
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Amplification, superheterodyne, 266 
superregenerative, 246-248 
in telephone receiver, 282 
thermal, 278-282 
threshold, 45, 264-271 
trigger, 277 
Amplifier, current, 185 

equivalent circuits, 66, 207, 216, 222, 
223, 226, 231, 233, 234, 236, 248, 
252, 279 
floating grid, 12 

interelectrode back-feed effect, 84-92, 
203-206, 238-256 , 

loading, 192 

lumped-tube constants, 14, 200 202 

magnetic, 185 

neut ra 1 ization , 250-262 

oscillation, 248 

power, 185, 191 

reactance coupled, 222-266, 268 
resistance capacitance coupled, 206- 
222 

resibtance coupled, 203, 206-222 
space charge, 28 
stability, 246-256 
theory, 186-283 

transtormer coupled, 222-236, 238^244, 
247-258 
triodc, 187 
tube noise, 256 
voltage, 185, 191 
Amplitude, in amplifiers, 81, 192 
of crystal vibration, 311 
in detectors, 168, 177-180, 283 
of ionic oscillation, 386 
in oscillators, 81 
in telephone receivers, 282-283 
of voltage and current, 169-161, 163, 
167, 183 

Andrew, V. J., and Hoag, J. B., electro- 
magnetic echoes, 403 
Angle, of ascent, 367, 390, 393 
Brewster, 366 
of incidence, 601-617 
limiting, for ionized layer, 393 
of phase {see Phase angle) 
of reflection, 601-617 
of refraction, 601-617 
Anode, current, 2-3, 7, 12, 16, 25, 27-29, 
32, 35, 66 
loss, 8-9 

reetiflsation, 177-180 
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Anode, resistance, 14, 66, 199 
split, 27, 138-139 

voltage, 2, 4, 6-8, 66, 193, 201, 208, 270 
Antenna, and loop (frame) compared, 
470, 477, 615 
matching, 409, 691-694 
(see also Aerial) 

Aperiodic aerial, B eliminator, 454, 462 
input in B-eliminator circuits, 171 
Apparent constants, for line and aerials, 
407 

Appleton, E. V., on automatic synchro- 
nization, 111 
on wave propagation, 368 
Appleton, E. V., and Barnett, M. A. F., 
on wave propagation, 499, 510 
Appleton, E. V., and Ratcliffe, J. A., on 
nature of wireless signal variation, 
610 

Arc, compared with spark, 45 
oscillations, 48, 68, 127 
rectifier, 1, 172, 176 

Ardenne, M. von, on resistance-coupled 
amplifier, 193, 215 
Argon gas, 42, 177, 267 
Armstrong, E. H., on superregeneration, 
246 

Artificial aerial, 437 

(see also Equivalent aerial) 
Atmosphere, absorption, 360-363 
constituents, 383 
pressure, 383 
temperature, 383 
Atomic mean free path, 384 
Atoms, 42-49, 176-177, 180-182, 264-277 
Attenuation, along aerials and lines, 408, 
466 

box, 531-638 

constant, 360, 407, 631-548, 674 
effective, 648 
factor, 446, 643 

in ground, 334, 362, 360, 363-366 
in ionized layer, 381, 386, 396 
loss, 336, 362, 360 
in low-pass filter, 637, 346 
in recurrent network, 631-648, 574 
region of, in filter, 546, 548, 574 
in space wave, due to losses, 352, 360, 
368 

due to wave spread, 347 
Audio amplifier, 204, 206-238, 276-283 


Austin, L. W., barrage circuit, 514 
on damped wave-buzzer oscillator, 68 
on recording of field intensity, 610 
Austin, L. W., and Cohen, ’L., on trans- 
mission formula, 361, 365 
Austin, O., and Starke, H., on secondary 
electrons, 26 
Autodyne receiver, 277 
Autoheterodyne, 277 
Automatic synchronization, 111-116 
Autotransformer, 234;^^. 

B 

B battery, 3^ 65 
B-cLt:is amplifier, 196 
B eliminator, 170-171, 182-184 
B-pack corrector, 170-171 
Back coupling (see Back feed) 

Back feed, 60, 61, 76, 76, 82-84, 89 
Back-feed factor, 82-84 
Back-feed phase, 76, 83 
Bailey, A., Dean, S. W., and Wintring- 
ham, W. T., on electric vector tilt 
for long waves, 363 

Baker, W. G., and Rice, C. W„ on ionized 
layer, 368, 383 
Balance, of amplitude, 75 
of energy, 62-63, 72, 76 
of phase, 75 
Balanced amplifier, 266 
Balanced electron pressure, 3, 7 
Balanced network, 256 
Balancing current, 176, 257-258 
Balancing protective resistance, 269, 271 
Baldus, R., and Buchwald, E., on direc- 
tion effects of airplane aerials, 490 
Ballantine, S., on directive aerials, 517, 
630 

on internal back feed in amplifiers, 84 
on Lorentz theorem, 462, 463, 464 
on radiation resistance, 354, 356 
Baltruschat, M., and Starke, H., on 
secondary electrons, 25 
Band, frequency, 549, 561, 664, 565 
pass filter, 549, 551, 664, 565, 572 
suppress filter, 549, 565 
Barfield, R. H., on wave propagation, 363 
Barfield, R. H., and Munro, G. H., on 
energy absorption for electromag- 
netic waves, 366 
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Barfield, R. H., and Smith Rose, R. L,, 
on wave propagation, 363, 364, 499 
Barkhausen, H., and Kurz, K., on 
oscillator, 18, 21, 35, 66-68, 63, 132, 
134-137 

Barnett, A. F., and Appleton, E. V., 
on wave propagation, 499, 610 
Bartels, H., on optimum output and 
distortion in output amplifiers, 193 
Battery, A, B, and C, 66 
Beam, electron, 146, 167 
transmission, 347, 361, 496, 621, 
626-627 

wave spread, 347 
Bearing error, 478, 482, 490-617 
Beat frequency, 111-116, 170, 179, 266, 
268, 283 

heterodyne, 111-116, 170, 179, 266, 
268, 283 

Beauvais, G., on short-wave oscillators, 
132 

Bedeau, M. F., on piezo-electric phe- 
nomena, 284 

Bell, bel (decibel), 637-638 
BeUini, E., on goniometers, 480 
Bellini, E., and Tosi, A., on goniometer, 
492, 493 

Bending of electromagnetic waves, 342, 
380, 389 

Ber and bei functions, 337 • 

Berkner, L. V., and Wells, H. W., on 
ionized layer, 368, 370 
Bessel functions, 337, 420, 606 
quartz, 303 
^ rays, 4B6 

Bethenod, J., on frequency constancy of 
tube oscillators, 94 

Beverage, H. H., Riee, C. W., and Kellog, 
G. W., on ionized layer, 464 
Beverage antenna, 464, 462 
Bias, 12 

Bijl, H. J. Van der, tube equation, 63 
Biphase rectification (full wave), 109, 
163, 174, 176, 183 

Birkland, Vfilard, and Stoermer, on 
electromagnetic echoes, 369 
Black, K. C., on piezo crystals, 119 
Blattermann, A. 8., on internal back 
feed in an^lifieis, 34 
H., and Beibt, G*, on glow tubes, 
272 


Bligh, N. R., on amplification, 237 
Blodgett, K. B., and Langmuir, I., on 
tube actions, 266, 268 
Blondcl, Guillaume, and Poincar4, on 
ionized layer, 367 
Blue glow, 1, 42-46, 47, 270, 272 
Boltzmann constant, 6-7, 22-23, 279 
Boltzmann-Stefan law, 9 
Bombardment, ionic, 1, 42-49, 176-177, 
180-182, 264-277 

Bontsch-Bruewitsch, M. A., on radiation 
resistance, 364 

Bouthillon, M. L., on directive systems, 
464 

on surface waves, 366 
Bower, W. E., and Wheeler, L. P., on 
piezo oscillator with acoustic back 
feed, 122 

Bowman, J. L., on tube oscillator with 
rectangular wave form, 128 
Box aerial, 482 

Brain, B. C., on output characteristics 
of amplifiers, 193 

Braun, F., on cathode-ray tube, 1, 146, 
167 

on first loop aerial, 464 
Breakdown voltage, 42, 48, 270 
Breisig, F., on penetration of electro- 
magnetic waves into ground, 363 
Breit, G., and Tuve, M. A., on ionized 
layer, 368 

Brewster angle, 366 

Bridge, circuits, 144, 169, 174, 183, 
267-268 

Brillouin, M. L., on radiation resistance, 
364 

Brown, W. J., on amplifier loading, 192 
Buchwald, E., and Baldus, R., on direc- 
tion effects of airplane aerials, 490 
Building up of oscillations, 62 
in wave aerials, 467 

Bureau of Standards, 84, 118, 120, 233, 
277, 286, 292, 298, 304, 313, 318, 
368, 370, 402, 413, 414, 449, 464, 
480, 493, 496, 510 

Burstyn, W., on direction effects of 
airplane aerials, 490 
on directive systems, 454 
Busch, H., on directive systems, 454 
Bush, V., and Smith, 0. G.^ on id0v4ube 
rectifieis, 82, 181, 182 
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Butterworth, S., on equivalent circuit, 
307 

Buzzer, 58 

By-pass condenser, 60, 62 
C 

C battery, 12, 65 
C bias, 12 ff. 

C-class amplifier, 195 
Cable, concentric, 443, 591-594 
Cady, W. G., on piezo resonator, 118, 
* 284, 290, 302, 307, 308, 310 
Caesium photo-cell, 51 
Calibration, for attenuation box, 533 
for Barkhausen-Kurz and Hollmann 
oscillations, 136 

of direct-current amplifier, 207-208 
for piezo crystals, from dimensions, 
297-318 

for small high-frequency currents by 
means of direct current, 166 
Cd,mpbell, G. A., on filters, 531 
Canal rays, 271 
Candle power, 50 
Capacitance, aerial, 437 
of concentric cable, 443 
coupling, 61, 84, 207-209, 211, 233 
double line, 456 

equivalent across grid, 90, 203, 222 
filament-grid gap, 84, 90, 203, 222 
grid, 84 

grid filament, 84, 203, 222 
grid plate, 84, 203, 210, 222 
interelectrode, 84, 91, 203, 222 
ionic oscillations, 18, 21-24 
of Lecher-wire system, 413 
line, 456 

of parallel wires, 413, 443 
piezo-electric, 119, 121-122 
plate filament, 84, 203, 210, 222 
reactance, 424 
single wire, 456 
specific inductive, 363, 377 
tube, 84, 203, 210, 222 
Capacitive coupling, for amplifier, 84, 
207-209, 211, 233 
for detector, 178 
for oscillator, 61 
Carborundum detector, 172-173 
Carrier, frCqucmcy, 406 
wavei 406 
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Carson, J. R., on balanced tube circuits, 
257 

on triode theory, 187 
Carson, J. R., and Zobel, O. J., on filters, 
531 

Carson theorem, 462-464 
Cascade amplifier, 208, 209, 211, 216, 
222, 223, 233, 235-236 
Cathode, amplifier, 278-282 
cold, 171-174, 180-182 
dark space, 43 
disintegration, 176 
drop, 43 

for gaseous tubes, 43 
glow, 43 
hot, 1—8 If. 
mdirectly heated, 29 
materials, 11 
mercury pool, 176 
oscillator, 278 
thermal, 278-282 
Cathode-ray tube, 1, 146, 157 
Cathode rays, 405 

Cauer, W., on a generalized method of 
designing filters, 531 
Cell, caesium, 51 
Karolus, 54 
Kerr, 54 

photoelectric, 1, 49 
potassium hydride, 51 
Chaffee, E. L., on Chaffee gap, 68 
Changer, current, 141, 169 
frequency, 150 
phase, 143 
voltage, 141 

Chapman, S., and Milne, E. A., on condi- 
tion of upper atmosphere, 383 
Char, S. T., Mohammed, Aijar, and 
Verman, L. C., on ionized layer, 403 
Characteristic, for air gap and pressure 
effect, 306 

for a and ^ quartz, 303 
for amplification factor, 190 
for amplifier. 77, 190, 192, 194, 197, 
200-201,. 207, 279 
for antenna, 474 

for antenna and line constants, 437 

for attenuation box, 586 

for B eliminator, 183 

lor band-pass filter, 649 

for band-supptoss ^ter, 549 

for Barkhausen-Kura oscillations, 136 
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Characteristic, for beat production, 179 
for crystal detector, 169, 168, 173 
for cuprox, 174 
for current distribution, 336 
demodulation, 177 

dynamic tube, 64, 68, 70, 72, 113, 188, 
19^ 194, 197, 200 
dynatron, 15 

for elasticity of quartz crystal, 291 
for electron tubes, 3, 7, 12, 16, 25, 27, 
29, as, 35, 36, 40, 64, 67, 68, 70, 
72, 76, 77, 79, 81, 82, 104, 105, 
108, 110, 111, 114, 124, 127, 136, 
138, 164, 157, 168, 177, 178, 180, 
183, 190, 192, 194, 197, 199-201, 
207, 240, 241, 267, 261 
for filter, 631-591 
for frequency changer, 150-158 
for glow tube, 43, 269 
for glow-tube amplifiers, 271-277 
for glow-tube rectifier, 180 
for grid rectification, 178 
for grid voltage-plate current, 12, 16 Jf. 
for high-pass filter, 547, 549 
for Hollmann and Barkhauaen-Kurz 
oscillator, 136 

for hyperbolic functions, 535 
impedance (surge), 408, 442, 443, 544 
of line, 407, 442, 443 
of recurrent network, 544 
for loaded amplifier, 192, 194, 197, 
200-201, 207 

for low-pass filter, 646, 647, 649 
lumped, 14, 200 
for magnetic amplifier, 186 
for magnetic effects on electrons and 
ions, 33-36, 40 
magnetoHStriction, 124 
magnetron, 15, 36, 138 
for modulus of elasticity, 291 
mutual conductance, 190 
negative, 15 
negatronj 27 
oscillation, 81*^ 

for oscillitor, 64, 77, 104-111, 113-114 

for photcjclectric cell, 49-61 

for pieso'oscdiUatkms, 314, 319-320 


plate resistaiioe, 190 

fat plate |voltage*pIate current, 7, 67 

fat potei tial distribution, in electron 


Characteristic, for potential distribution, 
in ion tubes, 326 
for push-pull amplifier, 257 
reactance, 248 

for rectifier, 159, 161, 163, 168, 173- 
174, 177-180, 183 

for recurrent network, 147, 183, 531 
for static tube, 3, 7, 12, 16, 25, 27, 29, 
36, 49, 67, 127 
for thermal amplifier, 279 
for thjratron, compared with that for 
high-vacuum tube, 264 
for transmission in filters, 546, 547, ^49 
for trigger oscillator, 277 
for triple-grid tube, 261 
tungar, 127 

Charge, electronic, 3, 16^. 
ionic, 16-24, 42-45 

space, 3, 6, 12, 13, 27, 43, 286, 318, 320, 
324 

surface, 285, 314, 318 
Child, C. D., on space-charge equation, 
5, 6, 16 

Chireix, H., on directive systems, 454, 
617, 521 

Choke coil, for short waves, 130 
Cioffi, P. P., and McKeehan, L. W., on 
magneto-striction, 119 
Circuit, aperiodic, 171, 454, 462 
attenuation, 71 ff., 334, 407, 633, 646 Jf. 
closed, and its radiation effect, 346 
coupled, for recurrent networks, 672 
derived, 582 
elementary, 682 

equivalent Equivalent networks) 
open, 406 

parallel resonance, 69 
phase anglcy 69, 70, 76, 80, 82, 83, 89, 
96, 99, 114Jf. 

reactance, 71, 76, 84, 88, 89, 120, 418, 
421 Jf. 

recurrent, 147, 183, 631 
Circular field, 143, 144, 146, 167, 396 
CircTilar and hyperbolic functions, 416, 602 
Circular piezo disks, 119, 299 
Circular polarization, 395 
Class A amplifier, 194 
Class B amplifier, 195 
Class C amplifier, 195 
Glass D amplifier, }95 
Qausius-di^pi^yron ration for rate of 
evapo^tk^ 6 
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Clavier, A., and Podliaeky, I., on dis- 
tortionless amplification, 193 
Closed circuit, radiation, 346 
Coates, W. M., and Lawrence, E. O., on 
X-rays by impact of positive ions, 24 
Cobbold, G. W. N., and Underdown, 
A. E., on piezo-electric appliances, 
118 

Coblentz, W. W., on light effects on 
molybdenum, 57 

Coefficient, of coupling, 104, 224-226 
of reflection, 502-510 
Cohen, L., on aerial constants, 423 
on filters, 531 

Cohen, L., and Austin, L. W., on trans- 
mission formula, 361, 365 
Coil, aei'ial, 466 
with iron core, 227 
line, 147 

loading of aerial, 422-439 
tilting, 509 

Cold cathode, 42-55, 172-174, 180, 
264-277 

Colebrook, F. M., on amplification, 215 
Colley, A,, on short-wave ions generation, 
57 

Collision frequency, of ions, 384 
Colpitts, E. H., on oscillator, 61, 129, 130 
Compass, radio, 466-530 
Complex amplification factor, 66 
Complex dielectric constant, 16, 352, 377 
Complex plate current, 66 
Complex plate resistance, 66 
Complex refraction in ground, 352 
Composite filter, 581 
Compton, A, H., on Compton effect, 52 
Compton, K. T., on arc discharge, 48 
Concentration, electronic, 16, 21, 370, 
382, 391, 396 

ionic, 16, 21, 370, 382, 391, 396, 401 
Concentric line, 406, 443, 491-494 
Condenser, fictitious, ionic, 375 

for ionic-tube oscillations, 21, 134 
grid, 84-92, 203-205, 238^-255 
grid filament, 84-92, 203-205, 238-255 
grid plate, 84-92, 203-205, 238-255 
loading, 422 

plate, 84-92, 203-205, 238-255 
plate filament, 84^92, 208-205, 238-255 
and resisibance, time constant, 213-214 
Conductance, mutual, 12-16, 58, 70-72, 
74, 81-82, 94, 113, 188, 190, 218 
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Conductance, plate, 12-16, 30, 63, 188, 
190 

Conductivity, due to ions, 331 
Conductor, aerial feed, 406, 443, 491-494 
capacitance, 406 

concentric cable, 406, 443, 491-494 
high-frequency resistance, 335-^38, 414 
inductance, 406 
natural frequency, 406 
parallel wire (Lecher), 406 
radiation effect, 345 

Constancy of frequency, 96, 103, 118, 119, 
124, 284, 297-305, 313-318 
Constant, attenuation, 407 
oscillation, 104 
time, 679, 689 

Continuous electromagnetic waves, 56-58 
Control, of amplifier glow tube, 271 
electrode, 271 
of grid-glow tube, 268 
Coolidge, W. D., on X-ray tube, 2 
Copper — copper oxide rectifier (cuprox), 
174 

Corona, 42, 45, 48 
Cosmic rays, 369 

Coupled circuits, 58, 61, 62, 63, 76, 76, 
92, 96, 98, 99, 104, 123, 124, 129, 
143-145, 148, 206, 208, 209, 211, 
216, 222, 226, 236 

Coupling, coefficient (see Coefficient, of 
coupling) 

condenser, 178, 206, 208, 209, 211, 216, 
222 

degree of, 223, 427, 674, 577, 579, 588 
electronic, 103 

frequency, of quartz elements, 299 
for tube oscillations, 104 
tapped, 61, 62, 91, 120, 122, 123, 128, 
129, 131 

transformer, 226 
Crookes (Hittorf) dark space, 43 
Crossley, A., on piezo oscillator, 118 » 

Crystal, contact rectifier, 172 * 

piezo-electric, 119, 284r-323 
quartz, 119, 284-323 
Cunningham tube, 189 
Cuprox rectifier, 174 
Curie Brothers, on piezo eleotrieity, 19, 
284-388, i290-305, 8l£, 820 
OxrieHOut orystol, lli 384, 387, 391, 292, 
294,297-801 
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Curie and Lippman, M. G., on piezo 
electricity, 286, 297 
Curie-Lippman law, 297 
Current, amplification, 185, 190, 198 
average, 159-170 
changer, 141, 15^ 
displacement, 329 
effective, 159-168 
electronic, 1 

and ionic, 16-2'4, 42-48, 127, 132- 
* 140, 176-177, 180, 264-277 

emission, 1 g, 
grid, 15, 25, 28, 29, 32 jf. 
impulse registration with a single 
tube, 258 

impulses for frequency multiplication, 
153-157 

inversion, 159, 170 
' ionic contribution, 16, 330-332 
plate, 2-8, 12, 14, 63, 65 g. 

complex, 66 
received, 359, 456, 469 
rectification, 159 
resonance, 69, 108 
saturation, 5#. 
transmitted, 469 

Curvature, of characteristics, 169 
of earth, 360, 364, 391, 484 
of ionized ray, 389, 399 
for potential distribution, of electron 
tubes, 326 
of ionic tubes, 326 
Cutoff frequency, 548-573 
Cutting, F., on radiation resistance, 354 
Cycloid electron path, 36 
Cylindrical electromagnetic waves, 361 

D 

D-class amplifier, 195 
Daipped-wave train, 56, 58 
Damping, degree of, 71 
as factor, 71, 74, 100, 102, 103, 110, 
115, 116, 407, 422, 445, 447, 469 
for piezo crystal, 308, 313 
of filter, 5^ 

Parrow, K. K„ x>n modem physics, 52 

Pavjd, P., on 531 

P., 6nd Mesny, push-pull 
oseiUator, 132 

Parisooii C. J., and Germer, L. H., 
nature of eleotsdna, 52, 53 


Day transmission, 372, 402, 403, 510 
Dead zones, 362, 367, 371 
Dean, S. W., Wintringham, W. T., 
and Bailey, A.,' on tilt of electric 
vector for long waves, 353 
Debije, P., on electrons, 4 
De Broglie, Louis, on De Broglie waves, 
52, 53 

Decelerated, electrons, 12, 18 
Decelerated, ion, 271 
Decibel, 537, 545, 579 
Decrement, logarithmic, 100, 102, 103, 
313, 433 

for lines and aerials, 433 
for piezo crystal, 313 
Deflection of cathode ray, 143, 146, 157 
De Forest, Lee, on grid in vacuum tube, 
2, 12, 42 

Degree, of aerial coupling, 427 
of bending, 380, 389 
of coupling, 223, 427, 574, 577, 579, 588 
of vacuum in glow tubes, 42, 43, 176, 
177, 180, 181, 267, 268, 272 
of vacuum for regions of the ionized 
layer of the upper atmosphere, 383 
Dellinger, J. H., on radiation of loop 
aerial, 454 

Dellinger, J. H., and Pratt, H., on guid- 
ing by electromagnetic waves, 495 
A connection, 531 

(See also x section) 

Demodulation, 168, 172, 177 
Density, electronic, 16, 21, 330, 375, 380, 
384, 387 
of quartz, 298 

Depth penetration of electromagnetic 
waves, 333 
Derived filter, 582 

Descending electromagnetic wave, 352, 
353, 362, 366-388, 390, 401, 484, 499, 
501-517 

Design, of amplifier, 206-238 
Detection, an^e, 177-178 
grid, 178 

Detector, 168, 172, 177 
Detuning, 96-116 

Deviation from direction of wave prop- 
agation, 479, 482, 491, 492 
Diamond, H,, on directive system, 454 
Diamond, H., and Stowell, 2.', effect 
of mutual oapadtanoo in amtdibSom, 
2 ^ 
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Dielectric, of ground, 363 
Dielectric, of ionized layer, 330 
Dielectric absorption constant, 363, 377 
Diode, electron tube, 2, 7, 33-42, 49, 
138-140, 164-165, 167, 169, 161, 
174, 176, 177, 183 
ion tube, 23, 42, 49, 154-166, 180 
Dipole, 418, 443, 487, 499, 591, 693 
Direct current, from alternating current, 
169 

amplifier, 206 
inversion, 16&, 170 
smoothing out, 160, 163, 183 
Direct electromagnetic wave, 362, 367, 
370, 499 

Direction factor, 460 
Direction finder, 454 
Directional aerials, 454 
Directional characteristics, 454 
Discharge tubes (glow), 21-24, 42-45, 
176, 180, 264-277 
Discrete wave trams, 56, 58 
Dispersion in ionized layer, 382 
Displacement current, 329 
Dissipation, in ground, 364-366 
in ionized layer, 380 
in recurrent network, 643, 648, 653, 
655, 574, 579 

Distance effect of electromagnetic wave, 
344, 345, 347 Jf. 

Distinction between stationary and ipov- 
ing electromagnetic waves with 
respect to phase difference between 
electric and magnetic vector, 466 
Distortion, amplifier, 191-200 
of modulated waves, due to Ionized 
layer of atmosphere, 382 
Distributed constants, line and aerials, 
407-453 

recurrent networks, 531-694 
Distribution, capacitance, 407-463 
of current, 407-453 
inductance, 407-463 
of potential, 407-463 
resistance, 407-463 
of voltage, 407-463 
Distribution law (Maxwell), 3, 7 
Domig, W., on magnetic frequency 
multiplier, 163 
Double dipole, ^7 
Poul^k Ive^uencyy 160-198 


Double grid, 28-32, a23, 128, 261, 259 
Double layer, 370, 390 
Double line, capacitance, 407, 413, 443 
concentric cable, 443, 591-594 
inductance, 407, 413, 443 
Lecher, 407, 413 
surge impedance, 442, 443 
transposed line, 442 
Double loop, 497 

Double plate, 26, 127, 138-139, 174 
Doubler, frequency, 160-158 
Dow, J. B., on o&cillator, 94, 96, 103 
Downcoming sky wave, 361-363, 366, 
367, 370, 390, 401, 470, 496, 499, 
501-517 

Drawing effect in oscillations, 103-116 
Dre>€'r J. F., on neutralization, 260 
Driving point, current, 409, 641-644 
impedance, 409, 541-644 
voltage, 409, 541-544 
Drude, P., on short waves, 67 
Dull, emitter, 4 

Dunmore, F.»W., and Engel, F. H., on 
guiding by electromagnetic waves, 
495 

Dunmore, F. W., and Roister, F. A., on 
balancing condensers in loops, 480 
Dunoyer, L., and Toulon, P., on gaseous 
tubes, 264 

Duration of electron flight, 17, 32-42, 66, 
132-140 

Dushman, S., on modified Richardson 
equation, 5 

Dushman, 8., and von Raschevsky, on 
modified Richardson equation, 6, 9 
Dushman, S., Rowe, H. N., Ewald, J., 
and Kidner, C. A,, on tube equation, 
5 

Dye, D. W., on piezo resonator, 118, 307 
Dynamic characteristics, 64, 68, 70, 72, 
113, 188, 190, 194, 197, 200 
Dynamic line constants, 406-463 
Dynamic permeability, 227 
Dynamic quartz vibration, compared 
with static linear change, 313 
l!)y&amic tube constants, 7, 14-15, 31, 
65-70 

Dynamometric current indicator, 169- 
163, 467-168 
Dynatron, 26, 129 
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E 

Earth) curvature, 360, 364, 391, 484 
echoes, 403 

magnetic field, 394r-400 
and wave proiiagation, 330, 394-400 
radius, 367 

Eccles, W. H., on ionized layer, 368, 369 
on tube analysis, 14 
on tube oscillators, 94 
Eccles, W. H., and Jordan, F. W., 
originators of push-pull oscillators, 
67, 132 

Eccles, W, H., and Larmor, J., on ionized 
layer, 396 

Echo effect for electromagnetic wave, 
403 

Eckart, C., on modern physics, 62 
Eckersley, T. L., on double loop, 497 
on ionized layer, 402 
Eckhardt, E. A., and Karcher, J. C., on 
trigger oscillator, 277 
Edgeworth, J., on oscillators, 94, 96 
Edison effect, 2 

Effect, of ground on loop aerial, 470 
Lippman, 286, 286 
Effective current, 169-168 
Effective length, 350, 416-419, 427, 429 
Efficiency, for inversion, 170, 171 
for rectification, 162-166, 168, 171 
in tubes, 8-9, 162 
Eichhorn, G., buzzer exciter, 68 
Electric field, in .cathode-ray tube, 143, 
146, 167 

close to a station, 346, 348, 349, 358 
of descending electromagnetic waves, 
^ 366, 401, 470, 496, 499-517 

^ at a distance, 346, 347, 348, 483 ff. 

of electromagnetic waves, 346, 347, 
; 348 jf. 

at great distance, 342, 347-361, 359, 
360 

in ionised layer, 16, 331 
^^and magnetic action in ionized layer, 
17, 331 

^ in magnetron, 3SM2, 138-139 
I iiear surface of earth, 401 
relation to magpetio field, 342 
in tubes, 1-6, 12-43, 43, 49, 326 
iSeetricid length of line, 467, 416, 424, 
436 ^ 427^429 


Electrode, cold, 42-66, 172-174, 180, 
264-277 
hot, 1 ff. 

Electromagnetic field, close to aerial, 
345, 348, 349, 368 
at distance, 344, 345, 347-359 
energy in, 348, 349, 367, 365, 366, 473 
and loop, 466 
theory of, 324 

Electromotive force, induced in open 
aerial, 465 
in loop aerial, 467 

Electron, accelerated, 12, 18, 22, 23, 25, 

33, 37, 38, 41, 272, 370 

affected by magnetic and electric field, 
17, 32-42, 138-139, 331, 394-400 
affinity, 4, 6, 10-11 
beam, 146, 157 
cathode-ray tube, 1, 146, 157 
charge, 3, ff. 
concentration, 16, 21, 384 
decelerated, 12, 18 

deflection by electric field, 143 146, 167 
emission, 1 ff. 

lag, 18-24, 33-46, 66, 132-139 
mass, 3, 16 ff. 
mean free path, 384 
motion, 12, 16-24, 32-42, 132-139, 146, 
167, 330-332, 373-400 
oscillation, 16-24, 32-42, 132-139, 330- 
332, 373-400 

saturation, 1-8, 10, 15, 25, 27 
secondary, 24-26, 125, 261, 262 
total emission, 1-8, 10, 15, 25, 27 
velocity, 2, 7, 12, 16-26, 32 ff. 

Electron tubes, 2, 12, 20, 26, 27, 28, 32, 

34, 35, 43 ff. 

potential distribution, 326 
Electro-striction, 118-123, 284-323 
Elementary direction characteristic, 527 
Elementary electronic charge, 3, 16 Jf. 
Elementary electronic mass, 3, 16 ff. 
Elementary section of recurrent network, 
631-633, 646, 647, 649, 661, 656, 662, 
664, 665, 667, 668, 670, 672, 682, 
584r-586 

Elias, G., on ionized layer, 368 
ELler, K. B,, on frequency constancy of 
oscillators, 94, 96 
Elliptical polarkatmn, 396, 401 
EhFt^imd Cjteiteli plmto^lectricsiffeets^ 49 
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Emission, ability, 10 
electron, 1 ff, 

formulas, 5~8, 10, 14-16, 26, 30, 46 
Energy, absorption in ground, 364-366 
equation for line and aerial, 432 
flux for radiation, 348, 349, 366, 473 
level, 537-538 

Engel, F. H., and Dunmore, F. W., on 
guiding by means of electromagnetic 
waves, 495 

Epstein, P. S., on frequency multiplica- 
tion, 151 

on space-charge equation, 6 
Equality of radiation and non-radiation 
fields, 358, 481 

Equation *»f motion for ionized medium, 
374 « 

Equivalent aerial, 437 
Equivalent constants. 427 
Equivalent H sections, 555 
Equivalent networks, 66, 73, 76, 84, 90, 
92, 203, 207, 209, 222, 223, 226, 231, 
233, 234, 236, 248, 252 
Equivalent v section, 531, 533, 555 
Equivalent resistance-coupled amplifier, 
222 

Equivalent space charge, 286, 319 
Equivalent T section, 632, 555 
Equivalent transformer-coupled ampli- 
fier, 222-334 

Equivalent tube circuit, 66, 207, 231, 234 
Error, bearing, 478, 482, 490-617 
frequency, 94, 96, 103, 118 
Esau, A., on loop aerials, 454 
on short waves, 56, 131, 362 
Euler, solution for spherical wave motion, 
348 

Ewald, J., on space-charge equation, 5 
Exponentials, ^5, 602 
Extraordinary electromagnetic ray, 400 

F 

Factor, absorption, 360, 469 
amplification, 13-16, 187-202 
attenuation, 445 
back feed, 81-84 
direction, 460 
form, 160, 468 
peak, 160 

reflection, 444, 602-<^10 
for space absorption, 360 


Fading, 399, 401, 402, 506, 514 
Faraday, dark space, 43, 44 
Faraday- Maxwell, induction law, 336 
Faraday’s law, 324, 332 
Feedback, 60, 84, 250 # 

factor, 81-84 

in generators, 60-63, 70-84, 91-93, 98, 
99, 104, 119-124, 238-265 
within tubes, 84r-91, 250-265 
Feeder for aerials, 406, 409, 442, 443, 
591-694 

Feige, A., on magnetic modulator, 186 
Feldman, C. B., and Sterba, E. J., on 
line feeders, 406, 691 
Fessenden, R. A., on electrolytic detector, 
172 

Fessenden, R. A., and Alexanderson, 
E. F. W., alternator, 68-69 
Field, electric, 16, 17, 331, 347-351, 358, 
401 

and magnetic, on ion, 16-24, 32-42, 
331, 394-400 
electromagnetic, 324 
equality of induction and* radiation 
field, 368, 481 

equation, for glow tube, 23, 326, 330 
for ionized medium, 330 
for tube oscillations, 16-24, 132-137 
induction, 345, 358, 481 
intensity, 324, 328, 331, 332, 345, 
347 Jf, 

magnetic, 325, 328, 331 ff. 
radiation, 341, 345, 358, 481 
revolving, circular, 143, 144, 146, 167, 
398-401 

elliptical, 395, 401 
Filament, current amplifier, 278 
current frequency doubler, 157 
current oscillator, 278 
emission, 1 
magnetron effect, 40 
magnetron effect applied, 138-139, 
166-157 
material, 11 
power loss, 9 
unequal current flow, 2—3 
Filter, attenuation region, 545, 646, 648 
band pass, 649 
band suppress, 649 
brute force, 1^ 
characteristic, 646, 647, 649 Jf. 
equations, 639, 544, 548, 667 
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niter, characteristic, impedance, 638 ff. 
circuits, 640-586 
composite, 581 
coupled circuit, 572-579 
cutoif frequencies, 548, 649, 651, 662, 
665, 507, 573^#. 
damping (effective), ^43 
damping region, 643, 646, 548 
derived section, 681-586 
design, 631—690 

elementary section, 631—533, 646-648, 
651, 666, 662, 666, 667, 572, 577, 
682 

H type, 666, 662 
half section, 682, 686 
high pass, 646, 647, 649 
hyperbolic relations, 416, 635 

compared with circular relations, 416 
impedance, 643 
input, 540-644 
with input choke, 184 
with input condenser, 184 
loss, 643, 665, 679 
low pass, 643, 646, 549-566 
M derived, 681-686 
matching, 643, 579, 681, 687, 690 
output, 540-644 

over-all characteristics, 643, 667, 676 
pass region, 646 
IT type, 631, 638, 666, 662 
for rectified current, 183 
single-suppressed frequency, 660 
surge impedance, 638 ff. 

T type, 632, 638, 666, 562 
termination, 640-644 
** under matched, 543 
use in amplifiers, 690 
Zobel composite filter, 666, 681 
Five-electrode tubes, 82, 260 
Fleming, J. A., on antenna arrays, 617 
on directive systems, 464 
Fleming valve, 2 
Hewelling circuit, 246, 247 
Flight of time for electrons, 2, 18-24, 
38-46, 66, 132-139 

Forced amplification in oscillators, 111- 
116 

Form for altematibg current, 160 

lor loop awai, 468 

FomntiOn.ol current and voltage dis- 
trltnithms, 414-422 


Forstmann, A,, and Schramm, E., on 
amplification, 193 

Foster, R. M., on directive systems, 454 
Four-electrode tubes, 27-29, 123, 127, 
128, 251, 271-277 

Four-plate mounting of piezo crystal, 
314, 316 

Frame aerial, effective height, 470 

and open antenna, effects compared, 
470, 477, 616 
inductance, 471 
shape and radiation, 470, 489 
tuning, 471 
width, effect of, 482 
Franklin aerial, 415, 418, 464, 623, 630 
Frequency, alternator, 68 
beat, 111-116, 170, 179, 256, 258, 283 
changer, 160 
collision, of ions. 384 
constancy, 96, 103, 118, 119, 124, 284, 
297-306, 313-318 
cutoff, 648-673 
doubler, 160-168 

electronic oscillations, 16, 17, 28-23, 
36, 39, 132- 139, 331, 373-400 
fundamental of line, 41 6-418, 427, 429, 
437 

harmonic, 64, 77, 116 
higher modes on lines and aerials, 
415-426 

ionic oscillations, 20-24, 331, 373-400 
jumps in oscillators, 103 
limiting, 67, 256 
jlf-fold, 150, 163-166 
for magneto-striction oscillator, 124 
for magnetron, 36, 39, 166 
mid-frequency in filters, 664, 571 
multiplier, 160 

natural, of aerials and lines, 415-420, 
423-427 

for ionized layer, 17 
of piezo-electric elements, 119, 298- 
299, 301-302, 305, 308, 316, 
317-318 

oscillator, 71, 73, 74, 98-93, 96-U6 

regeneration, 18, 136 

resonance, 98-118 

six-fold, 153 

spectrum, 56 

tripler, 160-167 

wave-lei|igth idatioii, 19, 412i 419/ 
Fresnel la\f ^ 496 
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Friis, H. T., on double loop, 497 
Fromy, E., on stability of tube oscil- 
lators, 96 

Fry, T. C., on limited use of tubes, 265 
Functions, Bessel, 337, 420, 606 
exponential, 636, 602 
hyperbolic, 536, 600 
in relation to circular, 416, 602 

G 

Gain amplifier, 188, 190-191, 196, 198, 
207, 210, 212, 216-218, 221, 224, 
232-235, 239, 241-243, 245, 250, 
253-254, 271-277 
Galena re(*tilier, 172 

Gans, F., on n tract ion law applied to 
ionized layer, 390 
Gas, ar^on, 42, 177, 267 
for ionization, 42-46, 175-176, 180- 
182, 264-277 
for low' cathode drop, 42 
neon, 42, 272 
nitrogen, 272 
phototubes, 49 

Gaseous conduction, 42-46, 175-176, 
180-182, 264-277 
Gauss theorem, 324, 325 
Gaussian units, 329, 331, 332, 344, 361, 
464 

Geiger, P. H., and Grondahl, L. O., on 
cuprox rectifier, 174 

Geiger, P. H., and Schecl, K., on arc 
discharge, 48 
Geissler tube, 42 

Geitel and Elster, photoelectricity, 49 
General Electric Research Laboratory, 
2, 3, 6, 6, 9, 11, 17, 21, 26, 28, 40, 48, 
59, 63, 126, 138, 141, 171, 176, 177, 
186, 193, 262, 266, 263, 264, 326, 368, 
454 

Generalized angular velocity, 70, 74, 93, 
95, 98, 102, 106, 308, 309, 407 
Generalized electrical length of line and 
aerial, 441 

Generalized impedance, l06 Jf. 
Generalized reactance, 106 ff. 

Generator, alternator, 68-00 
tube, 60-140 

Qerdien, H., on magnetic control m 
thermionic ttibes, 32 


Germer, L. H., and Davisson, C. J., on 
wave-like behavior of electrons, 62 
Gerth, F., and Scheppmann, W., on 
short-wave propagation, 56, 362 
Giebe, E., on piezo resonator, 118 
Giebe, E., and Scheibe, A., on piezo 
resonator, 303, 313, 316, 318 
Gill, E. W. B., and Morrell, J. H., on 
ionic oscillations, 18, 56, 68, 136 
Gilliland, T. R., Kenrick, G. W., and 
Norton, K. A., on ionized layer, 368 
Glagolewa-Arkadiewa, A., on short waves, 
57, 139 

Glasgow, R. S., on neutralization, 250 
Glow-discharge devices, 42-45, 180, 264- 
277 

glow xmplifier, 271-277 
glow rectifier, 180 
grid-glow tube, 264-271 
oscillations, 23 

piezo crystals, 321 • 

potential distribution, 326 
Goldschmidt, R., reflection-type alter- 
nator, 68, 69, 151 

Goldstein, S., on ionized layer, 368 
Golz, J., on automatic synchronization. 
Ill 

Goniometer, 492-496, 616 
Goodman, H. C., and Potter, W. S., on 
aerial feeders, 591 

Goyder, C. W., on piezo-electric appara- 
tus, 118 

Gradient, 343, 345 
Great circle, 484 

Grechowa, M. T., on short waves, 57, 134 
Green, E., on antenna arrays, 517 
on directive systems, 454 
Grid, bias, 12 Jf. 
capacitance, 84, 90, 203, 222 
condenser, 84r-92, 203-205, 238-266 
demodulation, 178 

effective capacitance, 84, 90, 203, 222 
filament capacitance, 84, 90, 203, 222 
leak, 61, 62, 119, 123, 129, 178, 203, 
208, 210 Jf. 

plate capacitance, 84-92, 203-205, 
238-255 

rectification, 177-180 
resistance, 209-216, 271 Jf. 
screen, 28 ff, 

charge, 28 Jf. 
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Grid current, in gaseous tubes, 271-275 
in high-vacuum tubes, 12 

Grid-glow amplifier, 271-277 

Grid-glow tube, 264-271 

Grid voltage characteristic in gaseous 
tubes, 271-276 « 

Grondahl, L. O., and Greiger, P. H., on 
cuprox rectifier, 174 

Grosser, W-, on stability of oscillations, 
103 

Ground, absorption, 364, 365, 366 
conductivity, 330, 333, 335, 352, 353 
dielectric constant, 330, 333, 335, 352, 
353, 363 

effect on loop, 470 
index of refraction, 362, 366 
influence on effective height of aerial, 
470 

refracted waves, 362, 366 
resistance, 363 
wave, 352, 353 

Group directional characteristic, 517, 627 

Group velocity in electromagnetic waves, 
16, 379 

Gugot, Lt., on short-wave propagation, 
368 

Guillaume, Poincar^, and Blondel, on 
ionized layer, 367 

Giintherschulze, A., on rectifiers, 171 

Gutton, G., tube equation, 63, 64 

Gutton, G., and Pierret, E., on short 
waves, 67 

Gutton, G., and Touly, on short waves, 
57 


H 


H section in recurrent networks, 655, 662 
Habann, E., on magnetron oscillator, 
32, 33, 38, 57, 138, 139 
Hahnemann, W., on short waves, 56, 362 
Half section, of ^ter, 582, 685 
Half-wave-length aerial, 418, 443, 499, 
591, 593 


Hallwachs effect, 49 
Hals, J., on electromagnetic echoes, 404 
iBali^Stoermer electromagnetic echoes, 
. 406 

Hamburger, F,, on ^4otronic oscillations 


in triple^grid tubes, 18 
Haxina, C. Il.| power-output tube, 193 
<m aer^ feeder, 591 


Harmonic content, 64, 77, 116, 160-168, 
163-167, 170, 183, 192 
Harmonic interference, 111-116, 256 
Harmonics, 64, 77, 116, 150-158, 163- 
167, 170, 183, 192 

Harms, F., on frequency jumps in oscilla- 
tors, 103 

Harrison, J. R., on flexural piezo oscilla- 
tions, 313 

on piezo apparatus, 118 
Hartley, R. V., on magnetic modulation, 
185 

Hartley oscillator, 60, 61, 92, 124, 129 
Harvard University, 68, 118-120, 124, 
172, 290, 304, 354, 356 
Hausrath, on detectors, 172 
Hazeltme, L. A. on neutralization, 250 
on tube oscillations, 71, 94 
Heaviside, O., on cable theorv, 420 
Heaviside-Kennelly layer (conductivity 
and dielectric constant ), 330, 367 
Heegner, K., on frequency jumps in 
oscillators, 103 

Height, effective, of E layer, 370, 390 
equivalent, 360 
of Fi layer, 370, 390 
of F 2 layer, 370, 390 
of ionized layer, 362, 367, 369, 390 
and length of line and aerial, 407, 416, 
417-419, 423, 424, 426-428 
of loop aerial, 470 
of open aerial, 350 
Heising, R. A., on tubes, 94 
Helium content in atmospheric ionized 
layer, 383 

Henney, K., on inversion, 171 
Hertz, H., aerial, 406, 444 

dipole, 418, 443, 499, 591, 693 
classical experiments and discovery, 66 
damped short waves, 139 
electromagnetic mirror, 67 
electromagnetic waves, 341, 342, 402, 
403 

feeder, 406, 409, 422, 442, 443, 591-594 
photoelectric effect, 49 
radiation, 361, 364, 443 
rod, 499, 504, 509 
on theory of loading coils, 446 
Heterodyne, 111-116 
superheterodyne, 255 
Hewitt, P* C,, on magnetic control ia 
tabes» 82 
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High-frequency alternator, 66, 68-60 
High-frequency amplifier, 185 
High-frequency tube generators, 60-140 
High-pass filter, 646, 547, 649 
High-voltage production, 129, 141 
Hitchcock, R. C., on piezo apparatus, 118 
Hittorf (Crookes) dark space, 43 
Hoag, J. B., and Andrew, V. J., on 
electromagnetic echoes, 403 
Hochgraf L., on Sommerfeld-Pfrang 
theorem, 463 

Holborn, F., on push-pull oscillator, 67, 
132, 136 

Hollingworth, J., on wave propagation, 
402, 508 

HoUmann, II. F., on electronic oscilla- 
tions, 66, 182, 134, 13b, 137 
Hookers law applied to piezo electricity, 
285 

Horizontal aerial and line, 406-453 
{See also Hertz, H., aerial) 

Horton, J. W., on oscillator frequency, 96 
Horton, J. W., and Marrison, W. A., on 
piezo-electric frequency constancy, 
119 

Howe, G. W. O., on penetration of 
electromagnetic waves into ground, 
336 

Hulburt, E. O., on ionized layer, 368, 392 
on short waves, 499 

Hulburt, E, O., and Taylor, A. H., ionized 
layer, 368 

Hull, A. W., on dynatron, 25, 126 
on frequency constancy, 118 
on magnetron, 32, 40, 138 
on mercury-vapor tubes, 1 76 
on screen-grid amplification, 252, 254, 
262-265 

Hull, A. W., and Williams, N. H., on 
shield grid tubes, 2, 266 
Humphrey, W. J., on physics of the air, 
383 

Huth-Kuehn oscillator, 91 
Huxford, W. C,, on short-wave generator, 
67, 130 

Huygens construotioii, 401 
principle of, 526 

Hydrogen content in ionized layer, 383 
Hydrogen ion, 17, 376 
Hyperbolic functions, 416, 635, *600 
and circular functions, 416, 602 


I 

Illumination characteristic, 60 
Image, aerial, 361, 367 
integral of, 361 

Impact excitation (quenched spark gap), 
433 

Impedance, generalized, 106 
load, 66, 70-84 

matching, 61, 120, 409, 443, 633, 665, 
687-694 
surge, 408 

Impedance characteristic, of magnetic 
amplifier, 186 

Impedance filter, 543, 644, 567, 576 
Impulse excitation, for frequency multi- 
pli ation, 153 

for high-frequency generators, 68, 152 
for phase changers, 146, 153 
Inclined electric-field vector, 353 
Inclined loop, 509 
Inclined top aerial, 357 
Incremental pcTmeability, 227 
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fictitious, for ionic oscillations, 21, 134 
in filters, 686 i 

of Lecher wires, 407, 413 
loading, 422-428, 431, 434 ff. 
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590 



INDEX 


631 


Output, matching, 61, 91, 120, 409, 448, 
633, 656, 687>-694 
oscillator, 126 

resistance, 7, 66-^9, 187-199 
termination in recurrent network, 631 
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Pickard, G. W., on experiments with 
Hertzian dipole, 499, 508 
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Piezo-electric Curie cut, 119, 284, 287, 
291, 292, 294, 297-301 
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transfer between ciremts, 537-638, 
640-642, 545, 587-694 
Power amplifiei, 185, 191 
Power feed for aerials, 409 
Power level, 537-638 
Power oscillator, 80 
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rectifiers, 171 
Prism, nicol, 54 
quartz, 284 

Propagation of electromagnetic waves, 
beam transmission, 347, $61, 496, 
621, 626, 527 

cylindrical transmission, 347, 861 
fading, 399, 401, 402 
in ground, 330, 352, 353, 368, 366 
ground wave, 362, 363, 362, 364, 366, 
371-373, 455, 602-517 
group velocity, 16, 379 
into intei^tellar space, 369, 371, 4H 
m ionia^ Jaycr, m, 662, 367 



INDEX 


Propagation of electromagnetic waves, 
phase velocity, 378 
polarized wave, 371, 400, 501 
sky wave, 362, 367, 499 
space wave, 363 
spherical transmission, 347, 361 
surface wave, 363 
theory of, 338-630 

under upward angle, 362, 366-405, 
601-529 

along wires, 406 
around the world, 403 
Propagation constant, filter, 639, 544, 564 
along lines and aerials, 407, 41 1 
recurrent network, 536, 544 
Protective resistance in discharge tubes, 
269, 271 

Proximity effect, 442 
Pseudo-nodal points for line and aerial 
oscillations, 406, 415 
Pulling effect (drawing) in oscillator 
tubes 103-116 

Pungs, L., on magnetic modulator, 185 
Pupin, M., on electrolytic detector, 172 
on loading coils, 446 
Push-pull amplifier, 262, 257-258 
Push-pull detector, 32 
Push-pull oscillator, 123, 130, 132, 134, 
137, 138, 139 

Push-pull rectifier, 159, 163, 174, 176, 183 

Q 

Quacck* and Moegel, long-time signals 
(round-the-world transmission), 403 
Quality amplifier, 187-203 
Quantum, 9, 51-53 

Quarter-wave-length distribution, 415 ff. 
Quartz crystal, 284 
longitudinal, 297, 298, 313 
torsional, 297, 313 

Quartz-crystal vibration, fiexural (trans- 
verse or bending), 297, 313 
Quenching tube, 58 

R 

Rabbeok-JTohnson effect, 173 
Radiated power, 340, 349, 356, 357, 473 
Radiation^ near aerial, 345, 349, 358 
cloeed eireUit, 345 
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Radiation, independent of shape of loop 
aerial, 470, 489 
of open circuit, 345 
Radiation field, 358 
Radiation resistance, 350, 354 
“Radio Amateur's Handbook,'' 371-372 
Radio compass, 493 
Radius of earth, 367 
Radt, W. P., on loaded amplifiers, 193, 
195 

Raman effect, 52 

Ramsauer and Lcnard, on ipnization by 
ultraviolet rays, 388 

Raschevsky, N. von, and Dushman, 8., 
on space charge, 5 

Ratcliffe, J. A., and Appleton, E. V., on 
nature, of wireless signal variations, 
510 

Ratcliffe, J. A., and White, E. L. C., on 
ionized layer, 368 

Ratio, of current amplification, 190, 198 
of electronic charge to mass, 3, 7, 17^0^. 
of nw/q for cathode rays, ct and ^ rays, 
405 

of power, 537 

of power amplification, 190, 198 
of voltage amplification, 190, 196, 198 
Ray, cathode, 1, 146, 157 
downward, 342, 361, 367, 370, 393, 401, 
499-517 

ground, 361, 363-366, 370, 499 
ordinary and extraordinary, 400 
Roentgen, <24, 80 

sky, 342, 361, 367, 370, 401, 499-517 
upward, 342, 361, 367, 370, 393, 401 
X-ray, 24, 80 

Rayleigh, Lord, on group and phase 
velocity, 379, 383 
Rayleigh reciprocal theorem, 463 
Reactance, of aerial, 418, 422 
of closed circuit, 69, 88, 120, 347, 547, 
665, 672, 687 
in filters, 647, 672 
of loaded aerial, 421, 422 
of open circuit, 418, 422 
Received current, 359, 466, 469 
Received field intensity, 346, 347, 368, 
359, 465» 467 

Received voltage, 359, 465, 466 
Receiver, Adcock aerial, 498 
autodyne, 277 
directive, 466-517 
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Eeoeiver, loop aerial, 466 
superheterodyne, 265 
telephone, 282 
tilting loop, 509 
vertical wire, 465 

Rectification, biphase (full wave),, 163, 
174, 176, 183 
characteristics, 159 
effect, 160 
efficiency, 160 
full wave, 169-183 
grid, 178 

half wave, 169, 161, 163 
law, 168 
multiphase, 160 
plate (anode), 177 

single phase (see Rectification, half 
wave) 

six phase, 160 
Rectifier, commutator, 171 
contact crystal, 172 
cuprox, 174 
electrolytic, 172 
glow tube, 180 
mercury pool (arc), 175 
mercury vapor, 176 
S tube, 181 

thermoelectric converter, 172 
tube, 176, 176, 177 
tungar, 177 
vibration, 171 

Recurrent network, 631-694 

attenuation, 631-638, 643, 646^. 
and filter, 540-694 
for intensity measurement, 634 
as phase shifter, 147 
for wave antenna, 461-462 
Reference power level, 637-638 
Rented sky wave, 362, 366, 367, 
499-617 

Reflection, of electromagnetic waves, 
362, 366, 499-680 
factor for line and aerial, 444 
at ground, 802-610 
at layer, 362, 866, 367, 499-617 
principle in R. Goldsmidt alternator, 
68,59 

for wrong termination, 531, 662 
Itefiection eoelfieient, 802-810 
B^eetor heriais, 817-830 
arrang^ent, 637 
arrangement, 8}8, 421-824 


Reflector aerials, parabolic arrangement, 
626 

Refraction, degree of, in ionised layer, 
389, 398, 400 

of electromagnetic waves, 362, 389 
in ground, 352, 366 
in ionized medium, 389-394, 398, 400 
Refractive index, 352, 365, 382 
for ground, 362, 366 
for ionized layer, 342, 389-394, 398, 400 
Regeneration, frequency, 18, 136 
ionic, 272 
phase, 18, 66, 136 
Regenerative amplitude, 238-243 
Regenerative circuits, 61, 84, 119, 120, 
238 

Reinartz, J. L., on aerial feeder, 591 
Relation, connecting electric- and mag- 
netic-field vectors of electromagnetic 
waves, 346, 359 

Relaxation time for electromagnetic 
disturbance, 340 
Relay, glow tube, 264, 269 
oscillating-tube trigger, 277 
thyratron, 264 

Rentschler, H. C., on photo cells, 61 
Resistance, aerial, 437 
aperiodic, 171, 469 
of attenuation box, 634, 636 
balance, 175, 269, 271 
conductor, 338 
distributed along lines, 407 
d3aiamic, 7 

grid leak, 61, 62, 119#. 
ground, 363 
input of tubes, 84-89 
• negative, 34, 60, 126, 127, 138, 261-264 
of parallel resonance system, 61, 69 
plate, 7, 12, 14, 63-68, 71, 187-199 
radiation, 360, 364 
static, tube, 17 
Resonance, current, 108 
distribution along aerials and lines, 
416-418, 426 #. 

electronic, 17, 22, 36, 39, 382, 886, 996 
ionic, 17, 23, 396 
in ionised layer, 17, 382, 386, 396 
magneto-strictive rod, 124 
parallel, 69 
pieso crystal, 297-328 
in tubes, 18-24, 32-42 
Resonance curves, 108 
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Resonator, crystal, 803, 307 
luminous rod, 303 
magneto-striction, 124 
Retarded vector, 342, 351, 364 
Retarded vector potential, 342 
Revolving, due to electric and magnetic 
actions, 32, 396-400 

Revolving (rotating) coil aerial, 46C, 609, 
616 

Revolving electric field, 146, 157 
Revolving goniometer, 493, 495 
Revolving Hertzian rod, 499, 509 
Revolving magnetic field, 144 
Rice, C. W., on neutralization, 250 
Rice, O. W., and Baker, W. G., on ionized 
layer, 36H, 388 

Rice, C. W., Kellogg, G. W., and Bever- 
age, H. H., on Beverage antenna, 464 
Richardson, O. W., space-charge equa- 
tion, 4-6, 10, 32 
Richardson formula, 6 
Riecke, E,, on piezo electricity. 317 
Riecke, E., and Voigt, W., on piezo 
electricity, 284 
Rod, Hertzian, 499, 604, 509 
luminous, 303 
magneto-striction, 124 
piezo rod, 307 
Roentgen rays, 52 
from positive ions, 24 
X-ray wave, 80 

Rogowski, W., on frequency changes in 
oscillators, 103 

Rossmaun, F., and Zenncck, J., on auto- 
matic synchronization, 111 
Rostagni, A., on ionic oscillations, 135 
Rotating generators, ‘58 
Rowe, H. N., on space charge, 6 
Rubidium cathode, 49 
Runge, W., on frequency changes in 
oscillators, 103 

Russell, A., high-frequency resistance of 
concentric cable, 443 

S 

S-tube rectifier, 181 
Saturation, current, 5 ff. 
electronic, 5 ff* 
magnetic, 150^131 
above macootic, 151 
below magnetie, 151 


Savart, T., on piezo electricity, 301 
Scheel, K., and Geiger, H., on discharges 
under high pressure, 48 
Scheibe, A., on piezo oscillators,* 604-605 
on short waves, 57, 118, 134 
Scheibe, A., and Giebe, E., on piezo 
resonators, 303, 313, 315 
Schelleng, I. C., and Nichols, H. W., on 
ionized layer, 368 

Scheppmann, W., and Gerth, F., on 
short waves, 66, 362 

Schliephake, E., on short-wave generator, 
131 

Schloemilch cell, 172 
Schmidt, K., on magnetic frequency 
multiplication, 58, 152 
Schottky, W., on emission formula, 5, 6 
on multigrid tubes, 2, 251, 259 
on shot effect, 256 

Schramm, E., and Forstmann, A., on 
loaded amplifier, 193 
Schroedinger, E., on wave mechanics, 62 
Schroeter, F., on Karolus cell, 64 
on transmission of short Hertzian and 
infrared waves, 66, 139 
Schultze, A., on magneto-striction, 119 
Scott-Taggart, I., on negation, 26, 127 
Screen-grid tube, 28-32, 261 
Sea-water electrical constants, 330, 352, 
364 

Search coil, goniometer, 492-496, 616 
in received field, 496 
Second harmonic content in current, 166 
Secondary electrons, 24r-26, 126, 261, 262 
Secondary ionization, 272 
Section, attenuation box, 531-538 
filter, 631-591 

Seibt, G.) and Bley, H., on electrons due 
to edge effect, 272 

Selective absorption, 386, 394, 896, 660 
Self-capacitance of tubes, 84, 91, 203, 222 
Self-excitation of oscillations, 62 
Self-heterodyne (autodyne), 277 
Self-inductance (sec Inductance) 
Semiconductor, 341 
Sender current, 469 
field intensity farther out, 347, 358 jf. 
field intensity near aerial, 358 
" radiation characteristic, 454 
Sense finding by electromagnetic waves, 
46(h530 
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, Sensitivity, of color^Sl 
of telephone receiver, 282 
Series, arm in recurrent networks, 631 
Shape of loop aerial, no effect on radia- 
tion, 470, 489 

Shea, T. E., and Johnson, K. S., on filters, 
531 

Shear oscillation, 302 
Shield grid tube, 28-32, 231 
Short-circuit impedance, <642 
Short-circuited line condition, 409 
Short-wave oscillators, 130-140 
Short-wave propagation, 361 
Shortened line, 417, 452 
Shunt arm, attenuation network, 531 
Signal strength, electric field, 346, 347, 
348, 353, 359, 466 

magnetic field, 345, 348, 358, 359, 466 
, received current, 465-470 
received voltage, 465-470 
. ngle attenuation section, 631 
Single derived section, 582-687 
Single elementary section, 682-684 
Single filter section, 538 
Single frequency absorption in ionized 
layer, 17, 382, 386, 396 
in glow tube, 22 
piezo-electric resonator, 307 
in tank circuit, 69 
in thermionic tube, 103-116 
\ in tubes with magnetic control, 23, 36, 
39 

jBixfold frequency, 163 
^kin effect, 336 
^fikip distance, 362, 367, 371 
^‘jjSky wave, 362, 367, 370 Jf. 

'Slepian^ J., on discharges under atmos- 
pheric pressure, 48 

Smith, C. G., and Bush, V., on magnetic 
effects in tube rectifiers, 32, 181, 182 
Smith Rose, R. L., on directive systems, 
497, 499 

Smith Rose, R.. L.> and Barfield, R. H., on 
directive systems, 499 
^ on electromagnetic waves over ground, 

^ 863, 864 

Snsiil’s law applied to ionic refraction, 390 
6boW, O.^ h^h^requency inductance of 
4 doitl^ line, 413 
49 

K. m nuwrical distance, 


Sommerfeld, A., on surface and space 
waves, 362, 361, 363, 365, 402 
Sommerfeld-Pfrang theorem, 462-464, 
608 

Sosman, R. B., on piezo electricity, 293 
Southworth, G. C., on directive systems, 
454 

on short waves, 67, 130 
Space, absorption factor, 360 
attenuation, 360 
charge, 3, 5-8 

equivalent, 286, 318-323, 324 
charge tubes, 28, 29, 123, 324-326 
resonance curve, 450 
spread, 347 
wave, 402 Jf. 

Spark, and arc, 45 
Spark-gap oscillations, 56- 58 
Special generators, 58, 129-140 
Specific conductivity, 330 
Specific inductive capacitance, 363, 377 
Specific resistance, 335 
Spectrum, frequency, 56 
Speed of propagation, empty space, 329, 
330, 332, 338/. 
group speed, 16, 379 
in ionized layer, 16, 379 
along lines, 411 
phase speed, 379 

Spherical wave propagation, 342, 347, 
358, 360, 371 
Square w ave shapes, 129 
Stability of tube oscillations, 96, 103 
Starke, H., and Austin, O., on secondary 
electrons, 26 

Starke, H., and Baltruschat, M., on 
secondary electrons, 25 
Static capacitance, 84, 86 /. 

Static constants, for lines and aerials, 407 
for recurrent networks, 631 
for tubes, 7, 12, 63, 67, 86 
Static inductance, 407 
Static quartz elongation compared with 
dynamic amplitude, 313 
Static resistance, 7, 407 
Stationary waves along lixms and aerials, 
406 

Steady drift in ionic oscillation, 23 
Stefan-'Boltzmann law, 9 
Steiner, H. C., and Maser, H, T., on 
mercury-vapor tubeS) t76 
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Sterba, B. J., and Feldman, C. B,, on 
aerial feeder, 591 

Sterba, E. J., and Feldman, C. B., on 
lines, 406 

Stoermer, C., on electromagnetic echoes, 
371, 403, 404 

Stoermer, Birkland, Villard, on electro- 
magnetic echoes, 369 
Stoermer-Hals, on electromagnetic 
echoes, 406 

Stokes, G., on action of magnetic and 
electric forces on charged particles, 
32 

Stokes law, 609 

Stone-Stone, J., on non-uniform dis- 
tribution of line constants, 420 
Stowell, E. Z., oil patterns for electro- 
magnetic guiding, 495 
Stowell, E. Z,, and Diamond, H., on 
amplification, 233 

Straight-line (beam) wave propagation, 
347, 361, 362, 496, 521, 625-527 
Stratosphere, 383 

Strecker, K., on directive systems, 454 
Sun, distance from earth, 404 
Sunset and sunrise, effects on pro- 
pagation, 367-370, 400-403 
Supersonic sound waves, 298, 306 
Supply voltages in tubes, 2, 3, 1 2, 66 
Suppression, of freq\iencies, 546, 548 ff, 
of one frequency, 660 
Suppressor grid tube, 32, 260 
Surface integral, 343, 348, 608 
Surface charge on piezo-electric elements, 
318-323 

Surface waves, 363, 402 
Surge impedance, 408, 440, 441, 544 
of concentric line, 443 
of filter, 644 
of Lecher wires, 442 
of line and aerial, 408, 440, 441 
Sustained currents and waves, 56, 58 
Sutherlin, L., on loaded amplifier, 193 
Swann, W. F. G., on ionization of air, 369 
Symmetrical amplifier, 262, 257-258 
Symmetrical detector, 32 
Symmetrical oscillator, 123, 130, 132, 
134, 137, 138, 139 

Ssrmmetrieal rectifier, 159, 163, 174, 176, 
183 

Sylnchroiiuiationi 111^116 


T 

T aerial, 356 

T section, in recurrent network, fel 

Table, calculation of attenuatioq box, 536 
characteristic factors of glow-amplifier 
tubes, 276 

constants for loop (frame) aerial of 
different dimensions, 471 
constants of Richardson equation, 5 
correct effective antenna constants for 
coif loading, 438 

different types of high-frequency 
sources, 58 

effective input capacitance and grid 
resistance across grid-filament gap 
of a three-element tube, 204 
electron affinity and thermionic work 
function, 6 

examination of filters, 658 
exponential and hyperbolic functions, 
600-602 
filter effect, 557 

forward tilt of electric vector of 
electromagnetic waves passing 
over ocean and over dry ground, 
362 

gas content at different height of 
atmosphere, 383 

grid resistance in terms of low negative 
and zero grid potentials, 206 
high-frequency resistance in terms of 
direct-current resistance, 338 
inductance, capacitance, and charac- 
teristic (surge) impedance for 
single and double line, 456 
leakance reactance for different fre- 
quencies, 231 

limiting angle of sky ray, 393 
natural fundamental wave lengths of 
commercial antennas, 419 
number of molecules, molecular mean 
free path) and dioctron collision 
frequency at different heights o/ 
atmosphere, 384 

penetration of electromagnetic waves 
into ground, 335 

possible natural mode of ant^ima 
oscUlatioiis and eorrect eff^tive 
, constatda, 436 
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Tabloi potential at the far end and 
apparent effective line constants of 
a condenser-loaded aerial, 432 
potential at the far open end of aerials 
and apparent effective line con- 
stants for different degrees of coil 
loading, 431 

radiation for different kind of aerials, 
486 

reflected impedance Z/Ef^ for different 
frequencies, 229 

specific conductivity and dielectric 
constant for ground, river water, 
ocean, and ionized layer, 330 
static antenna constant for coil loading, 
438 

table for units, 596 

velocity of propagation along lines, 449 
width of electron pockets for cathode, 
a and rays, 405 

Young's modulus for Curie, 10-, 20- and 
30-degree quartz cuts in different 
directions against optical axis, 292 
Taggart-Scott negatron, 26, 127 
Tank circuit, 69 ff. 

Tap, ^odc, 62, 91, 120, 122, 123, 128, 131 
transformer, 222, 587 
Tartarinoff, W, W,, on directive systems, 
454 

Tawil, E. P., on piezo-electric oscillations, 
318 

Taylor, A. H., on short-wave propaga- 
^ tion, 396 

Taylor, A. H., and Hulburt, E. O., on 
ionized layer, 368 

Taylor, J., on push-pull oscillator, 132 
Taylor and Young, long-time echoes, 403 
Taylor theorem, applied, 168, 202, 346 
Tear, I. D., and Nichols, E. F., on very 
short waves, 57 

Telegraph (telephone) equation^ 439 
Tdephone receiver, 282 
Tellegan, B. D. D, H., on putput 
amplification, 193 

Temperature, absolute (Kelvin degrees), 
3, 5-10, 48, 20S, 206, 279-281, 385 
cathode, 157, 178 

eftect of, lot multj^ying frequency, 157 
in tubes, 3 
3 

»*»plifl»r, 278 

(quiurtz), 808 


Temperature control on emission, 3, 167, 
278 

Temperature oscillator, 278 
Termination, amplifier, 192 
attenuation box, 633 
Beverage aerial, 454 
filter, 541, 543, 560, 573, 585 
Terry, E. M., on theory of piezo oscil- 
lator, 118 

Tesla transformer, 141 
Tetrode (three-element tube), 12 
Thermal amplifier, 278 
Thermal expansion coeffuient (quartz), 
303 

Thermal frequency doubler, 157 
Thermal oscillator, 278 
Thermionic amplifier, 12, 187 
Thermionic demodulator, 177 
Thermionic detector, 177 
Thermionic emission, 1 

and positive ionization, 176, 177, 264 
for small negative plate potentials, 7 
Thermionic oscillator, 60 
Thermionic rectifiers, 168, 174 
Thermionic tubes, 2, 12, 20, 25, 27, 28, 
32, 34, 35, 40 

Thermodynamic potential, 290. 
Thirty-degree piezo-electric cut, 284, 291, 
297-304 

Thomson, J. J., on arc discharges under 
atmospheric pressure, 48 
on Edison effect, 2 
on magnetic effect on ions, 32 
on physics of air, 383 
Thomson, W. (Lord Kelvin), oscillation 
formula, 134, 436 
Thoriated filament, 11 
Three-dimensioned wave propagation, 
347, 361 

Thunderstorm, effect on wave propaga- 
tion, 370 
Thyratron, 264 

Tight coupling effect in oscillators, 108, 
114 

Tilting, coil, 609 
of electric vector, 353 
Time, of echoes, 403 
of electron flight, 18-24, 33-42, 43-46, 
66, 132-139 

of ion flight, 16, 32, 42, 264 
Time constant, 579, 589 
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Time lag in electron tubes, 18-24, 33-42, 
43-46, 66, 132-139 
Tinus, W. C., on aerial feeder, 691 
on lines, 406 

Tonks, L., on ionic oscillations, 132 
on ionised layer, 368 
Tonks, L., and Langmuir, I., on ionic 
oscillations, 17, 21 

Torsional piezo oscillations, 297, 313 
Tosi and Bellini goniometer, 492, 493 
Total electron emission, 6-8, 16, 26, 27, 
29 

Toulon, P., on gaseous tubes, 264 
Toulon, P., and Dunoyer, L., on gaseous 
tubes, 264 

Touly and Gutton, G., on short waves, 57 
Townsend, J. S., on breakdown dis- 
charges, 48 

on frequency changes in tube oscilla- 
tors, 103 

on ionic oscillations, 67 
Townsend, J. S., and Morrell, J, H., on 
short waves, 130 
Train, wave, 56, 58, 141 
Transformer, in amplifiers, 222 
auto tuned and tapped, 91, 120, 122, 
128, 232, 234 
balanced, 174 
iron core, 226 
matched, 230, 687, 690 
in tube circuits, 61, 62, 91, 98, 99, 
104, 120, 130, 223, 232, 690 
Transmission, characteristic of filters, 631 
of electromagnetic waves, 347, 361 
(See also Propagation) 
over power lines, 445-446 
imit (decibel), 637 

Transoceanic waves, 862, 360, 361, 364, 
366 

Transposed lines, 442 
Transverse magnetic-field effect, 33 
Transverse piezo-electric oscillations, 297, 
313 

Traubenberg, H, It, on directive sys- 
tems, 464 

Trigger circuits, 277 
Troposphere, 383 
Tube, ampUd^i 187 
double grid, 27 
double plati^ 26 
gas^BUed amplifier, 271 
gcuhfiUed 1?7, 271 


Tube, gas-filled rectifier, 176, 177, 180 
gas-filled trigger, 264 
glow amplifier, 271 
glow rectifier, 180 
magnetically controlled, 181 
grid glow, 264 

magnetically controlled, 32, 138, 181 
pentode, 32, 260 
screen grid, 28 
space charge, 28 
thermionic general, 1 
triple grid, 32, 260 
Tube noise, 266 
Tube oscillator, 60 
Tuned aerial, 416, 418 Jf. 

Tuned amplifier, 232 
Tuned amotransformer, 232 
Tuned filter, 660, 664 
Tuned grid, 61 
Tuned grid plate, 61 
Tuned line, 414 
Tuned plate, 61 
Timed transformer, 232 
Tungar oscillator, 127 
Tungar rectifier, 177 
Turner, K. P., on filter design, 631 
Turner, L. B., on Kallirotron, 263 
on trigger circuit, 277 
Tuve, M. A., and Breit, G., on ionized 
layer, 368 

Two-dimensional wave propagation, 347, 
361 

Two-phase rectification, 169, 163, 174, 
176, 183 

U 

Uda, S., and Yagi, H., on antenna arrays, 
617 

Ultraviolet rays, 370 

Underdown, A. E., and Ck>bbold, G. W. 

N., on piezo-electric application, 118 
Unequal sections, 534, 581, 690 
Uniform line distributions, 407 
Unilateral current conduction, 159 
Unilateral polar diagram for directive 
aerials, 454 

Unilateral wave propagatloii, J347, 361, 
496, 521, 626, 527 
Unipotential cathode, 29 
Vmlm, decibel, 537 
power level, 537 
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Units, t^erence level, 537 
table for, 596 

University of California, 24 

Unsymmetrical network, 590 

Upp, C. B., on power-amplifier tube, 193 

V 

Vacuum, degree of, in glow tubes, 42, 43, 
45, 176, 177, 180, 181, 267, 268, 272 
Vallauri, G., tube equation, 63, 64, 94 
Valve, Fleming, 2 
(See also iSibe) 

Van der Bijl, H. J., tube equation, 63 
Van der Pol, B., on automatic synchron- 
ization, 111 

on electromagnetic echoes, 403, 404 
on radiation resistance, 354 
Van Dyke, K. S., on equivalent network 
of piezo resonator, 307 
on piezo resonator, 118 
Vapor, argon, 42, 177, 267 
helium, 42, 140, 267, 383 
hydrogen, 17, 20, 383, 388, 391, 396 
mercury, 20, 21, 23, 24, 139, 176, 267, 
268 

neon, 42, 44, 45, 180, 181, 269, 272 
nitrogen, 272, 383, 388 
orthohelium, 140 
oxygen, 383 
parhelium, 140 

Vapor tubes, 42, 180, 264-277 
'^l^ctor, potential, 342, 358, 606 
^ Poynting, 354 

Velocity, angular in electron tubes, 2, 7, 
8, 18-20, 23, 28, 34, 37, 38, 41 
generalized, 70, 74, 93, 95, 98, 102, 
106, 308, 309 

hyperbolic, 70, 74, 93, 95, 98, 102, 
106, 308, 309 
group, 16, 379 
phase, 378 
rdativistic, 54 

of wave propagation, in free space, 329, 
330, 332, 338 Jf. 
in ionized layer, 16, 379 
along wires,) 411 

Vennan, L* C., Char, S. T*, and Moham- 
med,, m electromagnetic 

ecdioes, 403 
V^rtieid ainiid, 418 

YiblgNiim in diaphtttgin of telephone 

Wbdvet, 282 


Vibrations, electronic, 16-24, 32-42, 132- 
139, 330-332, 272-405 
flexural (piezo), 297, 313 
ionic, 16, 20, 32, 330-332,t373-405 
longitudinal (piezo), 294-318 
magneto-strictive, 124 
piezo-electric, 296, 317 
torsional (piezo), 297, 313 
transverse (piezo), 297, 313 
Villard, Stoermor, and Birkland, electro- 
magnetic echoes, 369 
Vincent, I. H., on automatic synchroniza- 
tion, 111 

on tube relations, 94 
Vogdes, F. B , and Prince, D. C., on 
rectifiers, 171 

Voigt, W., on classical piezo electricity, 
284, 290, 293, 296, 297, 301, 317, 
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